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SIR [ISAAC NEWTON 


St ISAAC NEWTON, the world’s greatest mathema- 


tician and physicist, was born at Woolsthorpe, Lincoln- 

shire, England, December 25, 1642, and died at London, 
March 20, 1727. At Trinity College, Cambridge, where 
he was educated, his genius for mathematics showed itself 
even before graduation. He was prepared for his life-work 
by reading Oughtred’s Clavis, Descartes’ Geometrie, Kepler’s 
Optics, Vieta’s works, Van Schooten’s Miscellanies, and 
Wallis’ Arithmetica. 

He took his B.A. degree in 1665, and within a year had 
discovered the binomial theorem and invented the fluxional 
calculus. He discovered numerous laws of physics, the law 
of gravitation, and wrote numerous works, which he usually 
published only at the urgent insistence of his friends, and 
generally much later than he finished them. He wrote a 
work which he entitled Universal Arithmetic, which was really 
analgebra. In this work we find the first use of positive and 
negative fractions and irrational numbers used as exponents. 
His masterpiece, and one of the greatest works of all times, is 
the Principia, in three books. It was published in 1687. 

Newton at one time represented his university in Parlia- 
ment, in 1705 he was knighted by Queen Anne, and for 
twenty-five years he was president of the Royal Society. He 
held the Lucasian chair of geometry at Cambridge from 1669 to 
1701. 

Ball says of his appearance: “ Newton was short, and 
towards the close of his life rather stout, but well set, with a 
square lower jaw, brown eyes, a broad forehead, and rather 
sharp features. His hair turned gray before he was thirty, 
and remained thick and white as silver till his death.” 

Bishop Burnet called him “the whitest soul’’ he ever knew. 

Ball says, ‘‘ Newton was always perfectly straightforward 
and honest; but in his controversies . . .. though scrupu- 
lously just, he was not generous.” 

Newton said of himself: “I do not know what I may 
appear to the world: but to myself I seem to have been only 
like a boy, playing on the sea-shore, and diverting myself in 
now and then finding a smoother pebble, or a prettier shell, 
than ordinary, whilst the great ocean of truth lay all undis-: 
covered before me.” 

Ball’s History of Mathematics gives an excellent account 
of Newton’s life and works from p. 319 to p. 352 (5th ed.). 
Read it for the sake of the interest and inspiration it will give 
you. 
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EDITORIAL PREFACE 


The course of study in American high schools is in process of 
extensive change. The change commenced with the intro- 
duction of new subjects. At first science began to compete 
with the older subjects; then came manual training, commercial 
and agricultural subjects, the fine arts, and a whole series of new 
literary courses. In the beginning the traditional subjects saw 
no reason for mixing in this forward movement, and such phrases 
as “regular studies,’ “substantial subjects,” and “serious 
courses” were frequently heard as evidences of the complacent 
satisfaction with which the well-established departments viewed 
the struggles for place of the newer subjects. Today, however, 
the teachers of mathematics and classics are less anxious than 
formerly to be classified’apart. Even the more conservative 
now write books on why they do as they do and they speak with 
a certain vehemence which betokens anxiety. They also pre- 
pare many editions of their familiar type of textbook, saying 
of each that it is something which is both old and new. All 
these indications make it clear that the change in the high-school 
curriculum which began with the introduction of new subjects 
will not come to an end until many changes have been made in 
the traditional subjects also. 

Over against the obstinate conservatism of some teachers is 
to be set the vigorous movement within all subjects to fit them 
effectively to the needs of students. The interest of today is 
in supervised study, in better modes of helping students to 
think, in economy of human energy and enthusiasm. This 
means inevitably a reworking of the subjects taught in the 
schools. It is the opportunity of this generation of teachers 
to work out the changes that are needed to make courses more 
productive for mental life and growth. 

During this process of reform, mathematics has changed 
perhaps less than any other subject. The textbooks in algebra 
have modified but little their list of topics or their mode of 
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exposition. Most of the later books introduce graphs and have 
graded their problems better and have omitted some of the 
intricacies which were included a generation ago. These 
improvements are welcome but insufficient, and if algebra has 
been conservative, what words shall one find to describe Euclid- 
ian geometry! Most teachers of mathematics continue to 
indict themselves by failing abnormally large percentages of 
their students; and, what is more, the extreme conservatives 
among these teachers regard it as a virtue that they do not 
bring their students to the passing level. It is useless to argue 
with a teacher who- puts on the student body the blame when 
25 per cent of them are unable to profit by contact with himself. 
Such a teacher has no insight into the social relations of which 
he is a part; he is absorbed in subject-matter or in some other 
considerations remote from real school life. He fails to realize 
the significant historical fact that the time has passed when the 
chief duty of the teacher is to eliminate students. 

Evidences are not wanting, however, that a thorough reor- 
ganization of the body of secondary-school mathematics is at 
hand. Since the presidential address before the American 
Mathematical Society of one of the undersigned (ef. Science, 
March 13, 1903), many papers have agreed in recommending 
radical changes, both in organization and content of the courses 
and in method of instruction. The School of Education of 
the University of Chicago as a center for educational experimen- 
tation under test conditions has since 1903 been developing a 
solution of this difficult problem of mathematical reorganization. 
The solution is sought along the lines of fusion. The reasons for 
this type of solution as detailed in former editions of this book 
are generally understood, and during recent years the trend 
of enlightened opinion has set strongly toward the educational 
desirability of this type of material for beginners in mathe- 
matics. 

The salient historical facts of the experiment of which this 
book is a product are as follows: 

In the school year of 1903-4 a tentative program for mathe- 
matics along fusion lines was worked out in conferences of the 
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teachers of mathematics of the college and the high school of 
the School of Education. This program was revised, and used 
in mimeograph form as a text for the first-year classes in 1904-5. 
It was again revised, remimeographed, and the improved form 
was the text of these classes in 1905-6. After another revision 
the material was published by the University High School 
office in the summer of 1906 under the title of First-Year Mathe- 
matics for Secondary Schools. The University Press soon began 
supplying other high schools that desired to try out the material, 
and a little later took over the publishing end of the enterprise. 
The teachers co-operating with Mr. George W. Myers in the 
authorship of the first edition were Messrs. William R. Wickes, 
Ernst R. Breslich, Harris F. MacNeish, and Ernest A. Wreidt. 

To continue the fusion type of work with the second-year 
classes of 1906-7 the little manual, Geometric Exercises for 
Algebraic Solution, was compiled that year, and published by 
the University Press in the summer of 1907. This manual was 
to supplement a standard text in geometry which was then in 
use with second-year students. 

In the summer of 1909 the University Press published the 
revised and completer edition of First-Year Mathematics under 
the same title as before, Messrs. Arnold Dresden and Ernest L. 
Caldwell having been added to the list of participating authors. 

In the spring of 1910 the University Press published Second- 
Year Mathematics for Secondary Schools from manuscripts that 
had been in use in mimeograph form in second-year classes for 
over a year. This was also avowedly a tentative form of the 
second-year material for provisional use, though most of the 
critics have failed or refused to see the avowal. 

First- and Second-Year Mathematics have been the only 
texts used in the respective years in the University High School 
since their publication. 

The present edition of First-Year Mathematics, which is soon 
to be followed by a revised form of its companion, Second-Year 
Mathematics, bears the sole name of Mr. Breslich, head of the 
High School department of mathematics, as author. While 
both books are the natural outgrowth of the experiment begun 
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twelve years ago, Mr. Breslich has entirely recast and rewritten 
the texts. His earnest and untiring work on the experiment 
from the outset has peculiarly fitted him for the task. Authorial 
credit for the present form of the material is entirely due to him. 

In certain important respects the plan of the present edition 
is a distinct departure from that of former editions. The work 
here having been done by a-single author, who has himself been 
teaching the material to his own classes, some very specific gains 
have been brought to the book, a few of which may well be 
enumerated: 

1. Greater homogeneity of the material and closer and more 
persistent correlation of matter drawn from the several mathe- 
matical branches. This means a much smoother gradation of 
difficulties and a better sustained conformity to an original plan. 

2. The frank and full criticism of the author’s work by his 
colleagues, both privately and in conference, has resulted in 
many both major and minor alterations that make the work 
more easily teachable by those who are inexperienced in the use 
of such material. The organization of the material has thus 
acquired a high degree of objectivity and practicality. 

3. A much more searching scrutiny of the psychology of the 
final organization was thus realized. This subject-matter may 
accordingly claim to be, not only empirically and experimentally 
suitable, but also to be psychologically justifiable. 

4. Much greater emphasis is here placed upon experimental 
and inductive geometry than was done in former editions. 
Moreover, the inductive work shades over into deductive pro- 
cedures more gradually here than in the former books. 

These are not the only gains of this edition over former 
editions, but they are the gains of greatest scope and significance. 
The language of the book has been carefully studied with refer- 
ence to its easy comprehensibility by beginners. The exercises 
have been very carefully chosen, graded, and related. In short, 
no pains have been spared and no labor stinted to make the 
present edition both an easily workable text for those who try 
the material for the first time, and a highly profitable body 
of ideas for beginners. 
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To those who may examine this book from the point of view 
of the critical mathematician, it ought to be said that it is 
designedly a pedagogical rather than a logical organization of 
general and fundamental mathematical notions. Rigor in 
the pure mathematical sense is not attempted in definitions, 
axioms, or principles. Insight has everywhere been the con- 
trolling consideration. Experimentation, intuition, and induc- 
tion are freely employed. It takes time to learn deduction and 
the approach to this goal is gradual but sure. Clearness and 
comprehensibility under normal classroom conditions and in 
public-school environments have been guiding motives. Austere 
ideals of abstract rigor have been sacrificed. Still it is believed 
that as much rigor is demanded from stage to stage of the develop- 


ment as can profitably be attempted by the present-day thirteen- . 


or fourteen-year-old boy or girl. 

As to incommensurables, little more is attempted than to 
make clear to the student that they exist and the nature of the 
difficulty they present. His mind will be opened toward them 
and he will be ready for fuller ideas in good time. 

The School of Education and the Department of Mathe- 
matics of the University of Chicago share the settled conviction 
of Mr. Breslich and his colleagues that this new book will con- 
tribute to the solution of the problems which confront the 
mathematical sciences in their efforts to be a vital part of the 
new course of study in American high schools. 

Eviaxim H. Moore 
Grorce W. Myers 
Cuaries H. Jupp 
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In planning the work of the first year, the following facts 
have been kept in mind: 

1. Each of the various divisions of secondary mathematics— 
algebra, geometry, and trigonometry—includes simple prin- 
ciples relatively easy to master, and also difficult, complex 
principles. The simpler principles are best suited for beginners, 
and may therefore be brought together in an introductory course 
which leads up to more complex aspects of these various branches 
of mathematical science. 

2. Because they make the acquaintance of only one of the 
three subjects during the first year, many students fail to get an 
insight into secondary mathematics and are discouraged from 
continuing the study. Thus it is commonly the case that the 
student is brought into contact only with algebra in the first 
year. When he finds algebra very difficult he frequently 
misses the opportunity to discover that he can be successful in 
geometry. If an introductory course can be formulated in which 
algebra and geometry are taught together, success in one field 
will arouse an interest and enthusiasm which will encourage 
the student to attack the other with increased vigor. The 
result will be a gain of mathematical power and no loss in general 
training. 

3. The relationship between algebra and geometry has long 
been recognized by technical students of mathematics, quite 
apart from any consideration of the desirability of teaching 
them together. . Algebra and geometry supplement each other. 
Both are used to express facts about quantity; e.g., the graph 
and the formula both express the law of a group of numerical 
facts. Both give these facts in a form easily taken in by the 
trained eye; both state the facts in generalized form and thus 
make the deduction of any number of particular instances 
possible. By correlating the two related forms of thought in a 
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single course of instruction the student’s comprehension of 
quantity is at the same time simplified and deepened; simpli- 
fied, because the double method of attack makes it easier to 
overcome difficulties; deepened, because of the more enduring 
impression made upon the mind. In the course presented in 
this book, geometry is used throughout the book to illustrate 
algebraic processes, while algebra carries on the reasoning i 

the compact and abstract symbols which generalize quantita- 
tive facts in a degree which is impossible in graphie expression. 

4. The number of mathematics courses required for gradua- 
tion from the high school is constantly being reduced. A 
student taking only one year of mathematics will, under ordinary 
circumstances, for this reason fail to come into contact with that 
very important body of geometrical ideas necessary to increase 
his understanding of his space environment. 

5. A student will be most interested in subjects in which 
practical values are most clearly exhibited. If instruction in 
various branches of mathematics is given in the introductory 
course, the student will see the usefulness of various modes of 
treatment of the facts of quantity. He is made to realize the 
value of algebra by explicit references whenever the superiority 
of algebraic over geometric methods appears. Up to this point 
only the relation of algebra to geometry has been commented on. 
It is also true that the fundamental notions of trigonometry, 


which are commonly kept from the student until the third or 


fourth year of the high school, appeal to him because of their 
usefulness as tools in problem-solving. Hence, these notions 
introduced at an early stage are presented in a way not difficult 
for the beginner. Practical applications, especially to surveying, 
have therefore in the following pages received considerable 
attention. 

_- When ‘the various branches of mathematics are treated as 
separate subjects, there is a tendency for each to take on the rigid 
form of the final science. This tends inevitably to a certain 
formalism in mode of presentation. Such formalism is not the 
best method for the beginner. Correlation helps to avoid 
excessive formalism. Rigor is not carried beyond the undcr- 
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standing of the pupil. Indeed, it must be said that when rigor 
is attempted beyond the comprehension of the student it is only 
apparent. For correlated mathematics it is relatively easy to 
adopt a method of approach which is largely inductive. In 
geometry the peculiar properties of the appropriate figures are 
studied and the results are then combined into a theorem. 
This brings about an easier and a much better understanding 
than a beginner can obtain from a logical proof. Axioms usually 
assumed to be self-evident are in the following pages illustrated 
in order to make their meaning apparent and vital. Not until 
toward the end of the geometry of the first year does the demon- 
stration take the form of a logical proof. Even then the 
method of proof is informal, the aim being to convince the 
student of the truth of the theorem, to enable him to use a 
theorem to establish other facts, and to prepare him gradually 
for the formal geometry of the second course. Algebra is 
introduced as a natural means of expressing facts about num- 
ber and gradually becomes a symbolic language especially well 
adapted to stating the conditions of a problem in a natural and 
helpful way. The growing difficulty and complexity of problems 
then lead to the necessity of learning how to manipulate alge- 
braic symbols. The symbolism of algebra thus becomes a highly 
clarifying instrument of problem-analysis and problem-solving. 
The laws of algebra are carefully illustrated, thus avoiding the 
danger of symbol-juggling without insight into the real meaning. 

There are certain processes which belong together logically 
but which should be separated in treatment because they make 
difficulties for the beginner. Hence, wherever the processes 
are not needed as instruments of instruction they are taught 
separately; e.g., the meaning of positive and negative numbers, 
the laws of signs, and the operations with positive and negative 
numbers are not studied until the pupil has become thoroughly 
familiar with unsigned literal numbers and with the operations 
and laws of such literal numbers. The fusion plan makes pos- 
sible a wide choice of process for the particular difficulty in hand 
and thus very materially facilitates conformity to the peda- 
gogical dictum, “One major difficulty at a time.” 
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Until recently the character of secondary texts has been nearly 
uniform. An attempt to reorganize traditional material will not 
bring the best results unless this material is presented in a form 
in which even the inexperienced teacher can use it successfully. 
In making the experiment from which the text resulted, the 
author has intentionally gone about the work deliberately. He 
has watched for several years the difficulties encountered by 
new teachers coming into the mathematics department of the 
University High School and he has also had the good fortune 
of getting the frank and most helpful criticism of the material 
from teachers who have been in the department for some time. 
In addition to this, he has had the advice and criticism of 
several professors of the College of Education, who, from their 
interest in the work as an educational experiment, have made a 
detailed study and criticism of the material. The result of it all 
is that the book has become easily teachable. 

One of the aims of every high-school teacher is to teach his 
pupils to work independently and to be able to use their books. 
The author shares this aim with his colleagues and has accord- 
ingly made a careful study of the difficulties met by high-school 
pupils in preparing their work. The organization of the ma- 
terial is such that a student will be aided in distinguishing the 
essential from the less important. Summaries given at the end 
of each chapter will be helpful in reviewing the work of the 
chapter. The list of typical problems in chapter XIX will 
make it possible for the student to review the whole course 
with increasing interest, because the ground is here covered 
differently from the way in which it was gone over the first 
time. 

The chief gains of this text over the traditional treatment 
- may be summarizéd as follows: 

The student receives a broader mathematical preparation. At 
the end of a year he will know a number of important geo- 
metrical facts; he will know enough algebra to manipulate 
formulas and to solve equations in one or more unknowns. He 
has learned to use both algebraic and geometric methods of 
solving problems. 
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The program is richer in content. There is much dissatis- 
faction on the part of parents and students with a course in 
mathematics offering only one subject during the whole year. 
The teaching of several subjects makes it possible to bring in 
practical problems from each, with the result that the course 
will lose in formalism and be better suited for beginners. The 
student sees the superiority of algebraic methods over geometric 
methods and of trigonometric methods over both, and comes to 
appreciate the value of the course and is more likely to decide 
to go on with more advanced work. 

This results in.an increased measure of economy of time, 
because progress is continuous; whatever is learned is kept 
available, and topics commonly treated in two or more mathe- 
matical branches are here treated once for all. 

The teacher will receive new suggestions as to methods of 
teaching. For in the attempt to open up new fields and to 
treat traditional material partly according to new methods it 
became necessary to organize this material with unusual care 
and to supply a large number of illustrative examples and 
Suggestions as to the aim and methods involved. The new 
material also makes it much easier for the teacher to elicit 
greater spontaneity of effort from pupils. 

The author desires to render full acknowledgment to Pro- 
fessor Charles H. Judd for his interest and very substantial aid 
in the way of suggestions and criticisms, and to Principal 
Franklin W. Johnson, whose encouragement, assistance, and con- 
tinued interest have made this educational experiment possible. 
He is also indebted to his colleagues in the department of 
mathematics, Messrs. William D. Reeve, Raleigh Schorling, 
and Horace C. Wright, who have read all of the chapters in 
detail and whose constructive criticisms have been most valuable. 

The portraits appearing as inserts, with the exception of that 
of John Wallis, have teen taken from Philosophical Portrait 
Series, published by The Open Court Publishing Co., Chicago. 

Ernst R. Bresiicu 
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STUDY HELPS FOR STUDENTS" 


The habits of study formed in school are of greater im(por- 
tance than the subjects mastered. The following suggestions, 
if carefully followed, will help you make your mind an efficient 
tool. Your daily aim should be to learn your lesson in less ° 
time, or to learn it better in the same time. 


1. Make out a definite daily program, arranging for a definite 
time for the study of mathematics. You will thus form the 
habit of concentrating your thoughts on the subject at that 
time. 


2. Provide yourself with the material the lesson requires; 
have on hand textbook, notebook, ruler, compass, special 
paper needed, etc. When writing, be sure to have the 
light from the left side. 


3. Understand the lesson assignment. Learn to take notes 
on the suggestions given by the teacher when the lesson is 
assigned. Take down accurately the assignment and any 
references given. Pick out the important topics of the 
lesson before beginning your study. 


4. Learn to use your textbook, as it will help you to use other 
books. Therefore understand the purpose of such devices 
as index, footnotes, etc., and use them freely. 


5. Do not lose time getting ready for study. Sit down and 
begin to work at once. Concentrate on your work, i.e., put 
your mind on it and let nothing disturb you. Have the 
will to learn. 


1These study helps are taken from Study Helps for Students 
in the University High School. They have been found to be very 
valuable to students in learning how to study and to teachers in 
training students how to study effectively. 
«yet 
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6. 


10. 


1 


As a rule it is best to go over the lesson quickly, then to go 
over it again carefully; e.g., before beginning to solve a 
problem read it through and be sure you understand what 
is given and what is to be proved. Keep these two things 
clearly in mind while you are working on the problem. 


. Do individual study. Learn to form your own judgments, 


to work your own problems. Individual study is honest 
study. 


. Try to put the facts you are learning into practical use if 


possible. Apply them to present-day conditions. Illus- 
trate them in terms familiar to you. 


. Take an interest in the subject. Read the corresponding 


literature in your school library. Talk to your parents 
about your school work. Discuss with them points that 
interest you. 


Review your lessons frequently. If there were points you 
did not understand, the review will help you to master them. 


Prepare each lesson every day. The habit of meeting each 
requirement punctually is of extreme importance. 


CHAPTER I 
THE STRAIGHT LINE 
Measurement of Line-Segments 


1. Straight lines. Lay a ruler on a sheet of notebook 
paper and pass the point of a sharp pencil along the edge 
of the ruler. The drawing obtained is what in ordinary 
speech is called a straight line. 

We use the same term when we refer to a tight telegraph 
wire, a stretched string, a ray of sunlight passing into a 
dark room through a small opening, ete. 

Give other examples of straight lines that can be seen 
in the classroom. 


* 2. Geometric lines. The different examples in § 1 all 
have characteristics which differ, but they have one char- 
acteristic in common, namely, their length. When we 
speak in exact scientific terms we use the word “line” to. 
refer to the length of each of the above, not to their width 
and thickness. Thus, geometric lines have length only, 
but not width nor thickness. 


3. Points. A particle of dust in the air, a small chalk 
dot on the blackboard, the sharp end of a needle, are 
examples of points as we ordinarily use that word. Again, 
for purposes of scientific exactness we must neglect the 
whiteness of the crayon point, the grayness of the dust 
point, and the spread-outness, however small, of each of 
the objects. In science a point is merely the position, 
but not length, breadth, nor thickness. 


4. Notation for points. The position of a point on a 
straight line is indicated by a small cross-line or dot. 
1 
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Thus in Fig. 1 three points are marked. They are named 

a eC , A, B, and C. It is customary in 

—+—_+——+——._ science to use capital letters in naming 
‘Fie. 1 points. E 


5. Line-segments. The portion of a line bounded by 
two points on the line is a line-segment, or, briefly, a 
segment, as AB or BC, Fig. 1. 


6. Measurement of length. One edge of a ruler is 


oT 
Place the edge of = 


your ruler along the 
line-segment AB, Fig. 2, and count the number of inches 
contained in AB. 

When we compare the length of a line-segment, as 
AB, Fig. 2, with such a well-known and well-established 
segment as an inch, or a yard, we are measuring the 
line-segment; or, put in general terms, to measure a line- 
segment is to find out how many times it contains another 
line-segment, called the unit-segment. 


7. Units of length. Most of the civilized nations have 
derived a unit of length from the length of the human 
foot. The result was that they differed in the standard 
length. A commission appointed by the National 
Assembly of France devised a standard length which 
was adopted by France in 1793 and is now used very 
generally in scientific work in all countries. This stand- 
ard unit is called the meter. It is a bar of platinum, 
equal approximately to 1.1 yards, which is approxi- 
mately one ten-millionth of the distance from the 
North Pole to the equator, measured along a meridian. 
The meter is divided into 1,000 equal parts, called 
millimeters. Ten millimeters make a centimeter, ten 


~ - 
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centimeters make a decimeter, and ten decimeters make 
a meter. 
EXERCISES 
1. Using a ruler whose edge is graduated in centimeters, 
measure AB, Fig. 3, in centi- 
meters. A B 


~ Fie. 
2. With a ruler measure ant 


in centimeters the edge of a page of this textbook. 


8. Compass. A compass, Fig. 4, is an instrument used 
for measuring. Because a good compass is 
accurate, it is useful in many forms of exact 
work. One who expects to do exact work 
should learn to use it freely. 


9. Use of the compass. The compass may 

be used to measure line-segments. Instead 

of laying the ruler directly on AB, Fig. 2, 

Fic. 4 as was done in §6, the sharp points of the 

compass are placed at A and B. Then the 

points are placed on the marks of the ruler and the 

number of inches or centimeters between them is 
counted. 


EXERCISES 
1. With the compass measure AB, Fig. 2, in inches. 
2. With the compass measure AB, Fig. 3, in centimeters. 
3. Measure the length of the page of this book with the 


compass. 
If an inch is not contained exactly, leaving a remainder less 
than an inch, count the number of eighths or sixteenths of an inch 


left over. 


4. Mark two points on paper and estimate the distance 
between them. Test the correctness of the estimate by meas- 
uring the same distance with the compass. 
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_ 10. Use of squared paper for measuring. ‘The fol- 
lowing exercises explain the use of squared paper in 
measuring line-segments. 

EXERCISES 
1. Measure the length of AB, Fig. 5, in centimeters, using 
squared paper. 
Place the points of the compass at A and B. Then place the 


points on one of the heavy lines 
A nn of the squared paper, as at C and 


S5 SERES Reees eee ee D. Each side of a large square 
PA EH ~sobeing 1 cm. long, count the num- 
He ber of centimeters in CD and esti- 
EEE EEE EEE EEE 4 mate the remainder to tenths of 
Ria. 5 acentimeter. Express the length 


of CD in the form of a decimal. 


2. Draw a line-segment and measure its length in centimeters. 
Express the result in the form of a decimal fraction. 


3. Draw a line-segment and measure its length approximately 
to two decimal places. 


To find the length of a segment to two decimal places use as 
a unit a segment equal to ten times the length of the side of a small 
square on centimeter paper. Then AB, 
Fig. 6, is equal to 1 and CD is equal 
to .1. Why? 

Imagine CD divided into 10 equal 
parts. Then .1 of CD equals .01 of AB. 

Line-segment AB, Fig. 7, equals 2.35. 
Why? Fic. 6 


4. Measure to two 
decimal places the 
length of segments CD 
and EF, Fig. 7. 


5. Drawseveralline- — 
segments and using © 
compass and squared 
paper measure them 
Fia, 7 to two decimal places. 


FREER ERS 
PEt PEE ee 
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6. Measure to two decimal places the segments AB, BC, and 
CA, Fig. 8. 


7. Draw a triangle and 


AoA HEE measure the three sides to 
oH aae fC. 5 two decimal places. 

Ho 11. Equal segments. 
aan 

nae If a segment can be 
as placed upon another so 
ay that the end-points of one 
za 


et coincide with (exactly fit 
Fie. 8 upon) the end-points of 


the other, the segments — 


are said to be equal. In Fig. 9 seg- 
ments a and 6 are equal. This is 
read a equals b and is written a=b. 


a 


b 


Draw two equal line-segments. Fie. 9 
12. Unequal segments. If a segment b when placed 
upon a segment a covers only a part 
. of a, b and a are said to be unequal. 
_aa? ae This is written a+b (read a is not 
Fra 10 equal to 8). 
In Fig. 10, @ is less than b ‘aint 
greater than c. The first is written a<b and the 
second a>c. 


13. Notation for line-segments. In the preceding 
paragraphs line-segments have been denoted in two ways: 
(1) by marking two of the points of the segment by capital 
letters, (2) by marking the segment with a small letter 
placed near the middle of the segment. In the second case 
the small letter generally stands for the length of the seg- 
ment and is therefore a number that can be found by 
measuring the segment. 


a 4 — —— — = 


6 FIRST-YEAR MATHEMATICS 


14. Literal numbers. A number denoted by a letter 
is a literal number. 
In Fig. 11 find, by measuring, the 
numbers denoted by a, b, and c. 


a 15. Representation of num- 
bers. Numbers may be repre- 
sented either by line-segments or 

Fic. 11 by letters. The numbers that the 
line-segments represent are found 
by measuring the segments. 


EXERCISES 


1. Represent the following numbers by segments: 3, 14, 
4.5, 7.8, 2.47, 1.64, .32. 


2. Draw several line-segments and find, by measuring, the 
numbers represented by them. 


16. Graphical representation. A line-segment used 
to denote a number is called a graph of the number. 
. The diagram below represents graphically the amounts 


in millions spent in 1909 by the people of the United States 
for certain necessities and luxuries. 


Newspapers and Se SEES OESES eee ee 
Periodicals 


Automobiles 


Silks 


Druggists’ 
Preparations 


Pianos and Organs 


Jewelry 


17. Ways of expressing facts about quantity. Graphs 
are an effective help when used to illustrate numerical 


“ 


- 


TH 


, 
4 


ten 1603 


VIE 


* FR; 


X 
+S] 
= 
S 
+ 
Rade 
g 
e 


FRANCOTS—V EES 


eae VIETE, better known by his Latin 
name, Franciscus Vieta, a French mathema- 
tician of great originality, was born at Fontenay 
in Poitou in 1540 and died at Paris in 1603. 
In his book entitled Isagoge in artem analyticam, 
published in 1591, he introduced so many new 
and important algebraic ideas that he has been 
called the “Father of modern algebra.” He 
used vowels for unknown numbers and con- 
sonants for knowns. He discussed cubic and 
quartic equations, devised an excellent method 
of finding the approximate roots of numerical 
equations, and solved a 45th-degree equation that 
was famous for its difficulty in his age. He used 
trigonometrical ideas in solving it. He displayed 
an ingenuity that was almost uncanny in de- 
ciphering the Spanish secret signal code, by which 
he was able to read all the Spanish military dis- 
patches that fell into the hands of the French, to 
the great profit of his king. His mathematical 
knowledge made him of great service to his 
country in his public life. He studied mathe- 
matics as a pastime and for the love of it. 
Besides the Isagoge, he wrote several other 
important mathematical works. Read his 
_ biography in some encyclopedia or history of 
mathematics. . 
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statistics and scientific data. There are various ways in 
which the same facts about quantity can be expressed. 

First, we may take the exact figures from the 
census reports about the population of the United 
States from 1790 to 1910. This gives the following 
table of numbers: 


Year Population Year Population 
TES nigh ip eos 3,929,214 choos | Sage Oe aaa 31,443,321 
or eee 5,308,483 LETS Kane e's 38,558,371 
1 eee 7,239,881 j} | ae, Se eee 50,155,783 
SST, ccc wks « « 9,638,453  1890........... 62,947,714 
BT et it <.xaGie wees 12,860,702 BE on Gece x va 75,994,575 
oe ae 17,063,353 DOL. nia telagne's 2 91,972,266 
to a ee 23,191,876 


Second, we may represent these facts graphically by 
line-segments. Thus, Fig. 13 shows at a glance the whole 


P SSO SS SR08 CESS eee 
PA SEGEEE eRe 
HO ee 
Titi tii tit ttt 
HMO tte 
BEE EEA 
MTT 
ttt ttt A 
reorTttttttt tt A 
FP SRE SS BSR 
be auaEE Sa007 See 
SAR RSSe See AS 
bb SERS Se 
Go HEE 400000 Bene 
bh SESES SOR A 
Pr eRSSS SSeS 0 S087. Ree Ee 
SRSS5 SESS 22 
FRESE ee 
Me er SS Se RS SRR 
SP G00 2408 28 BE 
ree re ee ese ie eee 
eg os fs et ee fe Sl ol a 
aa520- 8-8-8 5-6 -s-e-e- 8-8 
Pee See eRSUR0E8 
BHCC eee ee 


Fic. 13 


group of facts given in the preceding table. One can also 
see the change in the population without knowing the 
exact values of the numbers represented by the line- 
segments. This is brought out even better by joining the 
end-points of the vertical segments. We may even pre- 
dict what the population will be in 1920. This mode of 
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expressing quantity is especially good when we wish to 
compare magnitudes with each other; e.g., national debts, 
navies of various countries, consumption of coal, etc. 

Compare the two methods above as to their advantages and 
disadvantages. 


Third, we may represent facts by literal numbers, as 
may be seen from the following illustration: 

A train traveling in equal time-intervals over equal distances 
is said to have uniform motion. The distance passed over in 
the unit of time (e.g., an hour) is called the velocity of the train. 
Thus, the velocity of a train is 30 mi. per hour, if the train 
travels 30 mi. every hour. It follows that the train travels in 


2 hours a distance of 230 mi., in 3 hours 330 mi., in 4 hours 


4X30 mi., etc., and in ¢ hours a distance of {30 miles. 
In general, distance = time X velocity, or in letters 


PEER 


The same facts may be represented graphically, as in Fig. 14. 
Notice that the graph in Fig. 14 is regular, in fact it is a 
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straight line. This enables us to read from the figure the 
distances passed over during a given number of hours. — 
EXERCISES 
1. Tell from the graph the number of miles the train travels 
in 15 hours; in 12 hours. 


2. A train travels at the rate of 20 mi. per hour. Represent 
in a table, as in (B) p. 8, the distance passed over in the first ten 
hours. Represent the same facts graphically, as in (C). 


18. Graphing data. Make the graphs for the following 
and tell what the graphs show. 


a 


EXERCISES 
1. Graph these average heights of boys and girls: 


Mark off on squared paper 
the heights, as in Fig. 15, call- 
ing the vertical side of a large 
square one foot. Connect the 
points as shown. The broken 
dotted line so obtained is the 
graph of the heights of girls, 

\ the full line is the graph of the 
heights of boys. 

At what age do boys grow 
most rapidly ? 

The answer may be seenfrom 
the table or from the graph. 


2. The populations, in mil- 
lions, of the United States for 
each ten years, beginning 
1790, are: 3.9, 5.3, 7.2, 9.6, 
42.9, 17.1, 23.2, 31.4, 38.6, 
50.2, 62.9, 76.0, 92.0. Make 
the graph. Fie. 15 


cen Su0y Ai tEaee 


Eee 


—— Eee 
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3. The monthly average rainfall or snowfall, in inches, at a 
certain place for 30 years is given below. 


1 ae eae 2.8 ° May..>.. 8.59 Gept...2.2. 2.91 
i) see 2,30  dune.. 2. .°3.79 Oats. pea. ce 
Mar.,..... 2:36 Jaly. >.< 3.61. Now.t tsa 2.66 
Aor eek 2.70__Ang:.... 2.88 Sieg. nue 


Graph these data, letting twice the side of a large square 
represent one inch, and tell what the connecting line : 
shows. 


/ 


4. In a certain school the eyes of the pupils of all classes 
were tested two or three times each year for sixteen years. 
The following table gives the percentage of short-sighted pupils 
for each grade and the increase from one grade to the next. 
Graph the data. When is the percentage of increase lowest? i 
When is it highest? Point out striking peculiarities of the 
graph. 


o | T 
Grade 1/2 3/45 


Percent- 
age... 2.84.67.811.712.11 


5.317.022.920.7 36.0/41.7)/47.7 


t5. The following table gives the population, in millions, of the 
United States in 1910, by sex, race, nativity, and parentage. 
Draw the graphs. * 


Female. 


*All problems marked ¢ may be omitted. 


¢ 


te 
~ - hod eer. > ek 
im oe? 
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_ 6. Graph these average lengths of day from sunrise to sun- 


set in latitude 42°. 
\ Hours Hours Hours 
Jan. 1§..... 9.5 May 16....14.5 Sept.15..... 12.5 
MOI Bas x. 20:5 June 15... .15.0. Oct. 16..... iL.2 
Mar. 16..... 11.9 July 16....14.9 Nov. 15..... 9.6 
Apr. tae 13.9 Aug. 16....13.9 Dec. 16..... Be 


7. Using the same sheet, scale, and dates as in problem 6,- 
graph the average days’ lengths 
in latitude 38°: 9.7°10.8 12.0 13.3 14.4 14.9 14.6 
13.7 12:5 11.2 10.5 9.5 - 
in latitude 45°: 9.1, 10.4 11.9 13.5 14.9 15.6 15.3 
144.1 12.6 11.1 9% $8.8 


~ What differences in the change of the day’s length in differ- 
ent latitudes do the three graphs show ? 

- 8. A boy saved two dimes a week, placing them in a savings . i 
box. Tabulate, as in (B), p. 8, the contents (number of dimes) a 
for each of the first ten weeks. Represent these facts graphically. 
Represent the same facts in letters, as in (A), p. 8, knowing that 
the contents c is always 2 times the corresponding number of 
weeks w. Y 


19. To test a ruler. To make sure that lines drawn 
with his ruler are straight, a carpenter makes the following 
test: He sights along the edge, making the end-points 
appear to fall together. If all other points in the edge fall 
together with the end-points, the edge of the ruler is 
straight. 

A ruler may also be tested as follows: Mark two points 
on a sheet of paper. Lay the ruler on the paper so that 
the edge passes through the two points. Draw a line- 
segment through these points. Then lay the ruler on the 
opposite side of this line, making the edge pass through the » 
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two points. If the edge falls exactly along the line, the 
ruler is straight. 


Test your ruler in both ways. 


20. Coinciding lines. From §19 it is seen that two 

straight lines fall together if two points of one fall on two 

points of the other. The lines 

are said to coincide. Fig. 16 

7A B shows that any number of lines 

Fic. 16 can be drawn from one point to 

another, but only one of them is 

a straight line} i.e., Through two points one and only one 

straight line can be drawn. The two points are said to 
determine the straight line. 


21. To produce a segment. Since only one straight 
line can be drawn between two points, a segment may be 
extended by moving the straight-edge 
along the segment. aes 

The segment, Fig. 17, has been F ; 
extended in the directions indicated by the arrows; it is 
said to be produced. 


Mark three points A, B, and C not on the same straight | 
line. Draw line-segments AB, BC, and CA. Show by meas- 
uring AB, BC, and CA that CA is shorter than the path 
CBA. 


A B 
Sed 


22. The shortest path between two points is the straight 
line-segment joining the points. Even when the exact 
scientific statement of this principle is not known to us, our 
ordinary behavior conforms to it; e.g., when hurrying 
from one place to another we choose the straight line as the 
shortest path between them. Apparently the fact is 
known even to animals; e.g., the dog when called by his 
master runs to him in a straight line. 
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23. Axiom. Statements like those printed in italics 
in §§20 and 22 when assumed to be true are called 
axioms. Usually axioms are statements so simple that 
they seem evident. Axioms that belong especially to 
geometry are sometimes called postulates. For example, 
some writers would call the statements in §§ 20 and 22. 
postulates. In this book they will be referred to as 
axioms 1 and 2 respectively. 


24. Point of intersection. Through a given point any 
number of straight lines can be drawn. When two 
straight lines have only one point in common, they are 
said to intersect and the point is called the point of inter- 
section. 

EXERCISES 


1. Through a given point A draw several straight lines. 

2. If A is the point of intersection of 
two segments, Fig. 18, show that any 
point B on one of the*segments cannot lie 
A on the other. 


25. Axiom 3. Two straight lines 


Fie. 18 ; : , 
can intersect in only one point. 


For, if they had two points in common, they would coincide 

(§ 20). ° 
F Summary 

26. This chapter has taught the meaning of the follow- 
ing terms and phrases: straight line, line-segment, point, 
measurement of length, unit of length, equal and unequal 
segments, literal number, to produce a segment, coinciding 
lines, axiom, point of intersection. 


27. The use of the following instruments has been 
learned: the ruler, for drawing and measuring straight 
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line-segments; the compass, for laying off line-segments; 
‘and squared paper, for measuring segments and graphing 
data. 

28. The following symbols are used: =, meaning is 
equal to; > for is greater than; < for is léss than; + for is 
not equal to; X, meaning multiplied by. : 

29. Three ways of representing statistics and scientific 
data are studied: 

(1) tabulating them. 

(2) representing them graphically by means of line- 
segments. 

(3) representing facts sr means of literal numbers. 


30. Axioms. 


1. Through two points one and only one straight line 
can be drawn. 

2. The straight line-segment joining two points is the 
shortest path between them. 

3. Two straight lines can intersect in only one point. 


CHAPTER II 
ADDITION AND SUBTRACTION 
Graphical Addition and Subtraction 


31. Number scale. Beginning from a point O, Fig. 19, 
a unit-segment is laid off repeatedly, forming a geometric 
picture of the series of numbers 1, 2, 3, ete. According to 
this arrangement, to every 
mumber 1, 2, 3...... corre- er i Be i 
sponds a point on the line OA, Fic. 19 
the number indicating how 
many units the corresponding point is from O. A series 
of numbers, as 1, 2,3...... thus arranged, is a number 
scale. Such scales are found on the meterstick, the 
thermometer, the engineer’s steel tape, etc. 


32. Sum. If two line-segments, 2 cm. and 1 cm. long, 
respectively, are placed upon an indefinite straight line, as 
AB, Fig. 20, adjoining each 
other and having only one 

Fic. 20 end-point in common, the 
segment AD thus formed 
is the sum of 2 cm. and 1 cm. This is written 2+1=3. 


—<--- 2 - e— — - 


EXERCISES 
1. By use of line-ssegments 4, B 
find the sum of 4 and 3; 2.2 . 
and 3.1; 6 and 1.4. Caper 
2. Let AB and CD, Fig. 21, gt & b - 
be any two line-segments. De- Fi 7 


noting their lengths by a and b 
respectively, find the sum a+b, as EH. 
The problem shows how a letter may be used to denote different 
segments. One advantage of expressing lengths by letters is that 
15 
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we can find the sum before we know the numbers for which the 
letters stand. 


3. Denoting the length of ZH, Fig. 21, by c, show by meas- 
uring AB, CD, and EH that 

A C E B a+b=c. 
Fic, 22 4. Show by measuring that 
the whole segment AB, Fig. 22, 


equals the sum of all its parts AC, CE, and EB. 


Problem 4 illustrates the following axioms: 


33. Axiom 4. The whole is equal to the sum of all its 
parts. 


34. Axiom 5. The whole is greater than any of its parts. 


EXERCISES 


1. Draw the segments a=3.4em., 6=2.3cem., c=1.5cm. 
Draw the sum a+b+e. ; 

2. A, B, C,and D are four A Bé D 
consecutive points on a straight Fig. 23 
line, Fig. 23, such that AB=CD. 
Show by measuring that AC=BD. 


3. Show without measuring that AC=BD, Fig. 23. 
Since it is given that AB =CD, Fig. 23 


and since BC=BC, 
it follows that AB+BC=CD+BC 
or AC=BD (Axiom 4) 


In the third step of the solution of problem 3 the fol- 
lowing axiom is used: 


ea ene 35. Axiom 6. If the same number 
i be added to equals the sums are equal. 
eet tanicemeee f 1. Let AB and CD, Fig. 24, be two 


Fig. 24 equal segments. Also let EF and GH 


ADDITION AND SUBTRACTION 17 


be equal. Find the sums AB+EF and CD+GH. Show by 
measuring that these sums are equal. 


2. Letting a, 6, c, d be the lengths of four segments such that 
a=b 
and c=d 
show by measuring that a+c=b+d 


Problem 2 illustrates the following axiom: 


36. Axiom 7. Equals added to equals give equal sums 
(addition axiom). 


37. Axioms 4-7, although so far related only to line- 
segments, hold equally for all other things. Thus, the 
number of pupils in a class is greater than the number of 
pupils in one row. What axiom is used? If the same 
number of apples is placed in each of two boxes already 
containing an equal number, the boxes will again contain 
anequalnumberofapples. Why? Ifthe number of boys 
ain one classroom equals the number of boys b in another, 
and if the number of girls c in the first room equals the num- 
ber of girls d in the second, then by axiom 7, a+c=b+d; 
i.e., the number Of pupils in both rooms is the same. 


38. Difference. Place a line-segment, as AB, Fig. 25, 
upon another, as CD, so that the two 


have one end-point in common. The 4A—————4 
amount ED by which CD is greater 5 —> 
then A B is the difference between CD Fic. 25 


and AB. This may be stated as fol- 
lows: CD minus AB equals ED, or in written form: 


CD—AB=ED. 


39. Symbols. The symbols + and — used in the pre- 
ceding pages have the same meaning as in arithmetic. 


“Sea 


/ 
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They are read plus and minus and indicate the operations 
of addition and subtraction. 


EXERCISES 


1. Subtract by means of line-segments (graphically) 3.5 
from 6. 

As in Fig. 25, draw CD=6 cm., AB=3.5 cm., and measure ED. 

2. Subtract, graphically, a number, as s, from another larger 
number m. Denoting the difference between m and s by d, show 
by measuring that m—s=d. 


40. Equation. The statements a+b=c, m—s=d, 


CD—AB=ED, etc., express equalities and are called 


equations. 
‘ EXERCISES 
1. A man had 22 acres and sold 8 acres. He had / acres 
left. Express this in equation form. 
2. A man had 22 acres and sold s acres. How many had 
he left? Give answer in the form of an equation. 


3. A man possessed p acres and sold s acres. How many 
had he left? 


Express by equations the relations of the numbers in the 
following problems: 

4, A boy has m marbles and buys 6} more. He has then M 
marbles. ‘ 

5. There are b boys and g girls in a class of p pupils. 

6. A boy earns ¢ cents a day for d days. Hethen has C cents. 


7. A profit of p dollars added to a capital of ¢ dollars 
amounts to a dollars. 


8. An article bought for 6 dollars is sold for s dollars at a loss 
of 1 dollars. 


9. Express a number 5 greater than n; c greater than n; 
7 less than 6; 2 less than n. 
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10. The difference of two numbers is 110. If the smaller is 
s, what is the larger? 


11. The difference of two numbers “% oe D 
is d. If the larger is J, what is the sige 
smaller ? 

12. In Fig. 26, AB=CD. Show by measuring E 
AB, CD, and CB that AB—CB=CD—-CB. ude Cc 


13. In Fig. 27 AB=BC ee! 
and AD=CE. Show by measuring 
that BD=BE; ie. AB—AD=BC—CE 


Problems 12 and 13 illustrate the following axiom: 


41. Axiom 8. If the same number or equal numbers be 
subtracted from equals the differences are equal (subtraction 
axiom). 

Give the redsons for the following conclusions: 

1. a=9, 6=3, therefore a+b=12 
2. m=10, s=4, therefore m—s=6 

3. a=z, b=y, therefore a+b=z+y 
4.m=r, es=t, thereforem—s=r—t 


42. Axiom 9. The sums obtained by adding unequals 
to equals are unequal in the same order as the unequal 
addends. 


E.g., if AB>CD Or, with numbers, 18>12 
and if EF=GH and 10 =10 
show that AB+EF>CD+GH Hence, 18+10>12+10 


43. Axiom 10. The sums obtained by adding unequals 
to unequals in the same order are unequal in the same order. 


E.g., if AB>CD Or, with numbers, 7>2 
and if EF>GH and 8>3 
show that AB+EF>CD+GH Hence, 7+8>243 
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44, Axiom 11. The differences obtained by subtracting 
unequals from equals are unequal in the order opposite to 
that of the subtrahends. 


E.g., if AB=CD Or, with numbers, 15=15 
and if EF<GH and 2<10 
show that AB—EF >CD—GH But 15—3>15—10 


45. Historical note. About 300 3B.c. the mathema- 
tician Euclid of Alexandria wrote a mathematical text 
called The Elements, in which he added, subtracted, 
and multiplied by use of line-segments. The first to 
use algebraic addition, subtraction, and multiplication 
-seems to have been Diophantus, born about 250 a.p.* 
The Italian Pacioli in 1494 gave simple rules for all the 
processes of addition, subtraction, multiplication, division, 
and of extracting square roots. é 

It is the purpose of the remainder of this chapter to 
study some of the laws of algebraic addition and sub- 
traction. 


46. Multiples. The line-segment A B, Fig. 28, is laid off 


repeatedly on the segment CD, 

ates making CE=EF=FG, ete. 
°—i #6 tt 7 ? . Denoting the length of AB 
Fie. 28 by J, then CE=l, CF=2l, 


CG=3l, ete. The segments 
CF, CG, CH, ete., are called multiples of AB. 


47. Graphical addition and subtraction. Literal num- 


bers may be added and subtracted by means of line- 
segments. 


*See Cajori, History of Mathematics, pp. 35 and 74, or Ball’s 
History of Mathematics, pp. 52 and 108. 
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EUCLID OF ALEXANDRIA 


HE dates of Euclid’s birth and death are unknown. 
He lived and taught mathematics at Alexandria 
in Egypt from 306 to 283 B.c. He had probably 
studied in Plato’s school at Athens and in Aristotle’s 
school at Stagira, both in Greece. Being well versed 
in both mathematics and Aristotelian logic, when he 
became head of the mathematical school at Alexandria 
he undertook to cast all Greek mathematics into the 
form of syllogistic reasoning. The result was his 
Elements of Geometry, which has become the most cele- 
brated mathematical text ever written. The Greeks 
had always regarded the proofs of theorems as a real 
part of geometrical study. Most other mathematical 
peoples included only the results and conclusions. 
The form Euclid gave to these proofs was so excellent 
that his Elements soon replaced all other texts of his 
time, gave him the nickname of “The Author of the 
Elements,” and for nearly 2,500 years has made his 
name a synonym for his science. In England boys are 
even today said to be studying Euclid when it is meant 
they are studying geometry. 

The form of our modern texts in geometry is nearly 
the same as Euclid gave his text. Euclid’s text is at 
least the basis of our American texts. You will be 
interested to read the story of Euclid’s ordering his 
slave to give a student a coin for studying geometry, 
in order to show the contempt he had for those who 
studied geometry for gain; alse the story of his telling 
the young Ptolemy “There is no royal road to 
geometry.’”’ Reason’s highway is the only road we 
know of which leads to a knowledge of geometry, even 
today. Remember that if the road seems rough and 
steep at places, there are charming views at the top. 

Read Euclid’s biography in some encyclopedia or 
history of mathematics. While reading think how 
long men and boys have been trying to learn how to 
prove theorems as Euclid proved them three cen- 
turies before the birth of Christ. A study that has 
stood about the same for so long is not likely to be 
much different during your lifetime. 
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EXERCISES 
1. Let @ and 6 denote two numbers. Find the sum 3a+2b. 
Represent a and 6b by line 


and 2)=6b+6 lay off a on a Ar————-3a+2b---~-~- 4B 
straight line three times and Fig. 29 


then btwice. Then the distance 
AB, Fig. 29, from the starting-point to the end-point is 3a+2b. 

2. If a=1 and 6=2, find graphically the sum 3a+2b. 

Let a be represented by 1 cm., b by 2 cm. 

3. Find graphically 3z+y—2z, zx, y, and z denoting three 
numbers. 

4. Find graphically 3z+y—2z, if r=4.4, y=2.3, z=1.2. 

5. If m=2.1 find graphically 3m+5m. 

Perimeters 

c 48. Triangle. Three points A, B, C, 
- Big ee Fig. 30, and the three segments a, b, and 

Fic. 30 c joining them, form atriangle. A triangle 

; has three vertices (corners) A, B, and C 

and three sides a, b, and c. 


49. Perimeter. The sum of the three sides of a 
triangle, as a+b+c, Fig. 30, is the perimeter of the tri- 


angle. 
EXERCISES 


1. A lot has the form of an equal-sided (equi- 
lateral) triangle, Fig. 31, each side being z rods = % 
long. How many rods of fence will be needed to 
inclose it ? Fra, 31 
2. What is the sum of 
& — the sides of a triangle, Fig. 32, whose 
sides are 2z ft., 2z ft., and 37 ft. long? 
Sx 3. What is the perimeter of a tri- 
Fie. 32 angle whose sides are 2a, 5a, and 6a? 
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50. Polygon. The figure ABCDEF, Fig. 33, formed 
by joining the points A, B, C, D, E, 

E *€ and F by line-segments, is a polygon. 
The word “polygon” comes from the 


- c Greek and means many-cornered. 
‘ 4 Polygons having 4, 5,6...... n sides 
Fic. 33 are called quadrilateral, pentagon, hex- 
‘agon...... n-gon, respectively. The 


sum of the sides of a polygon is its perimeter. 


51. Equilateral. A polygon having all sides equal is an 
equilateral polygon. 
EXERCISES 


Of what kind of polygons may the following equations express 
the perimeters, p? 


1. p=32 5. p=Tz ~ 9, p=l2z 
2. p=42 6. p=8zr 10. p=20z 
3. p=5x 7. p=92r ll. p=nz 
4, p=62 8. p=10z 12. p=azr 


52. Value. A value of a letter isa number for which 
the letter stands. A letter may have a value even before 
the value is numerically determined. 


Thus, in exercises 1-4, § 51, what values has z in order that 
the perimeter in each case be 60? 


EXERCISES 


1. Determine the value of x in equations 8-10, § 51, which 
makes the perimeter in each case 60. 


2. Find the values of the perimeters in exercises 1-12, § 51, 
for z=2 in.; x=3 ft.; c=6 yards. 
p=3e=2+2+2=24+2+2=6, etc. 


3. Show, by a sketch, polygons whose perimeters, p, are 
given by p=6r+4; p=4r+16; p=3x+3y; p=4a+2y; 
p=5r+3y. 
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4. Find the values of the perimeters in exercise 3 for z=5, 
y=2; z=12, y=4; z=1, y=7. 

5. Show that 4s has the same value as 4Xs. 

E.g., let s=3, then 4s =3+3+43+3=4x3. 

6. Show that Sp=8xXp. 


53. Monomials. Numbers like 4s, 8p, 5c, etc., are 
monomials, or terms. 


54. Coefficient.§ The arithmetical factors 2, 3, 4, etc., 
in 2z, 32x, 4z, etc., are the coefficients of the literal factor x. 
When no coefficient is written, as in z, a, n, the coefficient 
is understood to be 1. Thus, a means la, n means In. 


55. Similaranddissimilarnumbers. Monomialshaving 
the same (common) literal factor are called similar num- 
bers, as 5b and 8b, but 45 and 4a are dissimilar numbers. 


56. Polynomial. An algebraic number consisting of 
two or more monomials, as 4a+10, 54+6a—b, is a poly- 
nomial. ‘Polynomial’ means many-termed. 


57. Binomial. Trinomial. Polynomials of two terms 
are called binomials, as 2a+3b. Polynomials of three 
terms are trinomials. 


Algebraic Addition and Subtraction 


58. Addition of similar monomials. The sum of simi- 
lar numbers, as 4a and 3a, can be simplified (reduced) 
_ according to a law which may be illustrated as follows: 

Reduce to the simplest form the sum 4a+3a. 

Since 4a+3a=(a+a+a+a)+(a+a+a)*=7a, it follows that 
4a+3a=7a. 

t The term “coefficient” was first used by the French mathe- 
matician Vieta (1540-1603) in a pamphlet on calculation published 
in 1591. 

*The symbols ( ) are used to show the parts that come from 
4a and 3a, respectively. 
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Thus, the sum of similar monomials is a monomial having 
the coefficient equal to the sum of the coefficients of the given 
monomials and having the same literal factor as the given 
monomials. 


Using this law, reduce to the simplest form each of the follow- 
ingsums: 5¢+6z; 18n+5n+4n; a+3a+10a; 12s+6s+s+16s. 


59. The advantage of adding numbers according to the 
law of § 58 may be seen from the solution of the following 
problem: 


The tickets for a football game are sold at 25 cents by John, 
Henry, Kenneth, William, and James. They report sales as 
follows: John sold 56 tickets, Henry 75, Kenneth 27, William 
83, James 69. At the gate, 123 tickets are sold. Find the 
total receipts. 


Solution I: John, 56 X25c.=$ 14.00 
Henry, 75X25e.= 18.75 
Kenneth, 27X25e.= 6.75 
William, 83X25c.= 20.75 
James, 69X25e.= 17.25. 
Gate, 123X25¢e.= 30.75 
Total receipts =$108 .25 
Solution IT: John, 56 woksia, 56 X 25c. 
: Henry, 75 75 X25e. 
Kenneth, 27 “ 27 X25c. 
William, 83 “ 83 X25c. 
James, 6: TN be 69 X25c. 
Gate, ime 123 X25c. 


433 tickets, 433 X25c. = $108 .25 


Solution II is the simpler. Because the different terms to be 
added have the common factor 25, they are added by prefixing the 
sum of the coefficients to the common factor. 
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EXERCISES 


1. The tickets being sold at x cents, John sells 60 tickets, 
Henry 78, Kenneth 45, William 36, and James 84. At the 
gate 137 tickets were sold. Find the total receipts. 

Total receipts: 60r+78r+452+36r+842+1372 =440z. 

Again the terms have a common factor x and the sum was 


simplified by prefixing the sum of the coefficients to the common 
factor. 


Is solution I possible in this case? Give a reason for your 
answer. 


2. Is it possible to reduce to a simpler form the sum of 10 

apples, 5 pears, and 4 plums? Give a reason for your answer. 
3. Which of these sums can be reduced ? 
4r+2, 3y+2y, 5a+2a+b 

4. The length of the school hall is 1 feet. I go through the 

hall 6 times on Monday, 8 times on Tuesday, 4 times on 


Wednesday, 6 times on Thursday, and 10 times on Friday. 
How many feet do I travel along the hall during the week? 


5. The running traek in the playground is y yards. While 
in training, I run around it 6 times on Monday, 8 times on 
Tuesday, 10 times on Wednesday, 12 times on Thursday, and 
14 times on Friday. How many yards do I run during the 
week ? 


6. Add as indicated: 
(1) 42+20z+72+112 (4) 3b+3b+4b 
(2) 4y+1ly+5y+2y+3y (5) (52+2)+(42+2z) 
(3) 10m-+4m+2m+2n+3n (6) 12.5¢+1.2c+4e 


7. Two trains leave a station at the same time traveling in 
opposite directions at the rate of m miles per hour. How far 
apart are two towns, if the trains reach them in 8 and 12 hours 


respectively ? 
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60. Subtraction of similar monomials. The law for 
simplifying the difference of similar monomials is similar to 
the law for addition and may be illustrated as follows: 


Subtract 4a from 7a. 
7a=at+a+a+a+a+at+a 
and 4a=a+a+a+t+a 
Subtracting equals from equals, 7a—4a=a+a+a=3a 


Thus, the difference of similar monomials is a monomial 
having the coefficient equal to the difference of the coefficients 
of the given monomials and having the same literal factor. 


- 


EXERCISES 
1. Reduce to the simplest form each of the following differ- 
ences: 
10e—7e; 138a—5a; 14n—2n; 18w—6w; 3.48g—.25g; 
1.042—.08x; 3m—im; 3p—4p. 
2. Reduce the following sums and differences to their simplest 
forms: 


(1) 5a+7a—4a (4) $b+gb—3b 
5a+7a—4a=(5+7—4)a=Sa | 

(2) 14%—2+-32 (5) (Sz—z)+(5z—2z) 

(8) 13.5e+2.4ce—c¢ (6) 152+ (62—4z) 


61. Commutative law. The following problems illus- 
trate the commutative law: 


1. John has two kinds of marbles, 8 of one and 3 of the other. 
How many has he in all? 


To find the number of marbles he has he may add either the 3 
marbles to the 8 or the 8 to the 3, thus: 8+3=3+48. 


2. Show by adding line-segments 


Popureene peg that 8+3=3+8 (Fig. 34). 
A hitlmisteeiaatan dl 3. Show as in problems 1 and 2 
Fie. 34 that 4+3=3+4. 


4. Show that a+b=b+a. 
5. Show that a+b+c=c+a+b=b+c+a. 
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Problems 1 to 4 show that the value of a sum remains 
unchanged by changing the order of the addends. This is 
called the Commutative Law of Addition. 


Add in the most advantageous way, making use of the 
commutative law: 


75+316+25; 9,993+4,287+7 


62. Parentheses. The symbols ( ), [ ], { {, called 
parenthesis, bracket, and brace, respectively, are used to 
inclose numbers. Sometimes one of the symbols is in- 
closed within another, thus: 


8+44+7+2=[(8+4)+7]+2 
and 8+44+7+42+3 =} [(8+4)+7]+2} +3 


EXERCISES 


1. A boy has three kinds of marbles, 4 of one kind, 7 of 
another, and 5 of athird. How many marbles has he? 


To find the sum, the first kind may be added to the second and 
the result to the third; ie., 4+7+5=(4+7)+5=16. Or he may 
add the marbles of the second and third kinds and these to the 

first kind, giving the equation 


ees EPs sete eset t--5--- 4+(7+5)=16. It follows that 
b---§-- +------ 4+5$-—------ = 2. Show by means of line- 
Fic. 35 segments (Fig. 35) that 
(4+7)+5=4+(7+5). 


3. Show by means of segments that (a+b)+c=a+(b+c). 

4. Show by means of segments that 
a+b+c+d=a+(b+c)+d=(a+b)+(c+d). 

Problems 1 to 4 illustrate the following law: 

63. Associative Law of Addition. The sum of several 


numbers is the same in whatever way two or more of the 
numbers are combined into a sum before adding in the rest. 
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EXERCISES 


Using the commutative and associative laws the following 
sums are to be found in the most advantageous way: 


1. (4356+1483) + (4356 — 1483) 

2. (84+128)+66 

3. 381+ (436+19) 

Simplify the following: 

4. +}72+(42—2r)+(3x—z)} 

5. [15a—(3a+2a)j+[(8a—a) —4a] 

6. 3m+[m+ (7m—4m) +3m]— (5m—4m) 
2 Sy 2y+[{12y—8y— Cua) +703 


/ Summary 
64. This chapter has taught the meaning of the fol- 
lowing terms: number scale, sum, difference, equation, 
triangle, perimeter, polygon, quadrilateral, pentagon, 
hexagon, n-gon, equilateral polygon, value of a letter, 
monomial, coefficient, similar and dissimilar numbers, 
polynomial, binomial, trinomial. 


65. The following symbols have been introduced: 
+ for addition, — for subtraction, the parenthesis ( ), 
the bracket [ ], and the brace } {. 

66. Axioms. 

4. The whole is equal to the sum of all its parts. 

5. The whole is greater than any of its parts. 

6. If the same number be added to equals the sums are 
equal. 

7. Equals added to equals give equal sums. 


8. If the same number or equal numbers be subtracted 
from equals the differences are equal. 


cael ar 
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9. The sums obtained by adding unequals to equals are 
unequal in the same order as the unequal addends. 

10. The sums obtained by adding unequals to unequals 
in the same order are unequal in the same order. 

1l. The differences obtained by subtracting unequals 
from equals are unequal in the order opposite to that of the . 


67. Laws. 

1. The sum (difference) of similar monomials is a 
monomial having the coefficient equal to the sum (difference) 
of the coefficients of the given monomials and having the 
same literal factor. 

2. The value of a sum remains unchanged by changing 
the order of the addends (Commutative Law of Addition). 

3. The sum of several numbers is the same in whatever 
way two or more of the numbers are combined into a sum 
before adding in the rest (Associative Law of Addition). 

68. Algebraic numbers may be added or subtracted 
graphically. 


CHAPTER III 
THE EQUATION 
Use of Axioms in Solving Equations 


69. Uses of the equation. The equation was used in 
the first two chapters to state the equality of two numbers 
or of two geometric magnitudes and to express verbal 
statements in brief form. ‘Thus, the statement that the 
distance passed over by a body moving with uniform 
velocity is obtained by multiplying the velocity by thetime, 
takes the simple formd=vXt. Or, denoting the minuend 
by. m, the subtrahend by s, and the difference by d, the 
statement that the difference equals the minuend less the 
subtrahend is expressed in equation form byd=m—s. In 
mathematics the equation is of great importance, espe- 
cially as a tool for solving problems, for the statement of a 
problem in most cases takes the form of an equation. 

In making a study of the equation we must begin with 
some very simple problems in order that we may clearly 
understand the new laws to be developed. If these laws 
are mastered in connection with simple cases, it will be 
easy to apply them later to more 

‘complicated and difficult cases. 

A bag of grain of unknown weight, 
w ounces, together with an 8-oz. weight 
just balances an 18-oz. weight. How 
much does the bag of grain weigh? 

The problem may be stated in an 
equation, thus: 

w+8=18. Find w. 

Suppose 8 oz. to be taken from each 

pan, giving 


w=10 Fra. 36 
The bag of grain weighs 10 oz. Showing w+8 =18 
30 


= | 
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70. Member of an equation. An equation,asw+8 = 18, 
may be regarded as an expression of balance between 
the numbers on the two sides of the equality sign. The 
number to the left of the equality sign is the left side, or 
left member of the equation, the number to the right is the 
right side, or right member. 

Thus, in the equation a+5=7, a+5 is the left member 
and 7 is the right member. 


EXERCISES 


1, State in words problems in weighing expressed by the 
following equations: 


w+5=7; w+2=4; 3+w=8; 10=5+w 


2. Show how by the aid of the balance the value of w in each 
of the equations of exercise 1 can be found. | 


71. Determining the value of the unknown number. 
An equation, as w+8=18, may be regarded as stating 
the question: What number added to 8 gives 18? It has 
been shown that the answer may be found by interpreting 
the equation as a problem in weighing and then taking 
8 oz. from both pans of the balance. Just as the scales will 
balance if the same number of weights are taken from each 
pan, we may subtract the same number from both sides of an 
equation and get another equation. The work of finding the 
unknown number this way may be arranged in written 


form thus: 
Let w+8=18 
8= 8 
Then w =10 


For, if the same number be subtracted from equal num- 

bers, the remainders are equal (subtraction axiom, § 41). 
To test the correctness of the result, replace the un- 

known number in the original equation by 10, obtaining 
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10+8=18. Since both members of the equation reduce 
to the same number, the result w=10 is correct. 


72. Substitution. When a number is put in place of a 
literal number, it is said to be substituted for the literal 
number. 


73. Satisfying an equation. When both sides of an 
equation reduce to the same number for certain values of 
the unknown number, the equation is said to be satisfied. 
Thus, 2 satisfies the equation z+4=6. Why? 


74. Root. A number that satisfies an equation is a 
root of the equation. 


75. Solving an equation. The process of finding the 
* values of the unknown number or numbers which satisfy 
an equation is called solving the equation. 


- 76. Check. A test, or a check, of the correctness of 
the result obtained by solving the equation can be made 
by substituting in the original equation the result in 
place of the unknown number. If the equation is satis- 
fied, the result is a root of the equation. 


a EXERCISES 
Solve the following equations and problems and check the 
results: 


1. 2+n=17 
Let 2+n=17 
2 = 2 
Then n=15, by subtracting 2 from both members 


Check: 2+15=17, by substitution 
Hence, 17=17 


2. w+2=10 4. 1 Tm 8 6. 8t+v=15 
3. a+4=36 5. d+10=14 7. 13=s+3 
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weight just balance a 16-lb. and a 1-lb. 
weight together. How heavy is each un- 
known weight? 
In the form of an equation, the problem 
is stated thus: 
2w+1=17. Find w. 
Suppose 1 lb. to be taken from each pan, 
As 
2w=16 
Then w= 8 


9. A man finds that three bags of shot, 
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8. Two equal, but unknown, weights, together with a 1-lb. 


Fia. 37.—An equa 
tion is an expression 
of balance of values. 


of equal, but unknown, weights, together with two 2-lb. weights 


on the left scale-pan and a 12-lb. and a 
4-lb. weight on the right scale-pan just bal- 
ance. Find the weight of each bag of shot. 


In the language of an equation we may_ 


write 
3w+4=16 
Taking 4 Ib. from each pan, we have 
3w=12 


Then w= 4 


ener ae, bas of ohot weighs 4 Ib. 


is changed, the 


weight in the other 10. Show how the values of w in the 
must be changed following equations may be found with 


correspondingly. the balance: 


2w+6=16; 3w+7=19; 3w+10=28; 5w+7=27 


77. Use of axioms in solving equations. The equations 
in problems 9 and 10 may be solved by use of axioms as 


follows: 
‘ Let 3w+4=16 
4= 4 


Then 3w =12, by subtracting 4 from both sides 


3 


3w = @, by dividing both sides by 3. 


w = 4, by reducing the fractions 
State the axiom used in obtaining the equation w= 12. 


. S 
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In obtaining the ainsi a w=4 from =e 
lowing axiom was hates, 

78. Axiom 12. If equals Mi divided by onde un 
(excluding division by. 0) the quotients are equal (divis 
axiom). E.g., if a segment AB=CD, then jA4B=4¢ 
Or, since 8+4=2+10, it follows that 4 of (8+4) eq 
2 of (2410). +2. + 4 a 


Solve by use of axioms the PER at in problein 1¢ 
stating the axiom used i in each step of the colhahas, re 


‘79. The equation n—2=5 may REL s 4 
the question: What number diminished | by 2 gives é 
number is 7 and may be found by adding 2 to 
sides of the equation. ' 


ies dee a atiOn is ¢ arra 


follows: 


Let atlnd y/ 
222 < + Se 
Then n42—2=2+5, for equals added to e seek g 
sums. wait 
Or, n=7" r , 
EXERCISES * 


- State each of the following equations in the form - aq 


Then solve the equations, giving in each step ' Bag sed, 
and check. ‘* ? °, 

1 2—-8=3 822+ 6=16 15. 92-7 

2 2-5=7 9.32+7=19 16. 4m+3.2=15. 2 

3. n— 2= 410. 31+ 6= 27 17) 5n —1.4= 8.6 


4. w- 7=14 11. %—1l= 21 18. 382-42 +2745 
5. 2-10= Ik 12. 4v-A5= 23 19. 5a —4 =4247° 
*6.10-2= 3 13. 9k-15= 93 20. 2943 =3y—5 
7. 2x— i= 14. 9x+ 8=116 > 7s *, =6s+8 - 
* First add x to both sides, then subtract 3. 7 


- 
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9. Show by an equation the other dimension of a rectangle, 
having one side equal to 9 ft. and an area equal to 18 sq. ft. 
, a ea oe m+ * Ieee 

“ « - a “ 6 yd. “« “ “ “ “ 12 sq. yd. 

ow _ i a — 4 yd. o “ “ “ “ A sq. yd. 


10. A picture of rectangular form of dimensions 22 in. by 
17 in. is surrounded by a frame 2} in. wide. Find the area of 
the frame and the outer perimeter. 


t11. A mantel is 36 in. high and 42 in. wide. The grate is 30 in. 
high and 30 in. wide. Find the area of the mantel and the 
number of square tiles contained in it if each tile is 3 in. long. 


12. How many square tiles of 8 in. length are needed to make 
a walk 28 ft. long and 3 ft. wide? 


113. In a rectangular garden 25 ft. wide and 95 ft. long a 
3-ft. wide walk is laid along the whole edge. The midpoints of 
the long sides are joined by a 2-ft. path. How many square 
feet are left for the garden? 


Cube and Parallelopiped 


be. A solid like the one represented in Fig. 81 
cube. A cube has six faces, 


is 
all of are squares. Two faces G 
come rinanedge. Thus,there 7 


are 12 edges in the cube. The cube 
has 8 corners. 


Cc 
143. Parallelopiped. ‘The solid Z 
represented in Fig. 82 is — Fic. 81 
\ a rectangular parallelo- 
‘ piped. The faces of a rectangular paral- 
Fig. 82 “  Jelopiped are rectangles. 


How many faces has a parallelopiped? How 
many edges? How many corners? 
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Volume of Cube and Rectangular Parallelopiped 


144. Unit of volume. To measure a solid a cube is 
used whose edge equals the unit-length. The number of 
times this cube is contained in a given solid is called the 
volume of the solid, the cube being the unit volume. 


145. To find the volume of a parallelopiped. Let 
Fig. 83 represent a rectangular parallelopiped 5 cm. long, 
4 cm. deep, and 3 em. high. Since the face on which 
the figure stands is a rectangle 5 cm. long and 4 cm. wide, 
a layer of 5X4 unit cubes may 
be placed on it. Since the solid 
is 3 cm. high, it contains three 
such layersand therefore3 X5X4 
unit cubes. Thus, the parallelo- 
piped contains as many units of 


obtained by multiplying the length by the width and their 
product by the height. 
This is usually expressed in the form of a theorem, thus: 
Theorem: The volume of a parallelopiped equals the 
product of the length by the height by the width. 
V=lXhXw 


146. Volume of acube. The volume of a cube is com- 
puted in the same way as for the parallelopiped. Since 
the edges of a cube are all equal, the theorem of § 145 
takes the following form: 

The volume of a cube whose edge is e units long is 
given by the formula V =eXexXe. 

The formula V =eXeXe may be written briefly V =e’, 
read V equals e-cube, e® meaning eXe Xe. 

In words, this formula is expressed as follows: 


Theorem: The volume of a cube is equal to the cube of 
one edge. 


volume as the number of units — 


a 
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By means of this formula find the volumes of cubes whose 
sides have the following lengths: 3, 4, 5, z, l. 

147. Graphing equations. In chapter I, §17, three 
ways of representing data were shown. Let us apply 
them to the following problem: 

A number of rectangles are 3 in. wide and their lengths are 
4”, 5”, 6", 7", 8”, 9”, 10”, 11”, 12”, 13”. Calculate the areas 
of these rectangles. 

The first mode of representing the areas for various 
lengths is to tabulate for each value of the length, l, the 
corresponding value of the area, A [see Table I in Fig. 84]. 


t=4 56 7 8 9 1011 12 


| 13 | 
. A=12 1518 21 24 27 30 33 36 39 | 
a 


~“SSGRU ETCETERA 
“TA! a 
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a 
* 
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Second, the same data may be represented graphically. 

From the point O, Fig. 84, lay off the length horizontally and 
from the end-point of the length lay off the area vertically, Then 
join the end-points of the vertical lines by straight lines. 

Third, the equation A =3/ represents the data of the 
table and graph. The straight line PQ, Fig. 84, is said 
to be the graph of A =3l. 

1. From the graph, Fig. 84, find the area when /=1, 2, 3, 14. 


ro 
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2. Graph the following equations: 
/ 1. A=5l 3. L=2c+1 5. C=u* 
2. D=i+1 14. y=2r4+3 6. y=2?+3 


148. Linear equations. Equations whose graphs are 
“straight lines are linear equations. 


Multiplication of Monomials 


149. Symbols for multiplication. The formulas A= 
bxXh, V=lXhXw, A=a’, V =e suggest that the products 
of numbers may be represented geometrically; e.g., the 
product of any two numbers may be expressed graphically 
by a rectangle whose dimensions are equal to the given 
numbers. 

The product of two egual numbers, or of three equal 
numbers, may be represented by the area of a square or the 
volume of a cube, respectively. Hence, the notation 
a-square and e-cube. The product of four or more equal 
numbers cannot be expressed geometrically. However, 
in algebra the process is extended. Thus, we write 
aXa=a’, aXaXa=a’, aXaXaXa=a'‘, read a-fourth, 
aXaXaXaXa=a', read a-fifth, ete. 

The product of two different literal numbers, as zx 
and y, is shown by writing the letters side by side, 
as zy, with no sign between them. We are familiar 
with the form xXy from arithmetic. The form zy is 
most used in algebra. It is often convenient to use the 
form & + y. 


150. Exponent. Base. Power. In2?, z3,2'...... x 
the 2,3, 4...... mn are called exponents of 2. 


What is the meaning of z-fifth? z-sixth? z-seventh? 
x-tenth? 2a-nth? ‘ 
Write these numbers in symbols. 
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The exponent of a number is the small figure or letter 
written to the right and a little above the number symbol, 
to denote the number of equal factors in a product. 
In 6°, meaning the product 6X6xX6, the 3 is the 
exponent, the number 6 is the base, and the product, 6%, 
is the power. Thus 216 (=65) is the third power of 6. 
(Why?) 

When no exponent is written, as in az, the exponent is 
understood to be 1 for each letter, as though the number 
were written a'z'. 

Notice that 4z means 4-z, or that z is to be used as an 
addend 4 times, while z* means z-x-z-z, or that'z is to 
be used as a factor 4 times, and similarly for the other 
forms, as 3z and z*, 5z and 2’, etc. 


EXERCISES 


1. Letting z=6, give the meaning and value of each of these 
numbers. , 


1. 2z 4. 2° 7. dz 10. 3z? 
a 5.424 8 2 11. 52° 
3. 3z 6.z* 9. 22 12. 224 


2. Show from Fig. 85, (1) that the 
perimeter, p, of a square of 3z is given by 
p=12z; (2) that the area A is given 
by 92. 

3. Express by equations the perimeter 
and area of the rectangle, Fig. 86. 

* 4. Show from a figure the perimeter 
a. = and area of a rectangle 3a by 5a. 


=x 
Fic. 86 
; 5. Write the following products in 


briefest form: 


x-c-o-2;%-3-8; 3-9-4; = +S; 19-19-13 
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6. Find the values of the monomials: 2°; 11°; (4)3; 34; ; 


(1.2)?; 7*. 
7. Letting a=4, r=3, b=1, y=2, find the values of the 
polynomials: 
e+22+1; 22+3ryt+y’; a®—2a*hb+3ab?—b 
_ 8. Two messengers leave a town at the same time, traveling 
in opposite directions. They travel a and 6 mi. an hour respec- 
tively. How far apart are they after ¢ hours? 
9. Find the values of the following numbers, if z=4: 
247; (22)*- 32°; (x)* 
10. Letting a=2, b=1, c=5, d=3, e=4, find the value of 
ab+be+ced+de_ a?+b*+2+d@+e a'+3a°b+3ab?+b* 
at+b+c+d ’ a+tb+c+d ’ a+b 
151. Product of powers having the same base. The 
product of two powers having the same base can be 
simplified. Thus, 2?-2°=ae-arr=2°; 2 -x2=een-r=2'. 


Give orally the products of the following pairs of factors in 
briefest form: 


1, 4.42 9. b7.b5 17. 6-68 
2.0 S30" 10. c-c 18. K?-K 
3. 10?-10¢ ll. c*.c 19. K?.K8 
4. a@-a 1 etek 20. a-2? 
5. 12%.12¢ 13. a@-x 21. a?-z 
6. a®-as 14. b-c 22. g-# 
To (axa 15. 6-b 23. a*®-b 
8. at-a’ 16. a-a’ 24, 2%.y? 


152. Commutative law (law of order). To illustrate the 
equation 5X2=25 draw a rec- 
tangle 5 units long and 2 units 
wide, Fig. 87. The area is 10 sq. 
units=5X2 sq. units. Draw a 

aan aceeeemepaet + rectangle 2 units long and 5 units 
Fic. 87 wide differing from the rectangle 


-----te--4 


/.. 


~~ 


ae 
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in Fig. 87 only in position. Its area is 2X5 sq. units. 
Since 5X2 and 2X5 represent the area of the same rec- 

tangle in different positions it follow that 5x2 =25. 

1. Show similarly that 7X8=8 x7. 
2. Show that ab=ba. 

These problems illustrate that in algebra, as in arith- 
etic, the factors of a product may be changed in order 
without changing the value of the product. This is the 


Commutative Law of Multiplication. 


Simplify the following products, doing all you can mentally: 


1. 4zy - 5a*y? 
hats», hake (Why?) =20zty3 
2. 4b%c - 5b? 12. (2m'n*)3 
3. abe -a*bc* - 2abc* 8 (2a) ( 4a%*) 13. (30%)? 
4, 4a*.5a*-2a 5hmk-2m*k = 14, 2-3-5-2-5-4 
5. Qr-zty 10. p* -3pq 15. 3-5-4-4-4 
6. z-3x3 ll. (2zy)? 16. (3ax) (4a%x) (Sa*x?) 


Addition of Monomials 


153. Coefficient. The coefficient of any factor in a 
term is the product of all the other factors of the term. 
Thus, in 4ary the coefficient of ary is 4, of ry is 4a, of az is 
4y. In ne the coefficient of c is 3) of b, is ; , ete. When 
the coefficient of the term is spoken of, the arithmetical 
factor is usually meant. It is common to say the coeffi- 
cient of the term 4azy is 4; of - is 4 etc. If no coefficient 
is written, as in a, z*, 1 is understood to be the coefficient, 
as though 1a, 1z* were written. 

154. Similar terms. Terms which have a common 


factor are said to be similar with respect to that factor and 
are called similar or like terms, as 27*y’, 1227’, 82°y’. 
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155. Dissimilar terms. Terms which have no com- 
mon factor are called dissimilar or unlike terms, as 4a? 


and 3cb?. 
EXERCISES 


In each of the following polynomials point out with respect 
to what factor the terms are similar, state in each case the 
coefficient of the common factor, and then reduce to the simplest 
form. Do all you can without writing down your work. 


1. 4a%4-a° +50° +-30% : 
The common factor is a2). The coefficients are 4, 1, 5, 3. 
Hence, 4a°b+ab +5a*b +3a% = (4+1+5+3)a% =13a*. 


2. 44+72+20r+352 

3. ax+252+br+46r 

4. ax+bae+cr+dzx 

5. 8pg*r+ l4pq’r+ 12pq?r 

6. 30% +50%+70%+3a% 

7. 2an+3ra+7ra+5ax 

8. 3pq?+ 6tq?+8rq?+ 12sq? 

9. 4axz+7cxr2+ 5dxz+Yexz 

10. abm+pmq+amy+mde 

11. 3(a+b)+4(a+b)+12(a+b) 

12. 8(2?+-y*) +10(a*+-y’) + 12(2*+-y*) 

13. 35(pr—q) +53 (pr—@) +47°o(pr—@’) 
Multiplication of a Polynomial by a Monomial 


156. Graphical multiplication of a sum by a monomial. 
Solve the following problems: 


D | 
1. Express by an equation the area | || 
of a rectangle of dimension 6 and z+3, 
Fig. 88. + an Se 
pcen 
The area of ABCD=6(2+38). Why?...... (1) 


The parenthesis () means that the number within is to be 
multiplied by 6. 


eS a ee al - > sk 


~™ 
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Dividing the rectangle ABCD into two rectangles by drawing 
line EF, we have 


ABCD=AEFD+EBCF. Why?...... (2) 
But AEFD=6z. WRF Picasa (3) 
and EBCF=18. WEST wna (4) 


Substituting for ABCD, AEFD, and EBCF their equals obtained 
from equations (1), (3), and (4), equation (2) takes 


the form 6(z+3) =6z+138. 
2. Show from Fig. 89 that a(m+n) =am+an. WwW) ) 
3. Show from a figure that - is 
d(a+b+c)=da+db+de = 


The equations in problems 2 and 3 exemplify the 
axiom: A whole equals the sum of all its parts. 


157. Partial products. The products am and an, 
problem 2, are the partial products of a(m-+n) 


What are the partial products of d(a+b+c) ? 


158. Product of a polynomial by a monomial. Prob- 
lems 1, 2, and 3, § 156, illustrate the following prin- 
ciple: 

A polynomial is multiplied by a monomial by multiplying 
each term of the- polynomial by the monomial and then 


adding the partial products. 
te a indicated 2(3z+4y); (x+2y)4a; 3a+-4b-2c; 


5b-42+2y. 

2. Simplify by carrying out the multiplications before 
the additions and subtractions a(a+b)—b; (x+y)m—ym,; 
32?+42y-2r2+10. 

3. Letting a=4, b=1, c=3, find the values of the following 
numbers: (a+b)c; 2(a+b)—c; 4a+2(b+c); 8a+(3b+4c); 
3a(2ab+8—5c); 25c*; a>; (2a+3)5+4+(4b+5)2. 

159. Graphical multiplication of a difference by a 
monomial. The number (a—b)c means that Db is 
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rl 


subtracted from a and the difference multiplied by c. The 


. a-b _¢_s_g product (a—b)e may be 
i sented geometrically, thus: ~ 


. e In Fig. 90, ABCD =ABEF —DCEF 


| ABEF =ac 
A >. DCEF =be 
p------=- “= === -—~ 4 
Fia. 90 ABCD =(a—b)c 


Substituting in the first equation for ABCD, ABEF, and DCEF 
their equals (a—b)c, ac, and bc, we have (a—b)c=ac—be. 
EXERCISES 
1. State the principle illustrated by the preceding problem. 
2. Express the following products as polynomials: 
(2a—3y)a; 2(4a—6y); 2x(4a+5b—3c); (a®—2ab+b*)a. 


> ee 3. Multiply as indicated: a*bz*-b?; 8m*n-4mn*?; (2x+4y)2; 
(4a? —224+8)2x; xy?+22; 4Ars%t-3sf2; 32(x—y); 4y(a+y—2z). 


+ £ ary ‘ 
wy 


ghey 


of a Ratangle } is e—3, the length x, and the 
ei yards. Find the width and the length in yards. 


4, Simplify Se Sage vee 4y)2z. ro 
; 5. Give the factors of the following products: ~ 
, +22; 2a+6b; 2ry+10x; 3x—6y; 2axr—Say; 4xa*— 1228; 


- ee of a square is 32 sq. cm. less than that of a 


; seiten having one side equal to the side of the square and 
4 the other 8 cm. greater. Find the area of the rectangle, 


8. After 12 years a man will be twice as old as he was 12 
years ago. What is his age? 


9, Solve the following equations? 
1. 3(@+ 4)=22+2 
2. 9(a+35) =5(22+-45) 
3. 3(e+-15)+5=2(22+9)+4(e+3) 


ma wm 


: ba : 


+ . 
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166. The area of a trapezoid. To determine the area : 


# trapezoid, as A BCD, Fig. 96, draw the line-segment ey : 

BD, aang the trapezoid into b a hg tal Cart 
Triangle ADB=3hb. Why? 7 Jha 
Triangle DBC =4ha. Why? Fia. 96 w lee 
Therefore trapezoid, ABCD=$hb+$ha. Why? _ 

or trapezoid ABCD=4h(b+a). Why? ~ 
Calling a and b the bases of the trapezoid this result ~ 

expresses the following theorem: > ' 


Theorem: The area of a trapezoid is equal to camhalh ¢ . 
* the product of the altitude by the sum of the bases. * ~ 


167. In this chapter the meaning of the following terms ; 
was taught: parallelogram, rectangle, square, trapezoid, : 
rhombus; area of a figure, unit of area; formula; cube, ~~ 
parallelopiped; volume, unit of volume; exponent, power, (. 


' 
Ss + 4 


base; coefficient; similar and dissimilar terms; partial 
products; quotient. 


168. The following symbols were introduced: the 
exponent, to indicate the number of equal factors. To 
indicate the product of unequal factors use the symbols 
xX, -, or no symbol at all. Division is indicated by the 
symbol + or by placing one letter or figure (number) 
over another with a line between. 


169. Equations may be graphed. * Equations whose 
graphs are straight lines are linear equations. | ? 


170. The product of two numbers may be represented 
geometrically as the area of a rectangle. 


} vy 


“¢ 
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171” Problems in multiplication may be checked by 
substituting convenient values for the letters in the prob- 
lem and in the result. : 


. 172. The following algebraic principles were taught: 

1. Commutative law. The factors of a product may 
be changed in order without changing the value of the product. 

2.°A polynomial is multiplied by a monomial by multi- 
plying each term of the polynomial by the monomial and 
then adding the partial products. ” 

3. A polynomial is multiplied by a polynomial by 
multiplying each term of one polynomial by every term of the 
other and adding the partial products. 

173. The following theorems and formulas have been 
obtained: 

1. The area of a square ts equal to the square of one side. 


2. The area of a rectangle is equal to the product of the 
base by the altitude. 


3. The volume of a rectangular parallelopiped is equal 
to the product of the lengtlt’by the height by the width. : 
4. The volume of a cube is equal to the cube of an edge. 


5. The area of a parallelogram is equal to the prod 
of the base by the altitude. 


6. The area of a triangle is equal to one-half of the prod 
of the base by the altitude. 


7. The area of a trapezoid is equal to one-half the product 
of the altitude by the sum of the bases. 


JOHN WALLIS 


JgO H N W-A Ir Deis 


OHN WALLIS was born at Ashford in England, 
November 22, 1616, and died at Oxford, October 28, 
1703. During a school holiday, when he was only 

fifteen years old, he was struck with curiosity at seeing 
the odd symbols and signs of an arithmetic in the hands 
of his brother. He borrowed the book and in a fort- 
night, with his brother’s assistance, he had mastered the 
book. He studied to become a physician, and he was 
the first to maintain that the blood circulates in the 
human body. His main interest however was in 
mathematics. 

Wallis became professor of geometry at Oxford in 
1649 and lived there thenceforth until his death. 
Besides many mathematical works, he wrote on 
theology, logic, philosophy, and he devised a system 
for teaching deaf-mutes. His genius thus revealed 
itself in many ways. 

He wrote an arithmetic and an algebra that were 
long the standard texts. Newton is said to have 
learned algebra from Wallis’ text. In his algebra 
he introduced into mathematics the symbol || for 
parallelism. He was one of the pioneers in the field 
of calculus and he developed the theory of interpolation 
very fully. He discovered 

2:2-4-4-6-6-8-8...... 


r= 


1-:3-3-6-5-7-7-9...... 


He was familiar with all the mathematics of his 
day, added greatly to the subjects of higher arithmetic - 
and algebra, and did much toward laying the founda- 
tions in English science for what mathematicians now 
call analysis. 

Read the life of Wallis in Ball’s History of Mathe- 
matics, pp. 288-93 (5th ed.). 
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CHAPTER VI 
ANGLE-PAIRS 
Adjacent Angles 
174. Adjacent angles. Two angles that have the 


“same vertex and a common side between them are 


adjacent angles. The sides which are not common are 
the exterior sides. 
EXERCISES 


1. Are } and d, Fig. 97, adjacent angles? Give reason for 
your answer. Are a and 6 adjacent 
angles? 6 and c? 

2. Read the exterior sides of 4z and b 
y, Fig. 98; the common side. 

3. Draw freehand two adjacent acute 
angles whose sum is a right angle. 

4. Draw three acute angles whose sum Fic. 97 

Fi is a right angle. 


m 5. Draw two adjacent obtuse angles 
whose sum is 3 right angles. 
= A 6. Draw two adjacent angles, one 
Fic. 98 obtuse and the other acute, whose sum 
; is 2 right angles. 

7. With a protractor draw adjacent angles of 75° and 85°; 
of 103° and 57°; of 314° and 23°. In each case check the work 
by finding the sum arithmetically and then measuring the sum 
with a protractor. 

8. Draw two intersecting straight lines making a pair of 
adjacent angles equal and show by measuring that the angles 
are right angles. 

83 
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175. Perpendicular lines. If two straight lines inter- 
sect making a pair of adjacent angles equal, each line 
is perpendicular to the other. 

1. In Fig. 99 which lines are perpendicular? Point out the 
equal adjacent angles. 


YY SS 


Fie. 99 


2. Draw two lines perpendicular to each other, using only 
the ruler. 


176. Theorem. At a given point in a given line only 
one perpendicular can be drawn 
to the line. 


For, if two perpendiculars to AC, 
Fig. 100, were drawn at B, the two 
right angles DBC and EBC would 
be unequal. This contradicts the 
theorem that all right angles are 
equal and is therefore impossible. ya 


177. Draw two adjacent angles of 56° and 124°; of 
193° and 1603°; of 92° and 88°. With a ruler, or straight- 
edge, see if the exterior sides of each pair of angles 
form a straight line. What term is applied to each 
angle-sum? 


This problem leads 
to the following the- 
. orem: 
’ oo s Theorem: /f the 
Fra. 101 sum of two adjacent 


angles is a straight 
angle, the exterior sides are in the same straight line. 
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The Sum of the Adjacent Angles about a Point on One 
Side of a Straight Line 
178. From a point C on a straight line AB, Fig. 101, 
draw three lines as in the figure. By estimating find the 
number of degrees in each angle. Then measure each 
angle with the protractor. Fill out the table in Fig. 102. 
What seems to be the sum of all the angles about a 
point on one side of a straight line? This illustrates the 
theorem of § 179 below. 


Fis. 102 


179. Theorem: The sum of the adjacent angles about 
a point, on one side of a straight line, is a straight angle, 
or 180°. 
EXERCISES 
1. Find the number of degrees in each angle of Fig. 103. 
We may write 
9r+2+(37—22)+(52—26) =180. Why? 
Changing the order of the terms, 
9z+2+52—22+37—26=180. What law is used? 


13z+11=180. Why? 
13z=169. Why? 
z=13. Why? 


Therefore 9z=117 
37—2r=11 
52—26 =39 


Check: 24+92+37 —22+52—26 = 180 
2. With a protractor make a draw- 
ing of Fig. 103. 
3. All the angular space about a Fia. 103 
point in a plane, on one side of a 
straight line, is divided into angles represented by the 


86 FIRST-YEAR MATHEMATICS 


following expressions. Find z and each angle in degrees. Draw 
figures for exercises 1, 2, and 3. 


1. 2, 52, 72—2 
2. 8x, 48—32, 54—22, 4-14 > 
3. 25%+52, 82483, 32, 93+2 j 
4. 32, 2(2+9), x, 42—z 
5. 2x, 2(x+10), z—18, 3(36—z) 
16. 3(e—3), +33, 2(41—z2) 
7. 2.82+39.33, 1.2c—32.09, 2+7.16 
18. 6.932, 4.827, 1.272+5.09, 138.91—9.02z 
9. 22, 88+t4z2 
t10. 32+10, 86—$2 
til. $2+14, 97—#2 


- 
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The Sum of the Angles at a Point 


180. The sum of the angles just covering the angular 
space about a point may be found from the following 
problem. 


* 


Draw four lines from a point, Fig. 104. Find the number of 
degrees in each angle, first, by estimating, 
then by measuring with a protractor. 

b\¢ What seems to be the sum of the angles 
that just fill the angular space about a ~ 
point? This may be stated in the form 

Fia. 104 of a theorem as follows: 


- 


————E———EE—————E——E— Te ee ee ee 


Theorem: The sum of all the angles at a point just 


covering the angular space about the point is a perigon, or 
860°. 
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EXERCISES 
; 1. Find by solving an equation the number of degrees in 


each angle of Fig. 105. 
All the angular space about a point 
in a plane is divided into angles repre- 


sented by the following expressions; find ee 
z and each angle in degrees. With pro- sase7 NSe$ 
tractor draw figures for exercises 2, 3, ; 
and 4. Fic. 105 
2. 2z, z, 42+40, 180—32 
3. z, 36+52, 3z—9 
t4. 32, Sz, 52+45, 27-2 
5. 152+163, 373—2z, 82-9 
6. 3x, 5r+26%, 2x, 9r+1433 
t7. 7z+24, 142+53$, 120$—-32 
Solve the following equations: 
8. 15—6t+8t=25 roof 
15. 5+8-—;=1 
9. 6t—7+41=13 Seaet Pes. 
t10. 7y—3y+10y=39 t16. 0 _ OF = 28 
ll. 2(2-—3)+12=18 
' $12. 845(s+7)=63 17, 78Y_154 Ya 52 
13. 1 13—10r=7 
a r r 18. 3.71-3.6—2.91=2.4 
14. qt5=9 19. 22+4(2+10)+32=130 
a Supplementary Angles 


181. Supplementary angles. Two angles whose sum 
is a straight angle (180°) are supplementary angles. 
Each angle is said to be the supplement of the other. 

If the supplementary angles are adjacent they are called 
supplementary adjacent angles. 


7 


> ms < 
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EXERCISES 
1. Draw two supplementary adjacent angles. 
2. Are 50° and 130° supplementary? 37° and 133°? 60° 
and 120°? 90° and 90°? 


3. How many degrees are there in the supplement of an 
angle of 45°? Of 1203°? Of 90°? Ofa®? Of z°? 


fe] 


3c 
4. Write the supplement of a°; of 6°; of 5d°; of 2° 
5. If angles of 120° and a® are supplementary, what does a 
represent ? 


6. If z°+80°=180°, what is the supplement of z°? What is 
the value of x? 

7. In the equation, a°-+b°=180°, what is the supplement of 
a°? Of 6°? Why? 


8. State by an equation that the following pairs of angles 
are supplementary: 


(1) 2° and 60° (4) 50° and z°+70° 
(2) 70° and ¥° (5) 22°+3° and 272°—2° 
(3) 6° and &° (6) 32° and 4;'2°+112§° 


9. The supplement of x+3 degrees is 2x+27 degrees. Find 
x, +3, and 2%+27. 


We may write 2+3+2zr+27=180. Why? (1) 
Combining like terms 3x+30 =180 (2) 
Subtracting 30 3x=150. What axiom is used? (3) 
Dividing by 3 z=50. What axiom? (4) 
_ Whence 2+3=53. Why? (5) 
22-+27 =127 (6) 

Check: z+3+22+27 =180 


10. 2° is the supplement of x°+84°. Find the angles. 


11. One of two supplementary angles is 98° larger than the 
other. Find the angles. 


12. One of two supplementary ava is 27° smaller than the 
other. Find the angles. 
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13. One of two supplementary angles is 33 times as large as 
the other. Find the angles. 
14. The difference of two supplementary angles is 110°. 
Find them. 
Let 2° be one angle and z°+110° the other. 


15. Find two supplementary angles whose difference is 21°; 
363°; 733°; d°. 
16. The difference between an angle and its supplement is 
37°. Find the angle. 
17. How many degrees are there in the angle, 2°, if it is the 
supplement of 5z°? Of 72°? Of 332°? 
18. How many degrees are there in an angle that is the supple- 
ment of 4 times itself? Of 8 times itself? Of 10 times itself? 
Of 23 times itself? Of { of itself? Of } of itself? 
19. Express in algebraic language: 
(1) the double of an angle, z - 
(2) 15° added to 3 times the angle 4 
(3) 29° subtracted from 6 times the angle 
(4) 4 times the sum of the angle and 13° 
(5) Two-thirds of the sum of the angle and 17° 
20. Express in algebraic symbols: 
(1) the supplement of an angle, z 
(2) 5 times the supplement 
(3) 3 times the supplement 
(4) 14° added to 3 times the supplement 
(5) 16° subtracted from 3 times the supplement : 
(6) the supplement increased by 10° ‘ 
(7) the supplement diminished by 18° 
(8) the supplement divided by 4 
(9) one-third of the supplement 
(10) 17° added to the supplement 
(11) 20° added to one-third of the supplement 
(12) 19° subtracted from $ of the supplement 


a 


~ 
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21. If an angle is doubled and its supplement is increased z 
by 20°, the sum of the new angles thus obtained is 280°. Find 
the two supplementary angles. 

Let.x be one angle, and 180—z the other; then by the conditions 
of the problem 2z+ (180 —x+20) =280. 

22. If an angle is trebled, and its a ene is diminished 
by 112°, the sum of the angles obtained is 168°. Find the 
‘supplementary angles. , 


__e~- = 


23. The sum of an angle and 3 of its supplement is 90°. 
ind the angle. 

24. 
divide by 5 the sum ¢ 
‘supplementary, angles. 

25. If 20° is added to 5 > an angle, and 15° is subtracted 
from 2 times the supplement of the angle, the sum of the angles 
obtained is 401°. Find the supplementary angles. 


ncreased by 12°, and its supplement is 
e angles obtained is 80°. Find the” 


PS i 


Solve the following equations: 
_ i = 
26. 2(¢—5)+3(t+1) =3 Pe = rh." a 
$27. 5(e—5)+(#+3)=2 
ak 2+3 . 
28, F204 (2+12)=9 30. “5 hee 


131. Find z and each of the following supplementary angle- 
pairs: 


x 3x 
E42 ob a and = 7 i ; @— 5 and Er | 
32. Draw a figure showing that the seeetoments of equal 
angles are equal. 


Complementary Angles 


182, Complementary angles. Two angles whose sum 
is a right angle are complementary angles. Each angle 
| is said to be the complement of the other. | : 


> wid 


a 


5. 


of 7(a+b) degrees; of 5z* degrees; ery jee ‘of 82*—5y! 


1. What is the complement of a, Fig. 106? Of b? - 


Fie. 106 
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EXERCISES ; 


2. Draw two adjacent complementary 
angles. May either angle be obtuse? Point 
out two perpendicular lines. 

3. Show whether 22° and 68° are’ Sapo eA 
mentary; 435° and 463°; 893° and 2 

4. What isthe pete ae of 60°? Of30°? 
Of 103°? Of 453°? Ofa°? Ofn?? Ofx°? 


Write the complement of d°; of 30°; of ; og eter 


wis 
degrees. - 2 ba! 
6. If angles of 40° and d° are complementary, how many 
degrees does d stand for? , 
7. If y°+70°=90°, what is the complement of y°? Why? 
What is the value of y? 
8. In the equation, c°+d° = 90°, what is the complement of i 
&? Ofd? Why? 
9. State by equations that the following pairs of angles are 
complementary : 
(1) y° and 50° = (2) - 30° and 2° (3) w° and 2° 
(4) a°+30° and a°—20° (5) 22°+7° and 52°—2° i, 
(6) 3(c+7) degrees and 5(2x—8) degrees ; 
(7) 32—15} degrees and 2652+43% degrees ‘. F 
10. z° is the complement of z°+48°. Find the angles. ; 
11. One of two complementary angles is 24° larger than the ; 
other. Find the angles. 
12. One of two complementary angles is 28° smaller than the 
other. 


13. 
- the complement of 4? Of 6x? Of 532? 


Find the angles. 
How many degrees are there in the angle z, whi is 
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14. How many degrees are there in an angle that is the com- 
plement of 3 times itself? Of 7 times itself? Of 6 times itself? 
Of 34 times itself? Of ¢ of itself? Of 4 of itself? 


15. The difference of two complementary angles is 83°. 
Find them. 


16. Find two complementary angles whose difference is 21°; 
64°; 734°; @. 


$17. The difference between an angle and its complement is 
27°. Find the angle. 


18. If an angle is doubled, and its complement is increased 
by 40°, the sum of the new angles thus obtained is 160°. Find 
the complementary angles. 


19. If an angle is trebled, and its complement is diminished 
by 40°, the sum of the angles obtained is 130°. Find the com- 
plementary angles. 


20. The sum of an angle and 3 of the complement is 75°. 
Find the angle. 


$21. If an angle is increased by 15°, and the complement is 
divided by 3, the sum of the angles obtained is 75°. Find the 
complementary angles. 


$22. Hf 20° is added to 3 times an angle, and 6° is subtracted 
from 3 of the complement, the sum of the angles obtained is 
102°. “Find the complementary angles. 


Solve the following equations: 
3.4.2 
23. 5 T88+5= 180 


3t 
24, 2+10- = 15 


25. Draw a figure showing that the Pcs roe of equal 
angles are equal. 
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Opposite Angles 
183. Opposite angles. Two angles having a common 
verter, and having sides in the same straight line, but in 
opposite directions, are called opposite or vertical angles 
(as x and z, Fig. 107). 


EXERCISES 


1. Read both pairs of opposite angles in 
Fig. 107. 

2. On tracing paper make a trace of angles y 
and z (Fig. 107). Put this trace on angles z and 
w and see whether z coincides with (fits on) z, 
and y with w. How do the opposite angles com- 
pare in size? 


3. Test your conclusion in exercise 2 by 
Fic.107 drawing two intersecting straight lines and 
measuring both pairs of opposite angles with 


a protractor. 

4. Show that in Fig. 107 z+y=180 
Show that y+z=180 
Show that tty=ytz 
Then z=z. Why? 


5. Show, as in exercise 4, that y=w. 

Exercises 4 and 5 show the truth of the following 
theorem: 

Theorem: If two lines intersect, the opposite angles are 
equal. 

EXERCISES 

1. Two intersecting straight lines form four angles a, b, c, 
and d. If a=40°, how large are b,c, andd? Find b,c, and d, 
if a=90°; if a=62°15’; if a=40°20'10”. 


4 


OO  —— a 


os 
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2. Show that the bisectors of two adjacent supplementary 
angles are perpendicular to each other. 


Proof: a+b+c+d=180°, Fig. 108. Why? 
a=b. Why? ., 
c=d. ~ WhyT ‘ / a 


Therefore 6+b+c+c=180. Why? ; Ware “ 
2b+2c=180. Why? Fic. 108 


b+c=90. Why? 


4 3. Find z and the four angles made 
by two intersecting straight lines, if two 
opposite angles (Fig. 109) are 32+37 and 


a 52+7. 
4 Since the given angles are opposite 
Fig. 109 angles, 
5¢+7=32+37. Why? (1) 
Subtracting 7 52=32+30. What axiom? (2) 
Subtracting 3x 2x=30. What axiom? (3) 
Dividing by 2 z=15. What axiom? (4) 


5a+ 7=5-15+ 7=82 

32+387 =3-15+37 =82 
Each of the other two angles is 1I30—82=98. Why? 
Check: 82+98-+82+98 =360 


4, Find x and each of the following pairs of opposite angles 
made by two intersecting straight lines. Draw figures for 
_ exercises (1) and (2). 

(1) 7a+27 and 42+87 
$(2) 82-17 and z+103 

(3) §z+16} = and §z+24} 
$4 2ye-13 and 1942 +57 
(5) ga+}2 and $x+42 
(6) §a+$2-28 andz 


t(7) be 52 and > 4-130 
7 Qn 
(8) 7-5 and +66 
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®) 3+3 and 5-+18 
7 
(10) o_% and S183 


5. Solve the following equations: 
z 2 i 
(1) gtl6+5—14=7 ' 


2r 3r 
(2) g—15+7=5 


The Acute Angles of a Right Triangle 


184. Theorem: The acute angles of a right triangle 
are complementary angles. Show that this is true. 

Find the values of the acute angles of a right triangle 
if one angle is 3 times the other; 5 times the other; 3 of the 
other; 1} of the other; 6 more than 7 times the other; } of the 
other diminished by 33. 


185. One of the acute angles of a right triangle is 
twice as large as the other. Find the acute angles. 
Draw a right triangle containing these angles. 

If the side opposite the 90° angle is twice as long as the side oppo- 
site the 30° angle the construction is correct. 

This problem illustrates the following theorem: 

Theorem: In a right triangle whose acute angles are 
30° and 60° the side opposite the 90° angle (hypotenuse) — 
is twice as long as the side opposite the 30° angle. 

The acute angles of a right triangle are given equal. Find 
the number of degrees in each angle. Make a drawing of the 
triangle. How do the lengths of the sides about the right angle 
compare ? 

186. Isosceles triangle. A triangle having two sides 
equal is an isosceles triangle. 


# 
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EXERCISES 
1. In Fig. 110 AABC, ADC, and BDC are right triangles. 
Show that z and a are complements of the same angle and 
therefore equal. 7 


Show that y and 6 are equal angles. Cc 
2. Solve the following equations: 
(1) 9+5-12+2=9 Aaa oo 


D 
(2) Se? a8 Fic. 110 
= 
(3) 92—G—-1=75 4) } + 415— 7 =282 


3. The following angle pairs are aaa: =e rs a right 
triangle. Find z and the angles. 


2 87 of z 
gt le and = Se 3 gtz and a+e | 


Angle-Pairs Formed by Two Lines Intersected by a Third 


187. When two lines are intersected by a third line 
(transversal), eight angles are formed, 
Fig. 111. 

1. Make a list of the supplementary 
adjacent angles and for each pair state the 
equation expressing the relation between the 
angles. 

2. Make a list of the opposite angles and 
state the equation for each pair. 


188. When two lines, Fig. 112, are 


Fie. 111 


cut by a transversal, fe 
a and e 
it ‘Le 
the angles of )6 and f peng Hk 
the angle-pairs | d and h angles ies: ae 
? G. Li 


\e and g 
_ angles c, d, e, f are called interior angles, _ 
~ angles a, b, g, h are called exterior angles, - 


Nal ? * 
i oy 
, 2S 
eg ae: Se ee aha 
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the angles of | d and e| are called interior angles on the 
the angle-pairs |c and f} same side of the transversal, 


on opposite sides of the trans- 
versal, are called alternate 
interior angles, 


on opposite sides of the trans- 
a =v sa | versal, are called alternate 


exterior angles. 


the angles of | dand f 
the angle-pairs | c and e 


EXERCISES 
. If a=e prove that c=e. 
. If a=e prove that } and e are supplements. 
. If a=e prove that A and a are supplements. 
. If c=e prove that c and f are supplementary angles. 
. If c=e prove that a=g. 
If c=e prove that f=d. 
If c+f=180° prove that b=f. 
. If e+f=180° prove that f=d. 
. If c+f=180° prove that a+f=180°. 
. If c+f=180° prove that c+h=180°. 


CON AH eww 


oy 
o 


Summary 


189. This chapter has taught the following terms: 
adjacent angles, opposite angles; perpendicular lines; 
supplementary angles; complementary angles; isosceles 
triangle; corresponding angles formed by two lines cut by 
a transversal; alternate interior angles, alternate exterior 
angles, interior angles on the same side of the transversal; 
hypotenuse of a right triangle. 
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190. The truth of the following theorems has been 
shown:* 

1. At a given point in a given line only one perpen- 
dicular can be drawn to that line. 

2. If the sum of two adjacent angles is a straight angle 
the exterior sides are in the same straight line. 

3. The sum of the adjacent angles at a point on one side 
of a straight line is a straight angle. 

4. The sum of all the angles at a given point covering 
the angular space about the point is a perigon. 

5. Supplements of equal angles are equal. 

6. Complements of equal angles are equal. 

7. If two lines intersect, the opposite angles are equal. 

8. The acute angles of a right triangle are complementary. 

9. In a right triangle whose acute angles are 30° and 
60° the hypotenuse is twice as long as the side opposite the 
30° angle. 


* These theorems were probably all first proved by the School of 
Pythagoras, founded at Croton in Southern Italy about 529 B.c. 
See Ball, p. 19. 


\—7— ———<— © 


PYTHAGORAS 


PY -T HH A GOO Sao 


Phoenician parents and died, probably at Metapontum, 

in Southern Italy, about 500 sB.c. @ was aaene 2 

moral reformer and philosopher, but he was celebrated 
as a mystic, a geometer, an arithmetician, and as a teacher of 
astronomy, mechanics, and music. His system of morals and 
his philosophy were founded on mathematics. He is said to have 
been the frst to employ the word mathematics. The meani 
he gave it was what we understand by general science. Wit 
him geometry meant about what high-school people today 
mean by mathematics. 

He divided his mathematics into numbers absolute or 
arithmetic, numbers applied or music, magnitudes at rest or 
geometry, and magnitudes in motion or astronomy. His suc- 
cessors for many years arded this as the necessary and 
sufficient course of study for a liberal education. It is the 
origin of the famous ‘‘quadrivium"’ that constituted higher 
education for 2,000 years. 

After completing his studies near his home under Pherecydes 
of Syros and Anaximander, the latter a disciple and successor 
of Thales of Miletus, Pythagoras traveled extensively, studying 
mathematics in Egypt, Chaldea, and Asia Minor. Returni 
from his travels he settled at Samos and gave lectures wi 
indifferent success until some time near 529 s.c., when he 
migrated to Tarentum. After a brief stay here he removed to 
Croton in Southern Italy, where he opened his famous school of 
Leer 4 and mathematics in 529 s.c. Here his school was 
attended by enthusiastic audiences. 

He divided his hearers into probationers and Pythagoreans. 
The probationers were much the la group. He formed the 
Pythagoreans into a brotherhood, € @ modern fraternity. 

possessions were to be held in common and all discoveries 
were to be referred to the founder. The chief mathematical 
discoveries were revealed only to the Pythagoreans. Read 
in some history of mathematics the story of the drowning 
of a Pythagorean for divulging a mathematical discovery 
and claiming it as his own, and other more cant facts 
about this secret order and its wonderful founder. The 
leading teachings of the brotherhood were self-command, 
Eeraperanse, purity, and obedience. Its secrecy and strict 
discipline soon gave the society such power in the state as to 
arouse the jealousy and hat of certain influential classes in 
that democratic community. Instigated by his political 
opponents, a mob murdered many of Pythagoras’ followers and 
finally, after his flight, probably to Metapontum, murdered the 
leader himself. After the death of their leader the Pythagoreans 
were dispersed over Southern Italy, Sicily, and the Grecian 
peninsula. They renounced secrecy, opened schools at divers 
centers, and they and their disciples continued publicly to teach 
Eve seccen doctrines for a hundred years after the death of 

ythagoras. 

Pythagoras’ geometry consisted of the substance of what 
is contained in the first book of our school geometries about 
triangles, parallels, and parallelograms, together with some few 
isolated theorems about irrational magnitudes. His reasoning 
was often not rigorous, e.g., he sometimes assumed the converse 
to be true without a proof. His most original work was in the 
theory of numbers, called by the Greeks Arithmetica. Pythag- 
oras left no books or other writings, so that what we know of 


him is traditional. He himself believed, not in publicity, but 
in secrecy. 


P Bre was born at Samos about 569 p.c. of 


CHAPTER VII 
PARALLEL LINES. LINES AND PLANES IN SPACE 
Parallel Lines 


191. Parallellines. Two lines are said to be parallel if 
they lie in the same plane but do not meet however far 


extended. 
EXERCISES 


1. Point out the parallel edges of a table top, of a sheet of 
notebook paper, of a rectangular box, of a cube. Give other 
examples of parallel lines. 


2. Show by measuring that the oppo- 2—*—# 4 __¢ 
site sides of a rectangle are everywhere 
equally distant, ie, EF=GH=KL, . 


Fig. 113. EG K - 


3. Extend the opposite sides of a Fig. 113 
carefully drawn rectangle and show that 
the extensions are everywhere equally distant. 


192. The last two problems illustrate the following 


fact: 
Parallel lines are everywhere equally distant. 


193. Symbol for parallelism.* The symbol for parallel- 
ism is ||. Thus, the statement AB is parallel to CD is 
written A B || CD. 


194. Let A, Fig. 114, be a 
point not on the straight line BC. 
Let AD be astraight line through 
Fia. 114 A, intersecting BC at D. If AD 


* The symbol |! for parallelism was introduced by John Wallis. 
99 


K 
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is made to rotate about A, point D moves along BC, 
taking positions as EL, F, G, etc. We will assume that 
there is a position of the rotating line, as AK, such that 
it does not intersect BC, i.e., when the rotating line is 
parallel to BC. Further, we will assume that this is the 
only position in which the rotating line does not meet 
BC. Thus, when it has passed the position AK by the 
least amount, it will intersect BC to the left of D. These 
assumptions are stated in the form of the following axiom: 


Axiom: One and only one parallel can be drawn to a 
line from a point outside the line. 


EXERCISES 


1. Draw a line, as AB, Fig. 115, and place along this line one 
side PQ of a triangle 7, cut from paper or wood. Along the 
second side, PR, of the triangle 
draw CD. Move triangle 7, 
letting PQ move along BA until 
it takes the position P,Q;. Along 
P,R, draw line C,D;. Notice that 
the size of Zz has remained un- 
changed. Show by measuring, as 
in §191, that any two points on 
CD are equally distant from 
Gidk. Thus, GD II C,D,. Why? 


2. Draw a line, as AB, Fig. 116. yi 
At any two points of AB,as Pand Pi, c a he D 
i draw with 
the pro- # me P 
Cc p_ tractor two B 
equal an- Fic. 116 
E F giles, z and 
a1. Show as in exercise 1 that 
B CD || EF. 
Fia. 117 


3. Draw a line, as AB, Fig. 117. 
With the compass draw Za=Z2,. Show that CD|| EF. 
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195. Exercises 1, 2, and 3 show how to draw parallel 

lines by aid of the triangle, protractor, and compass, 

respectively. All three ways are based upon the following 
theorem: 

Theorem: If two lines are cut by a transversal making 
the corresponding angles equal the lines are parallel. 

EXERCISES 

1. To a given straight line, 1, draw a parallel line passing 
through a point, A, not on l. 

First method: Move a triangle along the edge of a ruler. 

Second method: Draw a line through A intersecting I at B. 
Construct an angle at A equal to the angle formed at B, making 
4A and B equal corresponding angles. 

2. Show that two lines perpendicular to the same line are 
parallel. 

Use the theorem of § 195. 

3. Prove the following theorem: Two lines are parallel if two 
alternate interior angles formed with a transversal are equal. 

First show algebraically that the corresponding angles are equal 
if the alternate interior angles are equal. Then use the theorem 
of § 195. 

4. Prove as in exercise 3 that two lines are parallel if the 
interior angles on the same side formed with a transversal are 
supplementary. 

5. Prove that two lines parallel to the same line are parallel to 
each other; i.e., if AB and CD, Fig. 118, are parallel to EF, then 
prove AB || CD. 

Proof: If AB and CD were 
not parallel, they would inter- =§=<¢~-———— BD 
sect if far enough extended, as 
is indicated by the dotted lines. 2 
Then from the point of inter- Fia. 118 


‘section K there would be two 
lines KA and KC parallel to EF. Since this is impossible (why ?), 


AB is parallel to CD. 


Ee Se ee 


———— 
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6. State the conditions which will show that two lines are 
parallel to each other. 


7. Draw two parallel straight lines and a transversal, as in 
Fig. 119. Measure and compare the 


yA corresponding angles a and 6; ¢ and d; 
g/e eandf; gandA. 
8. Draw two lines that are not par- 
4 - allel, and a transversal. Measure and 
compare the corresponding angles. 
Fie. 119 


196. Exercises 7 and 8 illustrate 
the following theorem: 

Theorem: If two parallel lines are cut by a transversal 
_ the corresponding angles are equal. 


EXERCISES 


1. Two parallels and a transversal make angles designated as 
shown in Figs. 120,121. Find the value of z and of all the 8 
angles in each figure. 


Use theorem of § 196. 


(sx +8)° 


50° 
(79 + 3x)° 


Fie. 120 Fie. 121 


2. Prove that if two parallels are cut by a transversal the alternate 
interior angles are equal. 


First show by § 196 that the corresponding angles are equal, i.e., 
a=e, Fig. 122. Then prove that the alternate interior angles are 
equal, i.e., that e=c. 

3. Prove that if two parallels are cut by a transversal the 
interior angles on the same side are supplementary. 


Proof: In Fig. 122,a=e. Why? a+d=180. Why? There- 
fore e+d=180. Why? 
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4. In Fig. 122 lines AB and CD are given parallel. 
State which angles are equal and which angles are supple- 
mentary. 


5. With two parallels and a trans- 
versal the alternate interior angles are 
7(@+1)° and (181—2z)°. Find 2 and 
all the 8 angles. 

6. With two parallels and a trans- Fic. 122 
versal the alternate interior angles are 
(8z—5)° and 5(z—7)°. Find z and all the 8 angles. 


7. Let 2A, Fig. 123, be a given angle. Through a point P 
draw two lines parallel respectively to 
the sides of 2 A. 


Prove that a=b. 
Proof: a=d. Why? d=b. Why? 
Therefore a=b. 


8. Prove that a=c, Fig. 123. 


9. Prove that a and e, Fig. 123, are 
supplementary. 


197. Exercises 8 and 9 show that if two angles have their 
sides parallel respectively they are either equal or supple- 
mentary. 

Prove this theorem for the angle-pairs in Fig. 124. 


: = | oot fiGany? pate 
te it GS 


Fie. 124 
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198. Using Fig. 125, in which DE is parallel to AC, 
prove that the sum of the interior angles of a triangle is 
two right angles. 


Proof: a+b+ce=180. Why? 


a =a. Why? 
C1 =c. Why? 
Fic. 125 Therefore a+b+c=180. Why? 


199. Using Fig. 126 prove that an exterior angle of a 
triangle equals the sum of the two remote interior angles. 

Proof: a=. Why? 
b=b,. Why? / 

a+b+c=180. Why? O 4 
a,+bi+c=180. Why? Le 

Therefore a+b+c=a+b:tc. Why? t et 

or a+b=a,+b:. Why? Fie. 126 


EXERCISES 


1. Prove that the sum of the interior angles of a quadrilateral 
is 360°. (See Fig. 127.) 


2. Find the angles of a quadrilateral if 
each angle is 30° greater than the consecu- 
tive (taken in succession) angle. 


3. The angles of a quadrilateral are to each 
other as 1:2:3:4. How large is each? 


Let the first angle be denoted by a, the 
second by 2a, etc. 


Fia@. 127 


Angles of the Parallelogram and Trapezoid 


200. Parallelogram. A quadrilateral whose opposite 
sides are parallel is a parallelogram. 
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201. Consecutive and opposite angles of a quadrilateral. 
The angle-pairs z and y, y and s, s and ¢, ¢ 


and z, Fig. 128, are consecutive angles. 
The pairs z and s, y and ¢ are opposite 
angles. - 


EXERCISES Fra. 128 


1. With a ruler and protractor draw a parallelogram having 
two consecutive sides 3 in. and 5 in. respectively and the angle 
P , included between them equal to 60°. 

A! ‘B__ 2. Prove that the consecutive angles 

of a parallelogram are supplementary. 
(See Fig. 129.) 

c 
= 3. Prove that the opposite angles of 
a parallelogram are equal. 
4. Find the angles of a parallelo- 
gram if one angle is 3 times as large as the consecutive angle. 


Fic. 129 


5. The difference of two consecutive angles of a parallelogram 
is 20°. Find the values of all the angles of the parallelogram. 


6. Two consecutive angles of a parallelogram are so related 
that 3 times one angle diminished by the other is equal to 30°. 
Find the values of both angles. 


202. Trapezoid. A quadrilateral having only one 
pair of parallel sides is a trapezoid. 


EXERCISES 

1. In the trapezoid, Fig. 130, prove that z and y are supple- 
mentary angles. ” . 

2. Prove that the sum of the interior 
angles of a trapezoid is four right 

A B 

ite Fia. 130 

3. In the trapezoid, Fig. 130, C is } 
times as large as B and D is 4 times as large as A. How large 
is each? 
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203. Solid. Surface. The cube, Fig. 131, and the 
rectangular parallelopiped, Fig..132, are solids. Other 


il 
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TN 
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| rite 
i 


Cube Rectangular Parallelopiped Prism 
_ Fria. 131 Fig. 132 Fic. 133 Fic. 134 


solids that are frequently found are the prism, Fig. 133, 
the pyramid, Fig. 134, the cylinder, Fig. 135, the cone, 
Fig. 136, and the sphere, Fig. 137. 


at 


Cylinder Cone Sphere 
Fie. 135 Fia. 136 Fig. 137 


A solid consists of matter. It may be hard or soft, 
heavy or light. It has color. It fills a limited portion 
of space and is separated from the surrounding space by 
its surface. In geometry when we study a solid we are 
interested only in the form of the solid, its size and its 
shape. We disregard the color, weight, density, etc., 
and think only of the limited portion of space which it 
occupies. Such a solid is a geometric solid. 


Which of the solids, Fig. 131-137, have flat surfaces? Which 
have curved surfaces ? 


204. Plane. A flat surface is called a plane surface or a 
plane. 


Point out plane surfaces in the classroom. Point out sur- 
faces that are not plane. A 
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To test whether a surface is plane a straight edge is 
applied to it. If in every position the straight edge 
coincides entirely with the surface it is said to be a plane 
surface. 

Since only one straight line can be drawn through two 
points it follows that a straight line two of whose points 
lie in a plane lies entirely in the plane. 

How may a carpenter making a plane surface determine 
whether it is a plane? 

205. In § 191 it was seen that two lines in the same 
plane are parallel if they do not meet, however far ex- 
tended. When two lines in space do not 
meet they are not necessarily parallel. 
do not meet, yet they are not parallel 
lines. 

Point out lines in the classroom which 
do not meet and are not parallel; others 
which are parallel. 

206. Parallel planes. Two planes which do not meet 
however far extended are parallel planes. 

Thus, the planes of faces ABCD and A, B,C,D, in Fig. 
138 are parallel. 

Point out parallel planes in the classroom. 


207. Parallel lines and planes. No line drawn in plane 
A,B,C,D,, Fig. 138, can meet plane ABCD. (Why?) 
A line which does not meet a plane however far extended 
is parallel to the plane. 

In the classroom point out lines which are parallel to 
planes. 


Line BB,, Fig. 138, is perpendicular to BC and BA. 
BB, is also perpendicular to any line through B drawn in 
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plane ABCD. This may be verified by means of a try- 
square on a wooden model of a cube. BB, is said to be 
perpendicular to plane ABCD. 

Point out in the classroom lines that are perpendicular to 


planes; e.g., one edge of a door is perpendicular to the plane of 
the floor. (Why ?) 


208. Lines perpendicular to a plane. If a line inter- 
sects a plane and is perpendicular to any line in that plane 
passing through the point of intersection it is said to be 
perpendicular tothe plane. Thesymbol for expressing that 
one line is perpendicular to another is L. Thus, thestate- 
ment AB is perpendicular to CD is written ABLCD. 


Models of Geometrical Solids 


209. The cube. The cube may be constructed from a 
figure like Fig. 139... On cardboard draw the figure. Cut 
out the figure along the heavy 
lines. Then fold along the 
dotted lines. Join the edges by 
means of gummed paper. This 
will form a model of a cube. 
Measure the edge of the cube 
and compute the area of the 
Fie, 139 whole surface. Find the volume 
of this cube. 


210. The parallelopiped. A 
rectangular parallelopiped may 
be constructed from a figure 
like Fig. 140. Make the model. 
Compute the volume of the 


solid and the. area of the sur- 
q ‘ 


face. & 


7 
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~ 
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211. The prism. Construct a prism from a drawing 
like that in Fig. 141. Find the area of the entire surface. 


To find the area of the 


equilateral triangles. Meas- 
ure the base and altitude of 
one triangle and compute 
the area. 

To draw the hexagons, 
draw a circle, step around 
it, using the radius for a 
step, Fig. 142, and connect 
consecutive marks. 

212. The pyramid. 
To construct models of 


pyramids use Figs. 143 
and 144. 


Fie, 141 


213. The cone. Cut out two unequal circles, Fig. 145. 
Place the circles so that they touch each other, making 
point C fall on D. Then turn the 

circles, keeping them always touching 

each other, until C meets circle B at D’. 

This will make are DED’ equal to the 

length of circle A. Cut out angle 

DBD’ and use the remainder for the 

curved surface of the cone. Use circle 


Fae A as base. 
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Summary 
' 914, The chapter has taught the meaning of the 
following terms: parallel lines; opposite and consecutive 
angles of a quadrilateral; solid, prism, pyramid, cone, 
cylinder, sphere; plane, parallel planes; lines pace) or 
perpendicular to a plane. 


215. The symbol for parallelism is ||. The symbol for 
perpendicularity is L. 

216. The following theorems and axioms have been 
taught: 

1. Parallel lines are everywhere equidistant. 

2. One and only one parallel can be drawn to a line 
from a point not on the line. 

3. If two lines are cut by a transversal making the corre- 
sponding angles or alternate interior angles equal the lines 
are parallel. 

4. If two lines are cut by a transversal making the 
interior angles on the same side supplementary they are 
parallel. 

5. Two lines perpendicular to the same line are parallel. 

6. Two lines parallel to the same line are parallel. 

7. If two parallel lines are cut by a transversal the 
alternate interior angles are equal, the corresponding angles 


are equal, and the interior angles on the same side are 
supplementary. 


8. If two angles have their sides parallel respectively 
they are either equal or supplementary. 


9. The exterior angle of a triangle is equal to the sum of 
the two remote interior angles. 


10. The opposite angles of a parallelogram are equal. 


esas = —_—s- 


LINES AND PLANES lll 


11. The consecutive angles of a parallelogram are supple- 
mentary. 

217. The following construction was taught: 

Through a given point outside of a given line to draw 
a line parallel to the given line. 


218. It was seen how models can be made of the 
following geometrical solids: cube, rectangular parallelo- 
piped, prism, pyramid, and cone. 


CHAPTER VIII 
MEASUREMENT OF LINES IN SPACE. SIMILAR FIGURES 
Drawing to Scale 


219. Indirect measurement. In the preceding chap- 
ters lengths of distances and sizes of angles were deter- 
mined by direct measurement with ruler, compass, and 
protractor. However, in many cases problems call for 
the lengths of distances which cannot be measured di- 
rectly, e.g., the distance across a river, the height of 
a tree, etc. The following problems will show that when 
it is impossible to determine distances or angles by direct 
measurement other related lines or angles may be meas- 
ured which will enable us to determine the required 
parts. This is called indirect measurement. 


SSSS000 00000000 SSeeee EEE A man starting 
aoror ae C from a point O, Fig. 
SOSS000 2058555558 Pitt tt 146, walks 1.15 mi. 


PERE ee south, then 2.2 mi. 
pea Lt a east, and then 
1.75mi. north. How 
far is he from the 

starting-point ? 
Letting 2 cm. on 
; squared paper repre- 
Kear ttt tet] (sent 1 mi, make a 
CTI TTT rrr rrr yTrrrrrrtryrr trys ©§=6©6 drawing of the meas- 
Fic. 146 ured distances, as 
Fig. 146. Then meas- 

ure CO in the drawing. This is the required length. 


220. Drawing to scale. The distances of the last 
problem as graphed in Fig. 146 are said to be drawn to 
112 


THE FIGURES BELOW ILLUSTRATE SOME OF THE USES 
OF SCALE DRAWINGS IN ARCHITECTURE 


Courtesy of Mr, Fultz. 
Floor, plan of bungalow 


THE FIGURES BELOW ILLUSTRATE SOME OF THE USES 
OF SCALE DRAWINGS IN ARCHITECTURE 


Plan of porch and summer house 


re NS 
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Elevation of porch and summer house 


— 
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the scale: 2cm.to1lmi. On all scale wasnt the scale 


should be indicated. 


EXERCISES 


1. Draw to the scale 2 em. to 1 mi. the following distanede: 
2.34 mi.; 1.06 mi.; 3.90 mi.; 0.15 mi.; 2.63 miles. 


2. A man starting from a point S walks 45 
then 60 yd. north. Find the direct distance from 
point to the starting-point. 

Make a drawing to the scale 1 cm. to 10 yards. 

221. Surveying instruments. The 
instruments commonly used by surveyors 
for measuring distances are the surveyor’s 
chain, Fig. 147, and tape, Fig. 148. Angles 
are measured with the transit (p. 56). 

The chain is made 
up of a succession of 
links having loops at 
the ends, which are 
connected by rings. 


end-point of the chain or 
tape. 
EXERCISES 

1. A man walks 84 yd. 
south, then 144 yd. east, 
and then 120 yd. north. Find the direct distance 
from starting-point. 

Use the scale 1 cm. to 12 yards. 

2. Two men start from the same point. One 
walks 5 mi. west, and then 3 mi. north; the other 
walks 4 mi. south, and then 5 mi. east. How 
far apart are they? 


Fic. 148.—Steel Tape 


yd. east and 
the stopping- 


Fic. 147.— 
Surveyor’s 
chain. 


In measuring distances, chaining 
pins, Fig. 149, are used to mark the 


. distance from a tree at B to the stone C is 
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3. Draw to the scale 1 cm. to 2 ft. a plan of a room 24 ft. by 
18 ft. and find the distance diagonally across the floor. 


4, Draw a plan of a rectangular field 16 rods long and 12 
rods wide, using the scale 1 in. to 4 rods, and find the distance 
diagonally across the field. 


5. Draw to the scale 1 cm. to 10 ft. a plan of the end of a 
house, Fig. 150, and find the height of 
the top of the roof from the ground. 


6. The Union Station in Washington, 
D.C., is 760 ft. long and 343 ft. wide. 
The main waiting-room covers an area 
of 220 130sq.ft. Thestation exceeds 
the United States Capitol in dimensions, 
the latter being 751 ft. long and 350 ft. 
wide. Draw rectangles whose dimen- 
sions are scale drawings of the dimensions of both buildings and 
the waiting-room. 


7. A railroad surveyor wishes to measure across the swamp 
AB, Fig. 151. He measures the distance from a tree A to a 
stone C and finds it to be 165 feet. The 


150 feet. Find the distance in feet across 
the swamp, the angle at C being 80°. 


8. To measure the width AC of a 
stream, Fig. 152, without crossing it, an Fig. 151 
engineer lays off a line, BC, on one side 

of the river, and measures the angles at B 
_A and C. Draw a triangle to scale from the 
me, ain, in tha figure. and determins the width 


of the river. 


9. A boy wishes to determine the 
height, HK, Fig. 153, of a factory chimney. 
He places the angle-measurer first at B 
and then at A and measures the angles # and y. The angle- 
measurer lies on a box, or tripod, 33 ft. from the ground. A and 


co 
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B are two points in line with the chimney and 50 ft. apart. 
What is the height of the chimney if the ground is level and if 
z=63° and y=333°? 

10. The line AB, Fig. 154, passes through a building. 
Explain how to find by means 
of a scale drawing the distance 
between A and B. 


op stot aisbtyae entail eo 


Fis. 153 Fie. 154 


222. Angle of elevation. A telescope is pointed hori- 
zontally in the direction EH, Fig. 155, toward the tower 
HT, and the farther end is then raised (elevated) until 
the telescope points to the top, 
T, of the tower. The angle HET 
through which the telescope turned 
is the angle of elevation of the 
top of the tower, from the point of 
observation. 


EXERCISES 

1. From point A, Fig..153, what is the angle of elevation 
of the top of the chimney? From point B? 

2. When the angle of elevation of the sun is 25°, a building 
casts a shadow 90 ft. long, on level ground. Find the height 
of the building. 

3. Find the angle of elevation of the sun when a tree 40 ft. 
high casts, on level ground, a shadow 60 ft. long. 

4. The angle of elevation of the top of a tree is 38°, the 
observer standing 20 yd. from the tree. How high is the tree? 

t5. On the top of a tower stands a flagstaff. At a point A, on 
level ground, 50 ft. from the base of the tower, the angle of ele- 
vation of the top of the flagstaff is 35°. At the same point A 


116 FIRST-YEAR MATHEMATICS 


the angle of elevation of the top of the tower is 20°. Find the 
length of the flagstaff. 


py eC eortal tine 223. Angle of depression. A 
telescope at JT, on the top of a 
cliff (Fig. 156), is pointed hori- 
zontally, and then the farther end 
Fic. 156 is lowered (depressed) until the 
telescope points to the buoy at B. 
The angle HTB through which the telescope turned is the 
angle of depression of the buoy from the point T. 


EXERCISES 


1. If the height of the cliff, Fig. 156, is 100 ft., and the angle 
of depression of the buoy, as seen from T, is 40°, what is the 
distance of the buoy from the bottom of the cliff ? 


2. A boat passes a tower on which is a searchlight 120 ft. 
above sea-level. Find the angle through which the beam of 
light must be depressed from the horizontal so that it may 
shine directly on the boat when it is 400 ft. from the base of the 
tower. 


3. From the top of a cliff 150 ft. high the angle of depression 
of a boat is 25°. How far is the boat from the top of the cliff? 


{4. From a lighthouse, situated on a rock, the angle of depres- 
sion of a ship is 20°, and from the top of the rock it is 8°. The 
height of the lighthouse above the rock is 45 feet. Find the 
distance of the ship from the rock. 


224. Bearing of a line. The angle which a line makes 
with the north-south line is the bearing of the line. 

The bearings of the arrows in Fig. 157 are read 30° 
east of north, 20° west of south, 60° west of north, 75° 
east of south. These may be wri iefly: N 30°E, 
$20°W, N 60°W, S 75°E. 

#4 
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EXERCISES 


1. With a ruler and protractor draw lines having the follow- 
ing bearings: 45° east of north (northeast); 45° west of south 


N N N 
W. W.- W. EO W- 
f 75° 
u | $ 


Fic. 157 


(southwest); 65° east of south; 65° east of north; 473° west 
of south; 40° west of north. 

2. Write in abbreviated form the bearings of the lines in 
exercise 1. 

225. Bearing of a point. An observer 
standing at a point A is looking in the 
direction of another point B. The bear- 
ing of the line from A to B with refer- 
ence to the north-south line through the 
point of observation A is called the 
bearing of the point 8 from 4. 

Thus, in Fig. 158, the bearing of B 
from A is N 50°E; the bearing of A from Fro. 158 


Bis S50°W. 
Why are angles NAB and SBA, Fig. 158, equal? 


& 
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EXERCISES 


1. The bearing of a fort B from A, both on the seacoast, is 
N65°W. An enemy’s vessel at anchor off the coast is observed 
from A to bear northwest, from B northeast. The forts are 
known to be 7 mi. apart. Find the distance from each fort 
to the vessel. hd 
E seale 1 cm. to 1 mile. To get the direc- 
uth lines first through A, and through 
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2. Point Q is 6.4 mi. east and 9.8 mi. north of P. Find the 
distance from P to Q. What angle does PQ make with the 
north-south line through P ? 


3. The view from a battery at B, Fig. 159, to the enemy’s 
fort at F is obstructed by a hill H. A point 
P is found near the bottom of the hill from 
which F is observed to bear 4 mi. northeast. 
P P is 6.25 mi. northwest of B. Find the 
distance and bearing of F from B. 

4. A man wishes to measure the width 
of a river without crossing it. The river 
flows due west. Standing at A, on the 
bank, he observes a tree on the other 

B- bank in the direction N20°E. He walks 
Fig. 159 along the bank 50 rods east to B and there 
observes the tree in the direction N 60°W. 

Find the width of the river. : 


Ratio 
226. Ratioofnumbers. The quotient found by dividing 
6 by 3 is the ratio of 6 to 3. This is sometimes written 6:3, 
or 6/3. For the present purpose (read: 6 over 3) will be 


F 


considered the most convenient form. Thus the ratio 


of 3 to 4 is : of a to b is pi The ratio of any number 
to another number is the quotient found by dividing the 
first number by the second. 

Any fraction may be regarded as an expression of the 
ratio of the numerator to the denominator. A whole 
number expresses the ratio of itself to 1. 


227. Ratio of line-segments. If a line-segment is 2 in. 
long and another 3 in., the first is of the second. The 
number § is the ratio of the two line-segments. 


What is the ratio of two line-segments of length 5 in. and 
7 inches? 
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In practice, to find the ratio of two line-segments each 
is measured in a convenient unit, as inch or centimeter, 
and one measure is then divided by the other. Thus, 
the ratio of two line-segments is the ratio of the numerical 
measures of the segments, both being measured with the - 
same unit. 


228. Notation for ratio of segments. According to 
§ 227 the ratio of two line-segments, as AB and CD, 


: AB . 
Fig. 160, means messure of , with the agreement that 


& common unit is used in measuring. a—————______8 
ay : ‘ AB 
This is usually written briefly =—. © 2 
y AY GD Fic. 160 
EXERCISES 
1. Using 2 em. as a unit find the ratio me Fig. 160, and 
express the result as a decimal fraction. 


2. Two line-segments are measured in yards and are found 
to be 7 yd. and 3 yd. long respectively. Find the ratio. 


3. What are the measures of the segments in exercise 2 in 
feet? What is the ratio? 


4. Draw two line-segments and measure them in centimeters 
and ininches. In each case find the ratio expressed as a decimal 
fraction. How do the results compare? 


229. Exercises 2, 3, and 4 illustrate the fact that 
a change in the unit of measure does not change the ratio. 
EXERCISES 
1. Draw two line-segments having the ratio 4 How many 
pairs of line-segments have the ratio ; ? P 
2. Give several pairs of numbers having the ratio 6° 
3. Show that 3z and 7z represent all number pairs whose 


ae 
ratio is 5. 
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4, Divide 85 into two parts in the ratio 2:3. 
Let the parts be denoted by 2z and 3z. 


5. Divide 84 into three parts which are as 3:4:5. 


6. Two numbers are in the ratio >. If 12 is subtracted 


from each, the differences are in the ratio é. What are the 
numbers? ; 
7. What number added to 12 and subtracted from 30 gives 


2 ae 
results that are in the ratio —? 
10 91 


8. The ratio of two line-segments is Fe . The longer line is 
4 
30 centimeters. Find the shorter line. 


230. Ratio of angles and polygons. The ratio of two 
angles or of two polygons is the ratio of their numerical 
measures. 

EXERCISES 


1. Draw two angles and measure each with a protractor. 


Find the ratio of the angles. 
2. Rectangles R and Ri, 
Fig. 161, are divided into equal 
parts. Find the ratio. 
3. The angles of a triangle are 
a a in the Tatio 1:2:3. Find them. 
4. The angles covering the plane around a point are in the. 
ratio 2:3:4. Find them. 
5. The ratio of 2 times an angle to 8 times the supplement 


: Find the angles. 


is 
6. If 6° be taken from an angle and added to its complement 
the ratio of the angles thus formed is :. Find the angles. 


Similar Figures 
.231. Construction of triangles. In §§ 219-225 it was 


shown how unknown distances and angles could be deter- 
mined by indirect measurement. In the following sections 


a 
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an algebraic method of finding distances will be developed 
which is more advantageous than the geometric method of 
using scale drawings. 

EXERCISES 

1. Draw a triangle whose angles are respectively 35°, 65°, 
and 80° and measure each side. 

Draw a line-segment of convenient length, as AB, Fig. 162. 
At A draw on AB an angle of 35°. At B draw an angle of 65°. 
Check the accuracy of 
the construction by 
measuring angle C. 
Measure to two’ decimal 
places AB, AC, and BC. 


2. Starting from a 
length of AB different 
from that in Fig. 162, 
construct a second tri- 
angle whose angles are 
35°, 65°, and 80° respec- PRR ee 


tively and measure its COO 
sides. Fie 162 


Cloth 
a 
SUERER ABET HED 


=e 
a 


LM iti ti leg 


SSE; Bae 


3. Find the ratio, to two decimal places, of each side of the 
triangle in exercise 1 to the corresponding side of the triangle 
in exercise 2. How do your results compare with the results 
obtained by other members of your class? 


4. How do the triangles constructed in exercises 1 and 2 
compare as to shape? Are these triangles of the same shape 
as the triangles made by the other members of the class? Are 
the triangles of the same size? 

5. Draw two triangles of different sizes in each of which the 
angles are 30°, 60°, and 90°. Compare the triangles as to shape. 
Measure all sides of the triangles. Find the ratios of the sides 
of one triangle to the corresponding sides of the other. 

6. Draw two triangles of different sizes each of which has 
angles equal to 90°, 25°, and 65° respectively. Compare the 
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triangles as to size and shape. Compare the ratios of the 
corresponding sides. 

7. Draw a triangle. Draw another having the angles equal 
respectively to the angles of the first triangle. Are the triangles 
of the same shape? Are they necessarily of the same size? 
Compare the ratios of the corresponding sides. 


232. Similar triangles. Triangles having the same 
shape are called similar triangles. Similar triangles are 
not necessarily of the same size. 


233. Exercises 1-7, §231, illustrate the following 
theorem: 

Theorem: If the angles of one triangle are respectively 
equal to the angles of another the triangles are similar. 

It was also seen that if the corresponding angles of 
two triangles are equal, it follows that the ratios of the 
corresponding sides are equal. 

This explains the following definition of similar tri- 
angles and polygons. 


234. Similar polygons. If two polygons have their 
corresponding angles equal and the ratios of the corre- 
sponding sides equal they are called similar polygons. 

Similar figures are of frequent occurrence, e.g., two 
squares, two circles, two equilateral triangles, a figure 
and its scale drawing, a photograph and an enlarged or 
reduced picture, and so on. 

Similar triangles may be regarded as the same triangle 
magnified or minified to a definite scale, or both may be 
regarded as scale drawings of the same triangle to different 
scales. 


Similarity of figures is indicated by the symbol —. 
Thus, AXYZ ~ AX,Y,Z, means that AXYZ and 
X,Y,Z, are similar. 


i, . - 
a — 
—) =) —— >. 
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235. Problems in similar figures. The fact that the 
ratios of the corresponding sides of similar polygons are 
equal suggests an algebraic method of finding distances. 


EXERCISES 
1. To measure the height of a tree. 


The tree, the length of the shadow, and the sun’s rays passing 
over the top of the tree form a triangle, 
Fig. 163. The shadow is measured 
and is found to be 80 ft. long. 

At the same time the 


: shadow of a vertical 
af ~~~. —sastick 3 ft. high is Fia. 163 
a. measured and found to © 


Fic. 164 be 8 ft. long, Fig. 164. The stick, the shadow, 

and the sun’s rays form a triangle similar to the 

first triangle. Why? Letting A denote the height of the tree, 
we have 


2. Why? Whence, h=30* 


2. To measure the height of a flagpole a boy holds a pencil 
AB, Fig. 165, in vertical position and 2 ft. from his eye so that 


it covers the pole. If the pole is 360 ft. away and if the pencil 
is 6 in. long, how high is the pole? 


* According to a report by Plutarch this method of finding dis- 
tances was devised by Thales (640 B.c.-550 B.c.) who used it, to 
find the height of a pyramid. (See Ball, p. 16.) 
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3. The gables of a house and a porch have the same shape. 
The sides of the porch-gable are 7 ft., 7 ft., and 10 feet. The 
longest side of the house-gable is 25 feet. How long are the other 
two sides of the house-gable ? 


4. The sides of a triangle are 8, 10, and 13. The shortest 
side of a similar triangle is 11. Find the other sides. 


5. The sides of a triangle are 4.6 cm., 5.4 cm., and 6 centi- 
meters. The corresponding sides of a similar triangle are z cm., 
y cm., and 15 centimeters. Find z and y. 


t6. The sides of a triangle are 1, 2, and 3, and the longest side 
of a similar triangle is 20. Find the other sides of the second 
triangle. 


7. Two rectangular flower beds are to be made of the same 
shape, but of different size. One is to be 3 ft. wide and 5 ft. 
long; the other 12 ft. wide. How long should it be? 


ts. A city block anda lot within the block have the same 
shape. The lot is 100 ft. by 150 ft. and the block is 300 ft. wide. 

How long is it? 
9. Prove that if a line is drawn parallel to one side of a 
given triangle, meeting the other two sides, 


c a triangle is formed similar to the given 
EES esis 

A B Show that the angles of triangle ABC, 

Fic. 166 Fig. 166, are equal to the corresponding 


angles of triangle DEC. Then apply § 233. 


10. In Fig. 166 let AC=21, BC=35, 
DC=3. Find EC. 


BC=4, and EC=1. Find x and the / 
length of AD. is 


12. Tofind the distance across a lake Fia. 167 
CD, Fig. 167, triangle CED is drawn 
and AB||CD, Then HC, AE, and AB are measured. Find CD. 
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13. Line AB, Fig. 168, is 20 ft. long. Divide it into parts 
having the ratio 3. How long is each 


part ? - 

Draw AC1LAB and 2 units long. ¢ 
Draw BD1LAB and equal to 3. Draw 4 B 
CD. Show that triangles AEC and EBD cE 
are similar and determine z by means of 8 
an equation. lp 

14. Divide a line 24 ft. long into Fig. 168 

6 


parts having the ratio i . = 

15. Draw a triangle. Draw a second triangle whose sides 
are respectively twice as long as the sides of the first. 

Let ABC, Fig. 169, be the first triangle. On an indefinite line 
lay off A,B, equal to twice AB. With A; as center and radius 


/ 
an Ce? 


B A; B, 


twice as long as AC strike an arc, as at C;. With PB, as center and 
radius twice as long as BC strike an arc meeting the first arc. Draw 
A,C, and B,C;. Then A,B,C, is the required triangle. 

16. Compare the triangles constructed in exercise 15 as to 
shape. Are they similar? Measure the corresponding angles. 
What are the ratios of the corresponding sides ? 

17. Draw a triangle with sides 3 times as long as the corre- 
sponding sides of another triangle. How do the ratios of the 
corresponding sides compare? Are the triangles similar? 
Measure the corresponding angles. 


236. Exercises 15 to 17 illustrate the following theorem: 
Theorem: Two triangles are similar if the ratios of the 
corresponding sides are equal. 


ail 
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Summary 


237. This chapter has taught the meaning of the 
following terms: indirect measurement, drawing to 
scale; angle of elevation, angle of depression; bearing 
of a line, of a point; ratio of numbers, of line-segments, 
of angles, of polygons; similar figures. The symbol ~— is 
used to indicate similarity. 


238. The following instruments have been shown to 
be used by surveyors and engineers: the transit, sur- 
veyor’s chain, surveyor’s tape, chaining pins. 


239. The truth of the following theorems has been 
shown: 

1. Two triangles are similar if the angles of one are 
respectively equal to the angles of the other. 

2. Two triangles are similar if the ratios of the corre- 
sponding sides are equal. 


240. Two ways of finding distances by indirect meas- 
urement have been used: 


1. The required distance is found by means of a scale 
drawing obtained from measurement of lines and angles 
related to the required distance. 

2. The required distance is found by solving an equa- 
tion obtained from the similarity of two triangles, one of 
which contains the required distance as a side. 


241. Similar polygons are defined in geometry as 
polygons whose corresponding angles are equal and whose 
corresponding sides have equal ratios. 


ARCHIMEDES 


A ROC Hi - MELD 2 


RCHIMEDES was born at Syracuse on the island 
A of Sicily 287 p.c. and died there 212 B.c. It is said 

that he was related to the royal family of Syracuse. 
He studied mathematics under Conon at the University of 
Alexandria in Egypt. His great mechanical ingenuity was 
often called into the service of his government. He held it 
to be beneath the dignity of a scientist to apply his science to 
practical use; nevertheless he was the inventor of numerous ~ 
practical devices and mechanical contrivances. Read about 
his detecting the fraudulent goldsmith, his invention of burning- 
glasses, his lever device for launching ships, and his device 
for pumping the water out of ships and even of inundated 
fields, etc., in Ball’s History of Mathematics. 

It was on the occasion of launching one of the king's 
large new ships that he remarked that he could move the 
earth if he but had a fulcrum to place his lever on. 

He wrote many mathematical and scientific works, 
including important contributions to almost every field of 
science then known. He did especially valuable work in 
plane and solid geometry. Ina book on the Circle he showed 
for the first time that the ratio of the length of a circumfer- 
ence to its diameter is between 3} and 3%. He also worked 
out in another place the relations as to volume and surface of 
the cone, cylinder, and sphere. He regarded his discoveries on 
the round bodies as so important and so beautiful that he 
requested that the figure of a sphere inscribed in a cylinder 
be carved on his tombstone. 

His contributions to pure and applied science were so 
numerous and so important that he is often referred to as 
“the Newton of antiquity.” See whether you think the 
title appropriate after reading in Ball or elsewhere what both 
he and Newton did for science. 

In his Sand Counter, Archimedes undertook to calculate 
and to express in numbers the number of grains of sand it 
would take to fill the universe. It is thought that the reason 
he did this was to show his scientific countrymen that there 
could be devised a great deal more powerful way of writing 


numbers than the way the Alexandrian scholars were teaching 
people to write them. 


is sa 


~ 
\ 
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CHAPTER IX 
RATIO. VARIATION. PROPORTION 


Trigonometric Ratios 


242. In chapter VIII the importance of ratio* in deter- 
mining distances has been recognized. What follows 
here will illustrate further the use of ratios in the solution 
of problems. 

I wish to know the height 
of a recently constructed 


chimney, AB, Fig. 170. I ae 
have determined that I am cae 
about 250 ft. from the chim- per 

ney and that the angle of “~~ ~~~~*0* ~~~ 
elevation of the top is ap- Fic. 170 


proximately 30°. 
The problem is easily solved by 
* means of a scale drawing. 


Let AA,B,C,, Fig. 171, be a scale drawing 


a A, of AABC. 
Fic. 171 Then AA:B,C\— AABC. Why ? 

h__ 250 p= 050-44 why? 

Hence, 75. ~4,C,' * h=250-7G- y 


, . AB 
The last equation shows that if the ratio A.C, were known, h 
could be found by multiplying this ratio by 250. 


* Ratio and proportion is one of the oldest topics of mathe- 
matics. It was employed by the Egyptians, Babylonians, Chinese, 
Greeks, Arabs, and mediaeval Europeans. The equation has largely 
supplanted the proportion in modern mathematics. 
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A,B, | 
However, the ratio AC, can be obtained fromanyrighttriangleone - 4 


of whose acute anglesis30°. For, let A A:B,C,, Fig. 171, and AABC, 


Fig 170, represent any two right triangles having ZC = ZC, =30°. 


FE AC 
Then, since these two triangles are similar, ag ih Aa 


Multiplying both sides of this equation by A:B; we have 
AC KAB 


be 
& 
| 
Ss 
7 


Dividing both sides by AC, we have ACA C." 


Thus, the problem of finding AB may be solved as follows: 
From any right triangle containing an angle of 30°, determine the 


— = tL. =“ ws 


ratio fun. Then find h by substituting the result in the equation 
; iv 
oe 
B h=250- AG’ 


h 243. Table of tangents. Denoting the : 
angle of elevation by C, Fig. 172, the - 
c : A height by A, and the distance from the 
Fic. 172 point of observation to the chimney by 1, 
the equation 


AB . 
h=l- AG : 
may be used as a formula for computing h. The value iy 


of the ratio aa may be computed for various values of 


£C and tabulated. Any height may then be found by 


__ measuring the angle of elevation C and the distance 1, 
AB 
AC 
corresponding to C in the table. The ratio AC is called 
the tangent of ZC and the table is the table of 
tangents. 


ee ee eS eS SS ee eee 


=r 


and then multiplying | by the value of the ratio 


7) 
ae wea a 
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TABLE OF TANGENTS OF ANGLES FROM 1° TO 89° 


a| § : 
Rig q 
. <| 6 é 
bb } 19° .34 | 1.43 |} 3.27 
2 20 .36 b 3.49 
3 21 .38 Lb: 3.73, 
4 22 400 , 1. 4.01 
5 23 -42 | : va 4.33 
6 24| .44| ‘; 4.70 
7 25 47 } ‘ ly 5.14 
8 26 49 Y . FE. 5.67 
9 27 51 | Wie a: 6.31 
| 28 oo | is 2. 7 ih 
| 29 55 x: 2. 8.14 
30 | .58 1. 2. 
(31) .60° ‘. 2. 
| 32 .62 a 2. 
| 33 -65 | By 2. 
“a 34 :67 BE 2. 
35 7 2. 2. 
36 ; , 4 3. 
EXERCISES 
Solve the following problems: 


oe 1. The rope of a flagpole, BC, Fig. 173, is stretched og so 
. © that it touches the ground at a point 20 ft. from 

the foot of the pole, and makes an angle of 73° 
with the ground. Find the height of the flag- 


7 $ pole. 
h=2080 by the formula 
h=20(3.27), from the table 
Hence, h=65.4, or 65 approximately. 


2. A balloon is anchored to the ground at a Fia. 173 
point A by a rope, making an angle of 67° with ‘ 
the ground. The point C on the ground directly under the 
balloon is 139 ft. from A. Assuming the rope-line to be 
straight, find the height of the balloon. 
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3. The angle of elevation of an aeroplane at a point A on 
level ground is 60°. The point C on the ground directly under 
the aeroplane is 300 yd. from A. Find the height of the 
aeroplane. 3 


4. The angle of elevation of the top of a tower is 27° and the 
distance from the foot of the tower is 259 feet. Find the height 
of the tower. 


5. A vertical pole 8 ft. long casts on level ground a shadow 
9 ft. long. Find the angle of elevation of 
B the sun. 
Since the ratio a5 3 .89 approximately, 
pe 
responding value of angle C to be approxi- 


oO 
C 3 A Mately 42°. 


Fie. 174 6. A tree is broken by the wind into two | 


parts forming a right triangle with the 
ground. The upper part makes an angle of 40° with the 
ground. The top of the tree is 48 ft. from the foot, the dis- 


tance being measured along the ground. How high was the 
stump of the tree? 


7. From the roof of a building the angle of depression of a 
point directly opposite on the other side of the street is 74°. 
The street being 45 ft. wide, find the height of the building. — 


> 
=. 244. On squared paper draw a triangle, as ABC, 
‘\Fig. 175. Through a point on AC, as 
> = | |,\D, draw line DE parallel to AB. Find KR 
the ratios CR and ox to two deci- 
Ss — DA EB 
oe mal places. 
We How do the ratios compare ? 


Fig. 174, the table of tangents shows the cor- - 


. . ~ a“ i 
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This problem illustrates the following theorem: 

Theorem: A line drawn parallel to one side of a triangle 
divides the other two sides into corresponding parts having 
equal ratios.* 

EXERCISES 

1. Find EB, Fig. 175, if DC=8, DA=2.5, and CE=10.2. 

2. Find EB, if DC=4, AD=.27, and CE=13 DC. 

3. Find EB, if DC=a, AD=b, and CE=c. 

4. If AD=DC, Fig. 175, show that BE=EC. 

\. __ 5. State exercise 4 in the form of a theroem. 


u 245. Draw a triangle, as ABC, Fig. 176. Bisect 


Sate A CB and Gini the ratios “© and “2 . “How do 
~ CB DB a 


‘ they compare? Express the result as a theorem and 
compare your statement with the fol- 
lowing theorem: 


Theorem: A line bisecting an angle Nd 
of a triangle divides the side opposite 
‘~ that angle into parts whose ratio is 4 
Perea othe ratio of the other two sides. Fra. 176 
et EXERCISES 


1. If in Fig. 176 AC=3”", BC=6”", and if AD=2” less than 
B, find the lengths of AB and DB, using the foregoing 


2. Find the segments of AB, Fig. 176, if AB=8, AC=4, and 
'B=7.6. 
* Budoxus (408-355 B.c.) gave the first satisfactory proof of this 


theorem. Archimedes (287-212 B.c.) extended it to apply even if 
the parallel cuts the extensions of the sides. 
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246. Draw a triangle, as ABC, Fig. 177, 
and divide it into 7 equa 


Lay off BD=#AB, thus di 
D, ; Pee! be 
j bn AB at D in the ratio 7 Similarly 
Cc 
Fia. 177 divide CB in the ratio _ Draw 


7 

DE. Measure angles BDE and DAC. 

If the construction is well done, ABDE and DAC 
will be found to be equal. 

Show that DE is parallel to AC. 

This problem illustrates the following theorem: 

Theorem: If two sides of a triangle are divided into 
parts having the same ratio, the line joining the points of 
division is parallel to the third side of the triangle. 


EXERCISES 
1. If in triangle ABC, Fig. 177, AD=4, DB=6, and BE=10, 
what must be the value of EC so that DE || AC? 
' 2. The distance AB across a swamp 
is to be found, Fig. 178. Cc. 
A point C is found in the same line 
with A and B. 


At C and B lines CD and BE are 
drawn perpendicular to CB and the line 
AD is drawn. The measured values of 
CB, DE, and EA are 160 ft., 175 ft., M 
aha Ae respectively. Find the dis- Fra. 178 


3. Divide a line-segment into two equal parts. 


F Let AB, Fig. 179, be the given 
a x ; ? B segment. 
Ds. / Draw AC through A making an acute 
Mis ¢ angle with AB. 
B Ring a On AC lay off AD=DE. 
B : 
Fra. 179 Join £ to B. 


Draw DF || EB. 
Show that AF=FB. (See exercise 4, § 244.) 
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t into two parts whose ratio is 2 

ment. 7 F 

Draw AC making an acute angle © “~/ 7° 
with AB. D 2 fi 

On AC lay off AD=2 units and - 
DE=3 units. he 

Join E to B. Fie. 180 

Through D draw DF || EB. 

Show that ann 
5. Divide a line-segment into parts having the ratio ‘ BS z 


247. Use of compass in finding ratios of line-segments. 
Let AB and CD, Fig. 181, be two segments whose ratio is to be 


found. 
g 
4 27 27 27 2212 
F 7 
a 
c 5 a7 3 oe 7P 


Fic. 181 


Let us assume that AB and CD contain a common unit of 
measure. (It will be shown in a later course that there are line- 
segments that have no common unit of measure.) To find the 
common unit, proceed as follows: 

Lay off the smaller segment CD on the !arger AB as often as 

* possible, leaving a remainder EB, which is less than CD. 

Lay off EB on CD, leaving a remainder FD, which is less than EB. 

Lay off FD on EB, leaving a remainder GB. 

Lay off GB on FD, leaving no remainder. 

The last remainder, GB, is a common unit of measure of AB 
and CD. 

_ Using GB as unit, show that AB =86, and CD =27. 

AB_ 86 
CD Zi 


248. Greatest common divisor. The method of find- 


Therefore —~ 


ing the ratio of two line-segments by means of the com-. 


pass as given in § 247 is not as practical as the method of 
chapter VIII in which squared paper or the marked ruler 


3 
» hie 
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pus 
was used for measuring. However, the method of 
§ 247 is valuable for other purposes; e.g., it serves to 
illustrate a method of finding the greatest common divisor 
(g.c.d.) of arithmetic and algebraic numbers, so impor- 
tant in reducing ratios and fractions to lowest terms. 
Find the greatest common divisor of 86 and 27. — 
Compare the following solution step for step with the solution 
in § 247. 
27)86(3 Divide the smaller number, 27, into the 
81 larger, 86, leaving a remainder 5. 
5)27(5 Divide this remainder into the smaller 
25 given number, leaving a remainder 2. 
2)5(2 Divide the last remainder into the pre- 
4 ceding divisor, leaving a remainder 1. 
1)2(2 Divide the last remainder into the pre- 
2 ceding divisor, leaving no remainder. 
The last divisor, 1, is the greatest common divisor of 86 and 27, 


249. Prime numbers. When two numbers have no 
common divisor except unity they are said to be prime 
to each other. A number which has no divisor except 
itself and unity is a prime number. 


EXERCISES 


1. Find the g.e.d. of the following pairs of numbers: 
1. 73 and 16 5. 263 and 765 
2. 1,155 and 52 6. 350 and 425 
3. 174 and 273 7. 3,542 and 5,016 
4. 174 and 275 8. 3,795 and 2,865 
2. Find geometrically, i.e., by means of line-segments and the 


use of the compass, the greatest common divisor of 73 and 16; 
of 70 and 36; of 45 and 42. 


250. Reduction of ratios. In algebra, as in arithmetic, 


fractions are reduced to lowest terms either by dividing 
both numerator and denominator by all factors common 
to them, or by dividing both terms by their g.c.d. 


i ih 
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Direct Variation ' 

A 251. Function. If a man walks at the rate of 2 mi. an 
x“ hour, the distance d he walks in a given time ¢ is found 
from the equation d= 2z. 

The following table gives the distance passed over in 

Pry © tir., 3 bees... .5 This table shows that a change — 


the time causes a change in the distance passed over. 

e distance is said to depend upon the time, or the © 
distance is said to be a function of the time. The time 
» and distance are variables, the rate is a constant. 
Dependence of one magnitude upon another is met 
frequently. Thus, the amount a man earns in a given 
time depends upon the number of days he works; the 
price paid for a piece of goods depends upon the number 
of yards; the greater a man’s property is the higher will 
be his taxes; the weight of a piece of iron depends upon 
its size, etc. In geometry the area of a square depends 
upon the length of the side; the area of a circle depends 
upon the length of the radius; the perimeter of an 

ae equilateral triangle depends upon the side, ete. 


252. Constant. A number that has a fixed value is’ 
a constant. 


253. Variable. A number that changes, assuming  F “vi 
series of values, is a variable. 


» EXERCISES 


1. In the table above find the ratio of each distance to the : 
norreep one, Hamp. How do the ratios compare? It is see 


2. A man earns $20 per week. Show that the amount he 
earns in a given time depends upon the time. Show that as the 
time changes, the amount changes, but that the ratio of the 
amount to the time remains constant. 


3. Write the equation for the weight w in pounds, and the cost 
¢ of flour at 3} cents a pound. Find the values of c as w takes 
the integral values from 1 to 10. 

What is the ratio of the values of w to the corresponding 
values of c? 


4. Tabulate the areas of rectangles with the altitude 5 and 
bases 1, 2, 3 ..6. How does the area vary as the base 
varies ? 

Write the equation for the area A and the base b of rectangles 
with altitude 5. Graph the equation. 

Does a change in value of 6 change the value of A ? 


Does it change the value of the ratio . ? 


254. Direct variation. When two numbers vary so 
that one depends upon the other for its value, leaving 
the ratio of any value of one to the corresponding value 
of the other constant, then one is said to vary directly 
as the other, or to be directly proportional to the other. 

Thus, the number z is said to vary directly as y, if 


the ratio : remains constant, z and y both changing, or 
' varying. The equation aac expresses algebraically, and 
is equivalent to, the statement that x varies directly as y. 
EXERCISES 

Express the following statements by means of equations: 

1. A man’s pay p is directly ae to the number of 
days ft. 

By definition Pak, a constant; or p=/t. ‘ -& 


> 
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2. The weight of a steel rail varies directly as the length. 

3. The weight of a mass of silver varies directly as the volume. 

4. If a body moves at a uniform rate, the distance varies 
directly as the time. 


5. The area of an equilateral triangle varies directly as the 
square of the side. 
Solve the following problems: 


6. The area of a rectangle varies directly as the base if the 
altitude remains constant; and when the area is 27, the base is3. 
What is the constant ratio of the area to the base ? 


‘ A rf 
Since 5 aKa =k or k=9 
Therefore a9 


‘ 7. When the base of the rectangle in problem 6 is 8, what is 


the area? 

8. The turning-tendency caused by a weight moved along a 
bar, or lever, varies directly as the lever-arm. The turning- 
tendency is 20 when the arm is 5. Find the turning-tendency 
when the arm is 7. 


9. The length of a circle varies directly as the diameter. 
The constant ratio of the circle to the diameter is 3.14, approxi- 
mately. Write the equation for the circle c and the diameter d. 
When the circle is 157, what is the diameter? 


10. The distance d through which a body falls from rest 
varies directly as the square of the time ¢ in which it falls; and 
a body is observed to fall 400 ft. in 5 seconds. What is the 
constant ratio of d to 2? 

Write the equation for d and t. 


How far does a body fall in 1 second? In 2 seconds? In 


3 seconds ? 


11. x varies directly as y, and when x=20, y=4. Find the 
value of « when y=17. 


12. If 2 varies as x, and z=48 when x=4, find z when +=11. 


- 
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Grow from a cardboard circles with diameters of various 
By rolling the circles along a straight line determine 
the lengths of the circles. Determine the ratio of each circle to 
the diameter. Compare your result with that obtained by other 
members of the class. 

Does the length of the circle vary as the diameter? Give 
reasons. 


14. The speed of a falling body varies directly as the time. 
Write the equation for the speed v and the time ¢. 

A body, falling from rest, moves at the rate of 160 ft. a second 
5 seconds after it begins to fall. What will be the speed attained 
in 8 seconds? 

15. The distance passed over by a body moving at a constant 
rate varies directly as the time. Find the rate of a train which 
travels, at uniform rate, the distance of 225 mi. in 6 hours. — 


16. A stone fell from a building 560 ft. high. In how many 
seconds did it reach the ground? (See problem 10.) 


17. The simple interest on an investment varies directly as the 
time. If the interest for 6 years on a sum of money is $200, 
what will be the interest for 8 years and 3 months? 


18. The surface of a sphere varies as the square of the radius. 
_The surface of a sphere with radius 7 in. is 616 sq. in. What is 
the radius of a sphere twice as large in surface ? 


19. Show that the area A of a square varies directly as the 
square of the side s. 


120. The area of the equilateral triangle varies directly as the 
square of the side. The area of an equilateral triangle whose 
side is 2 equals V3. What is the area of an equilateral triangle 
whose side is 4? 

$21. The altitude of an equilateral triangle varies directly as 


the side. The altitude of an equilateral triangle whose side is 
_2v 3 is equal to 3. Find the altitude of an equilateral triangle 


whose side is ya: 
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{22. The time ¢ (number of seconds) of oscillation of a pendu- 
lum varies directly as the square root of the length 1. A pen- 
dulum 39.2 in. long makes one oscillation in 1 second. Find 
the length of a pendulum which makes an oscillation in 2 seconds. 


Inverse Variation 


255. Inverse variation defined. In §§ 251-254 certain 
magnitudes were found to depend upon each other so 
that an increase in one caused an increase in the other, 
or a decrease in one caused the other to decrease. How- 
ever, some magnitudes depend each upon each other so 
that an increase in one causes the other to decrease; e.g., 
an increase in the number of men doing a piece of work 
causes a decrease in the time it takes to do the work. If 
8 men do a piece of work in 12 days, 16 men will need only 
6 days to do it. The number of men is said to vary 
inversely as the number of days, or to be inversely pro- 
portional to the number of days. 

Suppose a man wishes to fence in a rectangular piece 
of ground containing 140 square feet. If he makes it 14 ft. 
long, the width must be 10 feet. If he makes it 20 ft. long, 
he can allow only 7 ft. for the width, etc. Thus, the 
length and width must vary in a way which leaves 
the area, i.e., their product, constant. This leads to the 
following definition: A number x varies inversely as y 
if the product ay remains constant as both x and y vary, 
Le., if xy=k, a constant. 


EXERCISES 


1. Express the following statements by means of equations: 


(1). The apparent size of an object varies inversely as its 
distance. 


(2). The time needed to go a certain distance varies in- 


versely as the rate of travel. 
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(3). The force of gravity varies inversely as the square 
of the distance. 


(4). The heat of a stove varies inversely as the square 
of the distance from it. 


5 a 
2. In pt. oe ye show that x varies inversely as ¥. 


3. The variable y varies inversely as rz. When x=1, y=2. 
Write the equation for z and y and find the value of the con- 
stant product. Find the value of y when z=8. 


4. The number of men doing a piece of work varies inversely 
as the time. If twelve men can do a piece of work in 28 days, 
in how many days can 3 men do the same? 


5. When gas in a cylinder is put under pressure, the volume 
is reduced as the pressure is increased. It is found in physics 
that the volume varies inversely as the pressure. The volume 
of a gas is 4 cubic cm. when the pressure is 3 pounds. What 
is the volume under a pressure of 6 pounds? 


256. Graphing direct variation. The equationc=3.14d 
states that the length of the circle varies as the diameter 
(see problem 13, § 254). Complete the following table 
for corresponding values of c and d. 


Represent the equation 
c=3.14d graphically as in 
Fig. 182. 

Graph the laws of variation 
in problems 8, 10, 11, and 14, 
§ 254. 


257. Graphing inverse 
variation. A distance of 
42 mi. is passed over by a 
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train at various rates. Find the time it takes the train to 
travel this distance if it moves uniformly at the rate of 
45 mi. per hour; 40 mi. per hour; 35 mi. per hour, ete. 

Letting t denote the time and r the rate, then t=— 


expresses the conditions of the problem. Thus, the time 
varies inversely as the rate. Why? 
The facts expressed by the equation = as tandr 


take different values may be tabulated as follows: 


The same facts are given graph- 


ee ee ee, 


wet t-} | | ically in Fig. 183. State from the 
° eh " pt graph how the time varies as the 

5 T | | rate varies from a very small to a 

4 

; HH very large value. 

: nee Graph the following equations: 

: Se5 =8; ry=24; zy=30 
0 5 10 15 20 25 30 35 40 45 se Ache: 4 Kec 2 


» Fie. 183 
Proportion 


258. Proportion. Problems in similar triangles have 


been solved by means of equations of equal ratios, as 


roa. An equation of two equal ratios is a proportion. 


£42 8 e): 
Thus, 6 =3) 5-5 b =< are all proportions. A propor- 


c 
tion as i q may be read “a over b equals c over d,” or 


“a is to b as c is to d.”” The proportion is sometimes 
written in the form a:b=c:d. 
2 8 


2G 
Is the statement = 5 13 2 proportion? Is 7=5 ® propor- 


tion? Give reasons for your answers. 


. 
= 
—— _ = ~ 
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; 259. Means-and extremes. The first and last terms 
in a proportion are called the extremes; the second and 


third, themeans. Thus, in ; =S , aand dare the extremes, 


b and c the means. 


EXERCISES 


1. Compare the product of the extremes with the product 


; ‘ons: 2=6.3_6,20_10 12 4 
of the means in the proportions: Bis 7" a 1) 


What do you find true of the products? 


2. Make up several proportions and compare the product of 
the means with the product of the extremes. 
Exercises 1 and 2 illustrate the following theorem: 
Theorem: In a proportion the product of the means is 
equal to the product of the extremes. 
This theorem is a convenient test of proportionality, 
as it is usually simpler to find the products than to reduce 


the ratios to lowest terms. 
Proof: The equation $= 9 may be cleared of fractions by multi- 
plying both ratios by bd and then reducing them to lowest terms. 
It follows that ad =be. 


—— EXERCISES AND PROBLEMS 


Solve the following problems: 
1. Divide $2,400 into two parts having the ratio 2:1. 
Find z in the equation 24-7 at ; 


2. If 5 and 3 are added to a certain number and 3 and 4 
subtracted from it the resulting four numbers are in proportion. 
y Find the number. 
~ 3. Two numbers are to each other as 3 to 7 and their sum is 
50. Find the numbers. 


3 


+ 
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4. If 5 is added to 3 times a number, 2 added to 2 times the 
number, 9 added to 2 times the number, and 3 added to 3 
times the number, the resulting numbers are in proportion. 
What is the number ? 


5. The dimensions of a rectangle are 7 and 4 and the length 
of a similar rectangle is 8. What is the width? 


6. Find the value of z in the following proportions. Check 
the results by substituting in the original equation. 


es g. ttl _set2 
* 160° 5 "it~ ae & 
= +4 ets 
2. 2.3 19. z—13 z—14 
is x 2-—x 3-2 
13. 31073 10. 342142 
4 200-2_ 7 +, 248223 - 
ace a +" 243° 24 . 
5, Ste Ate 2, 73 _4e+2 
oi ae * 224+3° 22+6 
1+3a_ 6a z—-5 2+4 
bo" Sy aya 113. “7-46 a 
z—12 2 atl 47-5 
Y.-F 14. = -=—— 


7. The shadows of a tree and a 5-ft. rod are 96 ft. and 8 ft. 
respectively. Find the height of the tree. 


8. If 2’’ on a map represent 21 mi., what distance on the ste 
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RN Alloy Problems 


Solve the following problems: 


1. In an alloy of silver and copper weighing 90 oz., there are 

6 oz. of copper. Find how much ailv er must be added so that 

0 oz. of the new alloy shall contain 7 oz. of copper. 

Let z be the number of ounces of silver added. 

Then 90+z is the number of oz. in the new alloy. 

Since (90+z) oz. of the new alloy contain 6 oz. of copper, 
ot oz. contain 1 oz. of copper. 

} Similarly, since 10 oz. of the new alloy contain ? oz. of 


copper, ra contain 1 oz. of copper. 


$(90+z) =6-10 
2z 
36+> =60 
z=60 
2. If 80 lb. of sea-water contain 4 Ib. of salt, how much fresh 


water must be added to make a new solution of which 45 lb. 
contain § Ib. of salt ? 


3. In a mass of alloy for watch-cases, which contains 60 oz., 
there are 20 oz. of gold. How much copper must be added so 
that in a case weighing 2 oz. there will be 3 oz. of gold? 


4. In an alloy weighing 80 grams, there are 34 grams of gold. 
How much nickel must be added so that a ring made from the 


new alloy and weighing 13 grams shall contain } gram of gold? 

$5. In an alloy weighing a oz. there are b oz. of gold. How 
much of another metal must be added so that a portion weighing 
c oz. shall contain d oz. of gold? 


6. Gun metal is composed of tin and copper. 4,100 lb. 
of gun metal of a certain grade contain 3,444 lb. of copper. 
How much tin must be added so that 2,100 lb. shall contain 
1,722 lb. of copper? 


s. 
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Lever Problems 
Two weights, w; and we, Fig. 184, will balance on a beam that 
lies across a stick when the distances, 
rz] di and d,, of weights from the stick 
are in the inverse ratio of their 


d, We 
Fig. 184 eigh hon —=— . 
Ic. 18 weights; i.e., when Neat 


1. Find dy, if (1) d.=18 ft., w2=60 Ib., w,=50 lb. 
(2) d,=27in., w2=36 Ib., w,=24 lb. 
2. Find do, if (1) dj=40in., we2=16 |lb., w,:=18 lb. 
(2) d=25in., w2=3.8lb., wi=2.85 Ib. 
3. Find w, if (1) di=2.5in., d2=7.5ft., we=10.5 lb. 
(2) di=6.6ft., d.=9.9ft., we=17 lb. 
4. Find ws, if (1) d:=3.5 ft., de=8.5ft., wi=30 lb. 


Mixture Problems 


1. What per cent of evaporation must take place from a 6 
per cent solution of salt and water (salt-water of which 6 per cent 
by weight is salt) to make the remaining portion of the mixture 
an 8 per cent solution ? 

Let x be the number of per cent evaporated. 

Then 100—z is the number of per cent remaining. 


Since 6 per cent of the first solution is salt, 7$y9 - 100 is the 
amount of salt. 


Since 8 per cent of the new solution i 4 salt, +$9(100—z) is also 
the amount of sole, 


Therefore 7 $y - 100 =; (100—z) 
600 =800 —S8x 
z=25 : 
2. What per cent of evaporation must take place from a 90 
per cent solution to produce a 95 per cent solution? 


SpA physician having a 6 per cent solution of a certain kind 
of medicine wishes to dilute it to a 33 per cent solution. What 
per cent of water must be added ? 


4. A druggist has a 95 per cent solution. What must he do 
to change it to an 80 per cent solution required in a prescription ? 
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Proportionality of Areas 
Prove the following,theorems: 
260. Theorem: The areas of two reclangles are to each 
other as the products of their dimensions. 
Proof: Denoting the areas of the rectangles by R and R,, and 
their dimensions by 6, A, and b;, ’:, we have 
R =bh. Why? 
R, = byhy. Why ? 
Therefore Why? 


261. Theorem: Jf iwo rectangles have equal bases, 
they are to each other as the altitudes. 


R_ bh : . bh 

For, E,bh.’ Reducing the ratio bh, to lowest terms, 
BR _ bh _h 
Ry, bh, hy 


262. Theorem: Jf two rectangles have equal altitudes 
they are to each other as the bases. Prove. 


EXERCISES 


1. The equation 72 expresses the relation between the 
ratio of the areas and the ratio of the altitudes of two rectangles. 
Find the altitude z. 

2. The area of a rectangle is 80 sq. ft., and the base is 


10 yards. What is the area of a rectangle having the same 
altitude and a base equal to 24 yards? 


Prove the following theorems: 


263. Theorem: The areas of parallelograms are to 
each other as the products of the bases and altitudes. 
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264. Theorem: The areas of two triangles are to each 
other as the products of the bases and altitudes. 


265. Theorem: The areas of two parallelograms having 
equal bases are to each other as the altitudes. 


266. Theorem: The areas of two triangles having equal 
bases are to each other as the altitudes. 


Summary 


267. The following new terms have been taught in 
this chapter: prime numbers, reduction of fractions to 
lowest terms; greatest common divisor ; direct and inverse 
variation, variables, constant, function; proportion; means 
and extremes. The symbol }/ expresses square root. 


268. The truth of the following theorems* has been 
shown: 

1. A line parallel to one side of a triangle divides the 
other two sides into corresponding parts having equal ratios. 

2. A line bisecting an angle of a triangle divides the 
side opposite that angle into parts whose ratio is equal to 
the ratio of the other two sides. 

3. If two sides of a triangle are divided into parts having 
the same ratio, the line joining the points of division is 
parallel to the third side of the triangle. 

4. In a proportion the product of the means equals the 
product of the extremes. 

5. Two rectangles, two parallelograms, or two triangles 
are to each other as the products of the bases and altitudes. 

6. Two rectangles, two parallelograms, or two triangles 
having equal bases are to each other as the altitudes. 


*Most of these theorems were first proved by the Pythagorean 
School from 500 B.c. to 400 B.c. 


”" nF 
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7. Two rectangles, two parallelograms, or two triangles 
having equal altitudes are to each other as the bases. 


269. A common unit of two line-segments may be found 
by use of the compass. The process of finding the great- 
est common divisor of two numbers is similar to the process 
of finding the greatest common unit of two line-segments. 


270. Ratios and fractions may be reduced to lowest 
terms by dividing numerator and denominator by all 
factors common to them. 


271. The statements zx varies directly as y and zx 
varies inversely as y are equivalent to the statements 
xz=ky and zy=k respectively. Both equations have 
been represented graphically. 

272. Many problems, as alloy problems, mixture 
problems, and lever problems, lead to proportions. 


CHAPTER X 
CONGRUENCE OF TRIANGLES 
Congruence 


273. Congruent figures.* In chapter VIII problems in 
finding distances were solved by indirect measurement. 
A drawing was made of the same shape as the figure con- 
taining the distance to be determined, and the corre- 
sponding distance in the drawing was then measured, 
or found algebraically by means of an equation. It will be 
shown in this chapter how to determine a distance from 
a figure having the same size and shape as the figure con- 
taining the unknown distance. Figures having the same 
size and the same shape are called congruent figures. 

One of the problems of this chapter is to find out under 
what conditions two triangles are necessarily congruent. 


EXERCISES 

1. To construct a triangle having given two sides and the angle 

between them. 
_ Construction: Suppose the given sides to be 3 in. and 4 in. long 

respectively and the given angle to be 60°. 

On a line AB, Fig. 185, lay off AC equal to the 4-in. segment. 

On AC at A construct Z DAC equal to the given angle. 

On AD lay off AE equal to the 3-in. segment. 

Draw EC. Then AAEC is the required triangle. 


*The principle of congruence was employed somewhat by the 
School of Thales and very extensively by the School of Pythagoras. 
Pythagoras systematized it and gave it the dignity of a mathemati- 
cal principle. 
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2. Cut out the triangle in exercise 1 and see if it can be 
made to coincide with the triangles constructed by other mem- 
bers of the class. 


3. Draw a triangle. Construct a second triangle having two 
sides and the included angle equal respectively to two sides and 
included angle of the first triangle. See if the two triangles 
made to coincide. 
Exercises 1, 2, and 3 illustrate the following theorem: 
4. Theorem: Two triangles are congruent if two 
sides and the included angle of one are equal respectively 
to two sides and the included angle of the other. 
The truth of this statement may be established by 
reasoning as follows: 
Let ABC and 


A,B,C, Fig. 186, 

represent two tri- ; 
angles having b=), 

c=, ZA=ZA}. B A; Sa 


Imagine AA;B,C,; Fic. 186 
placed on AABC. 

Side c; can be made to coincide with side c, thus making B; ae 
on B. Why? 

Then ZA; will fit on ZA, since ZA is given equal to ZA\. 

Side b, will coincide with 6, making C; fallonC. Why? 

Then a; and a must coincide. For only one straight line can be 
drawn between two points. 

Therefore triangles A\B,C; and ABC coincide throughout and 
are congruent. 


152 FIRST-YEAR MATHEMATICS 


In Fig. 187 the inaccessible distance AB across a lake is to 
be determined. r 

A point C is selected from which A and B 
can be seen. * 

Line AC is drawn and extended to A; making 
AC = AC. Fs 

Similarly B,C is made equal to BC. Then B,A, 
is drawn. : 

Show that triangles A,B,C and ABC are con- - 
gruent. 4 
Hence, AB is determined by measuring A;B,. Why? 


EXERCISES 


1. To construct a triangle having given two angles and the 
side included between their vertices. j 
Construction: Suppose the angles to be 35° and 50°, and the side 
to be 4 in. long. 
Draw a line, as AB, Fig. 188. : s 
_ On AB lay off AC equal to the given 4-in. segment. 


On AC at A construct angle DAC equal to the 50° angle. . 
On AC at C construct an angle equal to the 35° angle. al 
AACE is the required triangle. Why? ' 
D 
“ 


2. Cut out the triangle constructed in exercise 1 and see if it 
ts can be made to coincide with the triangles constructed by other 
members of the class. 


Draw a triangle. Construct another triangle having two ae 

and the side between their vertices equal respectively — 
to the corresponding parts of the first triangle. See if the 
triangles can be made to coinci the 
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Exercises 1, 2, and 3 illustrate the following theorem: 


(279 Theorem: Two triangles are congruent if two 
angles and the side included between their vertices in one 
triangle are equal respectively to the corresponding parts 
in the other. 

For, let any two triangles as ABC and A,B,C,, Fig. 189, have 
c=, 4A=Z4A,, ZB= ZB. 
Imagine AA;B,C, placed upon AABC. 
Then A,B, can 


be made to coincide Th g 

Angle A; must 
then coincide with + C er om mi 
angle A. Why? Fic. 189 


Angle B,; must coincide with angle B. Why? 

Point C; must therefore lie on lines AC and BC. 

Thus, C; must fall on C, the only point common to AC and BC. 
Therefore triangles ABC and A,B,C, coincide and are congruent. 


276. Methods of proof: The theorems of §§ 274 and 
275* were proved by placing one figure over the other 
and then showing that one fits exactly upon the other. 
This method of proof is known as the method by super- . 
position. It is one of several kinds of proof used in 


In Fig. 190 the distances of a 
points A and B from a lighthouse S are 
to be determined. 

On AB, at A, angle BAS, is constructed 
equal to angle BAS, and angle ABS, equal 
to angle ABS. AS, is measured and found 
to be2,680ft. BS, isfound to be 3,420 ft. 
What are the lengths of AS and BS ve 
reasons for your answer. 


*The theorem of § 275 was proved for the first time by Thales, 
who used it to find the distance of a ship at sea from the shore. 
(See Ball, p. 15.) , 
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277. Notation for corresponding parts. Correspond- 
ing sides and angles of congruent figures may be denoted 
in various ways. The subscripts in Fig. 191 indicate that 
point C; corresponds to point C, A; to A, and B, to B. 
Similarly side a; corresponds to side a, b; to b, and ¢; to c. 

One are in an 


c C; angle means that 

= a és i the angle corre- 

‘ ? sponds to the 

- 2 BS; 4; angle in the con- 
Fig. 191 gruent figure 


marked with one 
arc. Angles marked with two ares, three ares, ete., are 
corresponding angles. 

Frequently the symbol (’) is used to indicate cor- 
respondence. Thus A’ (A-prime) corresponds to A, 
Fig. 192, B’ to B, and C’ to C. 

Correspondence of sides is also indicated by one, two, 
or more strokes across the side, as in Fig. 192. 


Fie. 192 


278. Symbol for congruence. The symbol for con- 
gruence is ~, the ~ indicating similarity and = equality 
of the figures. Thus, the statement AABC and A’B’C’ 
are congruent is written AA BC2AA'B'C’, meaning of 
the same size and shape. 


The Isosceles and the Equilateral Triangle 


279. Conditions under which triangles are congruent. 
The theorems in §§ 274 and 275 suggest a method of 
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proving triangles congruent, which is more advantageous 
than the method of superposition. According to these 
theorems to prove two triangles congruent it is not neces- 
sary to know that all parts of one triangle are equal to 
the corresponding parts of the other, but it is sufficient 
to show that one of the following two conditions is 
satisfied: - 

1. That the triangles have two sides and the included 
angle equal respectively, briefly expressed by “side, 
angle, side” or (s.a.s.). 

2. That the triangles have two angles and the side 
included between their vertices equal respectively 
(a.s.a.). 


The application of this method of proof will be illus- 
trated by proving some of the properties of the isosceles 


Theorem: The base angles of an isosceles triangle 

are equal.* 

Let AABC, Fig. 193, be isosceles, i.e., let Cc 
a=b. It is to be proved that ZA= ZB. 

Proof: Draw the helping line CD bisecting 6 a 
ZC, ie., making z=y. 

Prove that AADC2 ABDC. (s.a.8.) A B 

It follows that Z A = ZB, because correspond- Fic. 193 
ing parts of congruent triangles are equal. 


281. Congruent-triangle method. The method of 
proving two line-segments, or two angles, equal by show- 
ing that they are corresponding parts of congruent tri- 
angles is called the congruent-triangle method. 


* This theorem was first proved by Thales. Ball, p. 15, indicates 
the method of proof supposed to have been used by him. 
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EXERCISES 


Prove the following: 

1. Theorem: An equilateral triangle is equiangular. 

Apply the theorem in § 280. 

2. The bisector of the vertex angle of an isosceles triangle 
bisectsthe base and is perpendicular to it. 
se the congruent-triangle method. 
3. Theorem: All points on the perpendicular bisector of a 
line-segment are equidistant from the end-points of the segment. 
4. If a line bisects an angle of a triangle and is perpendicular 
e opposite side, the triangle is isosceles. 
Theorem: If two angles of a triangle are equal, the triangle 
fosceles. 


Let A and B be the equal angles, Fig. 194. 

Draw the helping line CD 1 AB, ie., mak- 
ing r=y. 

Since two angles of AADC are equal to two 
angles of ABDC, it follows that m=n. (See 
ae (\p  p. 53, problem 16.) 

D Prove AADC2= ABDC. (a.s.a.) 
ae Then AC=BC. Why? 

6. An equiangular triangle is equilateral. 

Apply the theorem in exercise 5. 

7. If the perpendicular bisector of one side of a triangle passes 
through the opposite vertex, the triangle is isosceles. 

8. Theorem: If two sides of a triangle are unequal the angles 
opposite them are unequal, the greater angle lying opposite the 
greater side. 

Let CB, Fig. 195, be greater than CA. 

Lay off on CB the segment CD=CA. 

Draw AD and through B draw BE |! AD. 


Cc 


at+b=c. Why? 

c=d. Why? 

Hence a+b=d. Why? 
But d<d+e. Why? 
Therefore a+b<d-+e. Why? 


Since a=e, it follows that b<d. For, equals subtracted 
from unequals give unequals in the same order as the minuends. 
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Theorem: If two angles of a triangle are wnequal the sides 
them are unequal, the greater side lying opposite the 
greater angle. 

Through A draw AD making z=y, c 
Fig. 196. D 

Then AD=DB. Why? 

Since AD+DC>CA, it follows that 

DB+DC>CA. Why? A B 
Thus, BC>CA. Fie. 196 


282. Construction of a triangle all of whose sides are 
given. 
EXERCISES 
1. Given the three sides of a triangle, to construct the triangle. 
Construction: Suppose the sides to be 2 in., 3 in., and 4 in. Jong 
respectively. 


Fic. 197 


Draw a line, as AB, Fig. 197. 

On AB lay off AC equal to the 4-in. segment. 

With A as center and with the 3-in. segment as radius draw an 
are at D. 

With B as center and with the 2-in. segment as radius draw an 
arc intersecting the first arc at D. 

Join the intersection point D to A and C. 

AADC is the required triangle. 

2. Cut out the triangle constructed in exercise 1 and see if it 
can be made to coincide with the triangles constructed by other 
members of the class. 

Exercises 1 and 2 illustrate the fact that two triangles are 
congruent if their sides are equal respectively. 

3. By taking various lengths of the given segments, e.g., by 
making the sum of two segments equal to or less than the third, 
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show that the construction in exercise 1 is possible only when 
the sum of any two of the given segments is greater than the 
third. 

4. Construct an equilateral triangle on a side 2 in. long. 

5. Draw a triangle having sides of 3 in., { in. and 1 in. 

6. With crayon and string or with a blackboard compass draw 
on the blackboard a triangle having sides 6 in., 8 im., and 10 in. 
long. 

7. Describe how with a 100-ft. steel tape stakes may be set 
in the ground to be the corners of a triangle of sides 30’, 50’, 
and 60’ long. 

8. Given the base and one of the equal sides of an isosceles 
triangle, to construct the triangle. 


283. Theorem: If the three sides of one triangle are 
equal, respectively, to the three sides of another triangle, 
the triangles are congruent. (s.s.8.) 


For, let ABC and A,B,Ci, Fig. 198, represent two triangles 
having AB=A,B,, BC=B,C;, and CA=(C,A. 
Cc 


/ 
/ 
ae 
s 


v 
/ 
x 


fons 


A; B, 
‘ Fic. 198 
Imagine AA,B,C, to be placed adjacent to AABC so that A,B, 


coincides with AB and that C, and C lie on opposite sides of AB. 
Draw 9S =CG, 


Then AC,=AC. Why? Hence r=y. Why? 
Since BC, =BC, it follows that 2=y.- Why? 
Therefore x+2,=y+y,, or ZC=ZC;. Why? 


Prove AABC2AABC,. (s.2.s.) 
Hence AABCZAA,B,C,. Why? 


a! ) ae 
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NICOLO TARTAGLIA 


ICOLO FONTANA, nicknamed Tartaglia 
(Stammerer), was born at Brescia in Italy about 
1500, and died at Venice, December 14, 1557. In 
1512 his native city was captured by the French 
army, and during the sack of the city his father was 
.killed and he himself so severely injured as to produce 
the stoppage in his speech from which he was nicknamed 
and from which he never recovered. His mother was 
too poor to pay for more than fifteen days of schooling 
for him, and she could not afford even to buy paper 
for him to use in private study. In spite of all these 
obstacles he rose by dint of his own efforts to be the 
ablest and best known algebraist of his time. 

Mathematical contests were the vogue in Tartaglia’s 
day. When a mathematician made a discovery he 
challenged some well-known mathematician to a 
contest. Each contestant proposed the same number 
of problems for the other to solve in a specified time. 
The one who solved the largest number in the time set 
was declared the victor. It was thus he won his title 
as a mathematician. Tartaglia engaged in two such 
contests, winning both times. See an account of these 
contests in Ball’s History of Mathematics, pp. 218 
and 223 (5th ed.). 

The scientific service for which Tartaglia is best 
known today is his discovery of the solution of the cubic 
equation, about 1530. He began public life by lecturing 
on mathematics in Verona, and in 1535 he was ap- 
pointed to a chair of mathematics in Venice. He 
wrote three important works on mathematics, besides 
publishing an edition of Euclid in 1543 and an edition 
of Archimedes the same year. His Inventioni, pub- 
lished in Venice in 1546, contains his solution of the 
cubic equation, which had been published by Cardan 
as his own the year before. 
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P The theorem just proved shows that the lengths of the sides 
____ of a triangle determine the size and shape. This fact is used in 
r : the construction of rigid objects. In 

the adjoining illustrations point out 
triangles which make the object rigid. 
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EXERCISES 


Prove the following: 

1. Theorem: Jf a point is equidistant from the end-points of 
a line-segment, it is on the perpendicular bisector of the segment. 

Let C, Fig. 199, be equidistant from A and 
B, i.e., let AC=BC. 

Draw the helping line CD from C to the mid- 
point D of AB. 

Prove AADC=ABDC. (3s.s.s.) 

Then z=y and CDLAB. A 5 B 

; —— CD is the perpendicular bisector Fia. 199 

o , 


Cc 


2. Theorem: If each of two points of one 
line is equally distant from two points of another 
line the lines are perpendicular. 

For, by exercise 1 each of the given points 
A and B, Fig. 200, lies on the perpendicular 
bisector of the second line CD. 

Since only one straight line can be drawn 
through two points, the line AB and the per- 
Fig. 200 pendicular bisector of CD must be the same line. 


—"  — 
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284. Locus of points. In exercise 1, § 283, it was 
shown that every point equidistant from the end-points of 
a segment lies on the perpendicular bisector of the segment. 
In exercise 3, § 281, it was shown that every point on the 
perpendicular bisector of a line-segment is equidistant from 
the end-points of the segment. 

From these two theorems it follows that the perpen- 
dicular bisector of a segment is the place, or locus, of all 
points equidistant from its end-points. 


EXERCISES 


1. What is the locus of all points in a plane which are at 
a distance of 10 ft. from a given point P in the plane? Ata 
distance a from the given point ? 

2. What is the locus of all points in space known to have a 
given distance from a given point? 

3. What is the locus of all points in a plane at a given distance 
from a given line? 

4, What is the locus of all points in a plane at equal distances 
from two parallel lines ? 

5. What is the locus of all points in space having a given 
distance from a given line? 

6. What is the locus of all points in space having a distance 
of 2 ft. from the floor of the room ? 

7. What is the locus of all points in space known to be at 
equal distances from two given points? 


The Right Triangle 


285. Theorem: Two right triangles are congruent if 


the hypotenuse and a side of one are equal respectively to 
the hypotenuse and a side of the other. 
Let ABC and A,B,C;, Fig. 201, be two right triangles having the 


hypotenuse (side opposite the right angle) AC equal to A,C; and 
B (8; oad B iC. 


37] 
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Place AA BC, adjacent to 
AABC, making B,C, coincide with 
the equal side BC, so that A and A; 
lie on opposite sides of BC. 

Then ABA, is a straight line 


] 
) 


Prove AABCZAA;BC. (a.s.a.) 
Then AA,B;C;= AABC. Why? 


and the figure ACA; a triangle. 
A; Why? 
q Show that AACA, isan isosceles 
o triangle. 
. Hence ZA=ZA,. Why? 
; 
: 


EXERCISES 


Prove the following: 

1. Two right triangles are congruent if the two sides about 
the right angle of one are respectively equal to the two sides 
about the right angle of the other. 

2. Two right triangles are congruent if the hypotenuse and 
an acute angle of one are respectively equal to the hypotenuse 
and an acute angle of the other. 


3. Theorem: The shortest distance from a point to aline is the 
; perpendicular from the point to the line. 
zZ For, let AB, Fig. 202, be perpendicular to DE A 


Pea Awe : 


and let AC be any other line from A to DE. 
, In AABC ZCisacute. Why? Therefore ZC 
' is less than ZB. Why? Hence AC>AB. Why? 
4. Oblique lines drawn to aline froma point 2° 4 # 
| on a perpendicular to the line and making equal = Fia. 202 
angles with the perpendicular are equal. 
| 5. Oblique lines drawn from a point on a perpendicular to 
a line and making equal angles with the line are equal. 


Summary 
286. The following new terms have been taught in 


this chapter: congruent figures, corresponding parts of 
congruent figures; locus of points; methods of proof. 


ein ea ee ee 
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287. The symbol = indicates congruence, ie., can be 
made to coincide. 


288. Problems in finding unknown distances and angles 
can be solved by construction of congruent triangles. 


289. The following constructions of triangles were 
taught: 

1. When two sides and the included angle are given. 

2. When two angles and the side between the vertices 
are given. 

3. When the three sides are given. 


290. Two methods of proof have been taught: 
1. The superposition method. 
2. The congruent-triangle method. 


291. The following theorems state the conditions that 
determine the congruence of triangles: 

1. Two triangles are congruent if they have two sides and 
the included angle equal respectively. 

2. Two triangles are congruent if they have two angles 
and the side between their vertices equal respectively. 

3. Two triangles are congruent if the corresponding 
sides are equal. 

4. Two right triangles are congruent if the hypotenuse 


and a side of one are respectively equal to the hypotenuse 
and a side of the other. 


292. The following theorems on the equilateral triangle 
were proved: 


1. An equilateral triangle is equiangular. 
2. An equiangular triangle is equilateral. 


293. The following theorems on the isosceles triangle 
were proved: 


indian 
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1. The base angles of an isosceles triangle are equal, 
2. If two angles of a triangle are equal the triangle is 
tsosceles. 
3. The bisector of the vertex angle of an isosceles triangle 
bisects the base and is perpendicular to it. 
4. If a line bisects an angle of a triangle and is per- 
) pendicular to the opposite side the triangle is isosceles. 
5. If the perpendicular bisector of one side of a triangle 
passes through the opposite vertex the triangle is isosceles. 


294. The following theorems on inequalities were 
proved: 
1. If two sides of a triangle are unequal the angles 
opposite them are unequal, the greater angle lying opposite 
to the greater side. 
| 2. If two angles of a triangle are unequal the sides 
_ opposite them are unequal, the greater side lying opposite © 
the greater angle. 


; 
: 
‘ 
; 
295. The following theorems on perpendicular lines 
. were proved: 
1. All points on the perpendicular bisector of a segment 
| are equally distant from the end-points of the segment. 
2. If a point is equidistant from the end-points of a line- 
_ segment it is on the perpendicular bisector of the segment. 
: 3. The perpendicular bisector of a line-segment is the 
locus of all points equidistant from its end-points. 
4. If two points of a line are each equidistant from two 
points of another line the lines are perpendicular. 
5. The shortest distance from a point to a line is the 
perpendicular from the point to the line. 

6. Oblique lines drawn to a line from a point on a per- 
pendicular to the line and making equal angles with the 
eeeencwar are equal. 

7. Oblique lines drawn from a point on a perpendicular 
toa ee and making equal angles with the line are equal. 


CHAPTER XI 
CONSTRUCTIONS. SYMMETRY. CIRCLE 


4 


The Fundamental Constructions 


- 


296. In the preceding chapters several construction’ 
problems were taught without proof of their correctness. 
These constructions will now be summarized and proofs 
will be given. - 

EXERCISES ; 

1. To bisect an angle. (See § 127, exercise 12.) — 

Make the construction indicated 
in Fig. 203. . 

To prove this co 
helping lines AD and BD. 

Prove ABDC#= AADC. (s.s.s.) 

Then ZDCB= ZDCA. Why? 
2. Atagiven point on a given line to construct a perpend r 
to the line. (See § 127, exercise 3; § 128, exercise 3.) 

Make the construction indicated 
in Fig. 204. 

According to this construction F 
and C are each equidistant from D 
and E#. 

Hence, FC is the perpendicular 
bisector of DE. (Why?) It follows 
that FC LAB at C. 


ay 


Fig. 204 


3. Show that only one perpendicular can be drawn to a line 
at a given point on the line. (See § 176.). 


4. To bisect a given line-segment. : : a 
With A as center and a convenient radius draw ares as at C and 

D, Fig. 205. mo 7 
ae 


_ 
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Ww 

_ Wit SUD is nana sation d:sts sien Sate daes 
irs Sines ores 
Draw CD intersecting AB at FE. Then AE =EB. | ae 
ee ee one merootion and Diep t 
h equidistant from A and B, and hence CD is H 
he perpendicular bisector of AB. Why? ) 
aS ee ers on perpendicalar Vinector of « - \B 
x : 
noite { 

1 


__Donstruetion and proof are the same asin 


eee Sere evtsiile af a line to draw Fic. 205 
vend ar to the line. 


are the same as in exercise 2. 

Proof: Since C and F, Fig. 206, are 
equidistant from D and E, by construc- 
DEF B tion, CF is the perpendicular bisector of 


DE. Why? 
Aes Therefore CG LAB. 
Nir 7. Only one perpendicular can be 
Fic. 206 drawn froma ~— c 
ha point to a line. 


_ For, if CD and CE, Fig. 207, were both 
rpendicular to AB, two angles of LEDC 
d be right angles. 


This is impossible, since the sum of the 4 To 
x ee angles of triangle EDC would then be Fia. 207 
greater than 180. 


angle with the given line equal to agiven angle.* (See § 125.) 


‘2 \e 
D 
A F . 


Fia. 208 


_ Draw the helping lines CA and GF, Fig. 208. 
Prove ACBAZAGDF. (s.s.8.) 
Hence, Z ABC = ZFDG. 


_ * This construction was first made by Oenopides of Chios (500- 
43 ERO): See Ball, p. 30. 


The directions for this construction - 


»? 


8. Ata given point on a given line to draw a line making an * 


= 
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297. The fundamental constructions in § 296 are 
now to be used in more difficult constructions. Let it — 
be understood that the unmarked ruler and compass* are 
the only instruments to be used in these problems. = 5 


Applications of the Fundamental Constructions = 


EXERCISES ; 
1. Through a given point outside of a given stn to draw 4 
parallel to the given line. (§ 194, exercise 3.) 
2. Construct a triangle having given two sides wilt ny 
‘included angle. (§ 273, exercise 1.) + 
3. Construct a triangle having given two angles and th e- 
side between their vertices. (§ 274, exercise 1.) 
4. Construct a triangle having given the threes 
exercise 1.) . 
5. Construct an angle equal to 60°. 
Proceed as in the construction of an equilateral 
that one of the angles of the triangle is 60°. 
6. Construct the following angles: 30°, 15°, 120°. _ 
7. Construct angles of 90°, 45°, 22°30’. - 
8. Construct angles of 135°, 75°, 165° : 
9. Construct a triangle eet. given two sides and het ~ 
angle opposite one of them. . 


Let m and n, Fig. 209, be the given sides and let ZK be 
given angle. 


m : B — - 

Fie. 209 ;, koe 

*The Greek philosopher Plato (429-384 B.c.) taught geome = 

as a basis for the study of philosophy. As a convenient means o 
defining the field of elementary geometry he decided oa eae 
marked straightedge and the compass should be the only in 
ments to be used in a construction. See Ball, p. 43, or Cajori, p. 


— 
’ 


> 7 —.  } 
_—- . 
‘ € 4 ~ 
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- 


Draw ak of cotyanient length, as AB. Lay 
stepmom o* 

At A on AB-construct anvangle equalto ZK. “ 

is ye run eal to and and way a spt an‘are ae AD 


gaxh the revi eet - 


ty small, the are and line AD do not inter- 
e exists containing the given parts. 


ee BE, 


Fie. 211 Fea, 212 


n n=CF, Fig. ‘a1, the arc will just touch AD at F dats 

is the required triangle. 

or n>CF and n<m, Fig. 212, show that the arc intersects 

Ere, ? te points, as E and E, and that the two triangles ACE and 
1 satisfy the conditions of the problem. 

- When n=m, Fig. 213, and when n>m, E 

214 show that there will be only one solu- 

lem, ie., AACE. n 


i ty ot 
We yf + tructions in exercise 9 a 
m,, 10, which only one triangle is possible, Fie. 213 


4 fe. those of Figs. 211, 213, and 214, illus- 


trate the following theorems of 
congruence: 
1. Two. right triangles are con- 
gruent if they have the hypotenuse 
and one of the other sides equal 
respectively. (Fig. 211.) 
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2. Two isosceles triangles are congruent if the equal 
sides and the base angle of one are respectively equal to the 
corresponding parts of the other. (Fig. 213.) 


3. Two triangles are congruent if two sides and the 
angle opposite the greater side are a equal. 
(Fig. 214.) 


EXERCISES 


1. To divide a right angle into three equal parts.* 


With A as center, Fig. 215, and a con- 
venient radius draw an indefinite arc intersect- 
ing the sides of the right angle at B and C. 

With B as center and the same radius draw 
an are at D. 

With D as center and radius equal to CD 
draw an arc at E. 

Fig. 215 Lines AD and AE trisect the angle 
BAC. For, ZBAD=60°. Why? Therefore 
ZDAC=30°. Why? Show that Z2DAE=30°. 


2. To construct a right triangle having given the Rashida, 
and one of the other sides. 


3. To construct a right triangle having given the hypotenuse 
and one acute angle. 


*The problem of dividing a right angle into three equal parts was 
solved very early. However, the general problem, i.e., to trisect 
any angle by use of unmarked straightedge and compass, presented 
great difficulties. It became one of the famous problems of geome- 
try and much intellectual energy has been expended on these prob- 
lems. However, this has not been wasted, as many discoveries were 
made by mathematicians in the attempt to obtain a solution. It 
has been proved that the trisection of the general angle with ruler 


and compass is impossible. (See Cajori’s History of Mathematics, 
p. 24.) 


— 
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4. Construct an isosceles triangle having given one of the 
base angles and the altitude. 


5. Construct a right triangle whose acute angles are 60° 
and 30°. 

Draw an equilateral triangle and divide it into two right tri- 
angles by means of the altitude. 


How does the length of the hypotenuse in this right triangle 
compare with that of the side opposite the 30° angle? 


6. Construct an equilateral triangle havimg given the altitude. 


Symmetry 


299. Symmetry. If one hand is held in front of a plane 
mirror, the image obtained in the mirror is of the same 
size and shape as the other hand. The hand and the 
image are said to be symmetric with respect to the plane 
of the mirror. 

Other illustrations of symmetry are: a pair of gloves, 
the two doors of an automobile opposite to each other, 
the two posts at an entrance to a park, a printed page 
and the type-page from which it was made, etc. 


300. Symmetry of a single body or figure. The 
human head is symmetric with respect to a plane passing 
midway between the eyes. The cube is symmetric with 
respect to several planes; indicate the position of some of 
these planes of symmetry. How many planes of sym- 
metry can be passed through a sphere? Give other 
examples of symmetric solids. 


301. Symmetry of plane figures. If a figure is drawn 
in ink on paper and if the paper is folded before the ink 
is dry, an image of the figure is obtained. The image and 
the original figure are symmetric. 
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EXERCISES 


1. Construct a figure symmetric to line AB, Fig. 216, with 
respect to the line CD. 


From A draw AA,;1CD, making 
AE=EA,. 


E 
Sal Similarly draw BB,LCD, making 
ye BF=FB,. 
at ie See. - Draw A,B. 
B F 


Then A,B, and AB are symmetric 
with respect to CD. Why? 


D 
Fic. 216 2. Construct a triangle symmetric 
to triangle ABC, Fig. 217, 
with respect to the line DE. D 


and CA. 


3. Construct a figure symmetric to ABCDEFGH, 
Fig. 218. 

‘wba Fic. 217 

302. Axis of symmetry. Two 
figures are symmetric with respect to a line 
if the line is the perpendicular bisector of all 
line-segments joining the corresponding parts 
of the figures. The line is called the axis of sym- 
Fic, 218 metry. Name the axis of symmetry in Fig. 216. 


Cc 
As in exercise 1 draw lines symmetric to AB, BC, 
B 
A 


E 
c A 


EXERCISES 


1. Show that two plane figures are congruent if they are 
symmetric with respect to an axis of symmetry. Use § 302. 

By means of superposition show that every point of one figure 
can be made to coincide with the corresponding point of the other. 


2. Draw the axis of symmetry of an isosceles triangle. 


3. Show that the bisector of the vertex angle of an isosceles 
triangle is the axis of symmetry. Show how some of the 
properties of an isosceles triangle stated in § 293 follow from 
the symmetry of the figure. 


ee 
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4. How many axes of symmetry has an equilateral triangle ? 
A square? A rectangle? 

5. Show how the principle of axial symmetry stated in 
exercise 1 may be used in designing, pattern-making, printing, 


building, tailoring, etc. (see figures below). 


go ee 
—_— — el HH CU CZ 


303. Some geometric facts are easily established from 
the symmetry of the figures. Show that the following 
are true: 


1. Any point on the perpendicular bisector of a line-segment 
is equidistant from the end-points. 

Let CD, Fig. 219, be the perpendicular bisector 
of AB. 

Since CD is the axis of symmetry of AB, Z AEC 
can be made to coincide with 2 BEC. 

Hence AC coincides with BC. 

2. Any point not on the perpendicular bisec- 
tor of a line-segment is not equally distant from 
the end-points. 
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Let ED; Fig. 220, be the perpendicular 
bisector of AB. 


AFC takes the form of the broken line BFC, 
and AC=AF+FC=BF+FC>BC. Why? 
Fic. 220 3. Any point on the bisector of an angle 
is equidistant from the sides. 
Let CE be the bisector of ZGCF, 
Fig. 221. 
Let AD LCF and AB LCG. 


The bisector CZ is the axis of symme- 
try of the angle, since FC can be made to 
coincide with GC by revolving ZGCA Fic. 221 
about CA as an axis. 

Then AB must coincide with AD, since only one perpendicular 
can be drawn from a point to a line. 


4. Any point not on the bisector of an angle is not equi- 
distant from the sides of the angle. 

Let CE be the bisector of 2 BCD, Fig. 222. 
Let ADLCD and ABLCB. 


Rotating ZFCB about CE as an axis, 
line AFB takes the form of the broken 
Eline AFG. 


But AF+FG>AG. Why? 
and AG>AD. Why? 
Fia. 222 Therefore AF+FG>AD. Why? 


304. The last two problems combined express the 
following theorem: 


Theorem: The bisector of an angle is the locus of points 
within the angle which are equidis- 
tant from the sides. 

The rectangle CDEF, Fig. 228, 
represents the top of a billiard table. 
Find the point P on the cushion FE 
to. which a ball at A, cued at the cen- 
ter, must be directed to strike a ball 
at B, 


Rotate AGF about ED as an axis. Then. 


——————— 


—ro ss 
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Locate a point Bi, symmetric to B with respect to FE. The 
point of intersection P of AB, with FE is the required point. 

For, it is learned from physics that if a perpendicular is drawn 
to PE at P and if the angle of incidence, a, equals the angle of 
reflection, b, a ball directed from A striking at P will rebound and 
strike B. 

To prove that a=}, show that a=a;, b=), and a,=b;. 


The Circle 


305. The circle and circular arc have been used in the 
construction of many figures. Before taking up the follow- 
ing constructions of this chapter it is necessary to become 
acquainted with some of the properties of the circle. 


306. Tangent. A line that touches a circle in only one 
point, however far produced, is a 


tangent. 
Line AB, Fig. 224, is tangent to circle 

DatC. y - 
307. Contact point. The point Fr ita 


common to a circle and a tangent 
is called the point of tangency, or point of contact. 


308. Theorem: The radius drawn to the point of con- 
tact of a tangent is perpendicular to the tangent. 

For, any point F of the tangent, not 
the contact point, Fig. 225, lies outside of 
the circle. 

Hence, line AZ must be longer than a 

c om D radius, and AE>AB. 
Fie. 225 Thus, AB is the shortest of all lines 
drawn from the center A to CD. It is 
therefore perpendicular to CD. 
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309. Theorem: A line perpendicular to a radius at 
the outer end-point is tangent to the circle. 

For, if AB, Fig. 225, is perpendicular to CD, then it is shorter 
than any other line, as AZ, drawn from A to CD. 

Hence, AE is longer than a radius and EF must be outside of the 
circle. 

Since E is any point on CD, not B, it follows that B is the only 
point on CD and on the circle, and that CD is tangent to the 
circle. 


310. Regular polygon. A polygon that is equilateral 
and equiangular is a regular polygon. 


311. Inscribed polygon. A polygon whose vertices 
lie on a circle is an inscribed polygon. The circle is cir- 
cumscribed about the polygon. 


312. Circumscribed polygon. A polygon whose sides 
are tangent to a cirele is a circumscribed polygon. The 
circle is inscribed in the polygon. 


EXERCISES 


1. At a given point on a circle to construct the tangent to 
the circle. 


Draw the radius to the given point and erect a perpendicular to 
it at that point. 


2. To find the center of a given circle. 
Draw a chord, as AB, Fig. 226. 


p Draw the perpendicular bisector CD of the 
chord AB. 
CD must pass through the center. Why? 
Bisect CD at E. e 
A B 4 
a E is the center of the circle. : 
Fra. 226 3. Draw a circle passing through two given 


points. 


How many circles can be drawn through those points? _ 


_ a a i a 
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4. Cireumscribe a circle about a triangle. 
Let ABC be the given triangle, Fig. 227. Cc 
Draw the perpendicular bisectors of two sides, 


as AB and CB. Both perpendiculars must con- 
tain the center of the circle. Why? 
Hence, they must intersect at the center of 
the circumscribed circle. Fig. 227 
Let P be the point of intersection. Since P 
is equally distant from A and B and from C and B, it must be 
equally distant from A and C. 


Hence, a circle with P as center and radius PC must pass through 
A, B, and C. 

5. Show that the perpendicular bisector of AC passes through 
P, Fig. 227. ; 


6. To inscribe a circle in a triangle. 
Let ABC, Fig. 228, be the given triangle. 
Draw the bisectors of two angles, as A and B. 


With their point of intersection, P as center and a perpendicular 
from P to AB as radius draw a circle. 


A B 


This is the required circle. vin 
7. Prove that the circle con- 

structed in exercise 6 is tangent to A#)N 

the sides of triangle ABC. A ~- B 
Show that P is equally distant from Fic. 228 

BA and BC. 


Show that P is equally distant from AB and AC. 

Then P is equally distant from CA and CB. 

Hence, a circle with P as center and radius PD will be tangent 
to the sides of AABC. (§ 309.) 


8. Show that the pisector of angle C, Fig. 228, passes 
through P. 
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9. To inscribe a square in a circle. 
D Draw two diameters peependiealat to each 
other, as AB and CD, Fig. 229. : 
ASS Join the successive points A, C, B, and D. 
ee The quadrilateral ACBD is the required 
square. 


10. Prove that ACBD constructed in 
Fig. 229 is a square. 
Prove AAED, DEB, BEC, AEC congruent. (s.a.8.) 
Hence, AD=DB=BC=CA. Why? 
Prove that AHEAD, ADE, EDB, DBE, etc., are 45° angles. 
Prove that 4DAC, ADB, DBC, BCA are right angles. 


Fic. 229 


11. To circumscribe a square about a circle. 


Draw tangents at A, C, B, and D, Fig. 229. The quadrilateral 
formed is the required square. 


12. To inscribe a regular hexagon in a circle. 
Let circle A, Fig. 230, be the given circle. 
With any point on the circle, as B, as center 
EB and radius equal to AB draw an are at C. With 
F ati Nw C as center and the same radius draw an are at D. 


Similarly draw arcs at E, F, and G. 
KF Join the consecutive points B, C, D, ete. 
The polygon BCDEFG is the required hexagon. 
Fia. 230 13. Prove that the hexagon constructed in 


exercise 12 is regular. 
Prove ABAC, CAD...... GAB equilateral. 
Hence, BC=CD=DE, ete. 
Prove that ABCD, CDE, etc., are equal to 120° and therefore 
equal to each other. 
Summary s 


313. This chapter has taught the meaning of the 
following terms: symmetry, plane of symmetry, axis of 
symmetry; tangent to a circle, contact point; regular 
polygon; inscribed and circumscribed polygons. 
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314. Proofs were given for the fundamental con- 
structions taught in the preceding chapters. © 


315. The fundamental constructions were applied in 
a number of more complicated construction problems. 


316. Symmetry of figures suggests the solution of 
problems of construction and proofs of theorems. 


317. The following locus theorem has been proved: 

The locus of points within an angle which are equally 
distant from the sides is the bisector of the angle. 

318. The following theorems were proved: 

1. A line perpendicular to a radius at the outer end- 
point is tangent to the circle. 

2. The radius drawn to the point of contact of a tangent 
ts perpendicular to the tangent. 

319. The following problems of construction were 
taught: 

1. To find the center of a given circle. 

2. To inscribe a circle in a triangle. 

3. To circumscribe a circle about a triangle. 

4. To inscribe a square in a circle. 

5. To inscribe a regular hexagon in a circle. 


vf 


me, 


- 


A 
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CHAPTER XII 


POSITIVE AND NEGATIVE NUMBERS. THE 
LAWS OF SIGNS 


Uses of Positive and Negative Numbers 


320. In the preceding chapters problems in geometry 
have been solved by geometric and by algebraic methods. 
It is the aim of this and the following chapters to develop 
skill in adding, subtracting, multiplying, and dividing — 
algebraic numbers, to learn more about the solution of 
equations, and to make use of algebra, not only in the 
solution of geometric problems, but also in solving prob- 
lems arising outside of the field of geometry. 


Two trains A and B leave ~~ <------ or eee 
Columbus, Ohio, at 8:00 a.m. 


Two hours later A is 60 mi. a ata ca 

and B is 90 mi. from Columbus. Fig. 231 

How far is B from A ? 

Show from Figs. 231 Sn Aiea SF 

and 232 that there are “A” Galtmbus 
two answers to this Fic. 232 


question, according as 
the trains travel in the same or the opposite direction. 


321. Notation for directed line-segments. It is cus- 
tomary to distinguish line-segments when measured in 
opposite directions by the positive or plus (+) sign and 
the negative or minus (—) sign, the plus sign indicating 
direction to the right (or upward), the minus sign indicat- 
ing direction to the left (or downward). Moreover, the 

178 ; 


; ¢ 
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plus or minus sign is prefixed to the number expressing 

the measure (length) of a directed segment. Thus, in 

; Fig. 231,0A=+60, OB=+90. But in Fig. 232 0A =—60 
and OB=+90. 


322. Number-scale. With the agreement of § 321 
it is possible to express both length and direction of line- 
segments by numbers. In Fig. 233 these numbers are 
represented geometrically on a straight line with reference 
to a point O in that line. 


SB 7 6 5S -h SS +2 el O 41 2 £3 +4 +5 46 +7 «48 
Fic. 233 


This arrangement is called the number-scale, or the 
algebraic scale. 


323. Positive and negative numbers. A number pre- 
ceded by a plus sign is a positive number. A number pre- 
ceded by a minus sign is a negative number. The plus 
sign need not always be written. Thus, when no sign is 
prefixed to a number it is understood to be a positive 
number. The negative sign is never omitted. 


324. Absolute value. The value of a number regard- 
less of sign is called the absolute value, or the numerical 
value. Thus, the absolute value of 


+4 is 4, of —7 is 7. ¢ 
325. Positive and negative 4 : B 

angles. By rotating line AB, 2 

Fig. 234, around A until it takes the G, 


position AC, the angle BAC is Fic. 234 

formed. By rotating AB in the 

opposite direction, angle BAC, isformed. To distinguish 
between these directions one angle may be denoted by the 


as 
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plus sign, whereupon the other is denoted by the minus 
sign. It is customary to consider an angle positive when 
it is formed by rotating a line counter-clockwise, and 
negative when it is formed by clockwise rotation.* 


EXERCISES : 

1. Make drawings on the following angles, always starting 
from a line in horizontal position, as AB, Fig. 234: +90°, +435°, 
+160°, +270°, —45°, —30°, —180°, —270°, —360°. 

2. A line rotates through an angle of +75° and then through 


an angle of —40°. Give the size and direction of the angle 
formed by the first and the last positions of the line. 


326. Positive and negative temperature. Temperature 
readings are taken with reference to a definite point on 
the thermometer, called the zero point. A temperature 
reading above the zero point is plus; below, minus. 

Give the meaning of the following temperature readings: 
=4 —2, 0, 43,48, +3 +4, 43,41, Oi 


EXERCISES 


In arithmetic the + sign always denotes addition, the 
— sign, subtraction. 

The following problems illustrate some of the uses 
of positive and negative numbers in algebra. 


1. If a man’s debts be indicated by the minus sign and his 
possessions by the plus sign, what is the condition of a man’s 
affairs if his debts and possessions are given by +$1,200 and 
— $1,000? By +$73 and —$50? —$75 and +$60? —$300 
and +$1,000? 


* Euler (1707-1783) was the first to apply positive and negative 
signs to angles. This he did in a book ealled Introductio, published 
in 1748. Gauss (1777-1855) completed the modern science of 
positive and negative angles. 


: al 
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_ 2. A bicyclist starts from a point and rides 18 mi. due north- 
ward (+18 mi.), then 10 mi. due southward (—10 mi.). How 
far is he from the starting-point ? 


3. How far and in what direction from the starting-point 
is a traveler who goes eastward (+) or westward (—) as shown 
by these pairs of numbers: +16 mi. then —6 mi.? —20 mi. 
then +28 mi.? —18 mi. then +18 mi.? +100 mi. then 
+50 miles? 


4. Denoting latitude north of the equator by the plus sign 
and latitude south by the minus sign, give the meaning of the 
following latitudes: +28°, +2°, —18°, +12°, —10°. 


5. A boy starts with no money. If he earns 50 cents (+50 
cents) and spend 40 cents (—40 cents); how much money has 
he then ? 


6. What does the minus sign denote if the plus sign denotes 
above? forward? upward? to the right? east? north? gain? 
possession ? income ? addition? increase ? 


7. The statistics below give the value in millions of dollars 
of the excess of merchandise imported into or exported from the 
United States to the Philippine Islands for the years 1892-1912. 
Denoting an excess of exports by +, of imports by —, read the 
following: —6.2, —9, —6.8, —4.6, —4.8, —4.3, —3.7, —4, 
Pea = 4 —1 8 —7.8, —7.2, -6.4, —6.9, —2.8, +1.3, 
+1.7, —.5, +2.3, +.5. 


: Graphing Data 
327. Positive and negative quantities may be repre- 
sented graphically. 
EXERCISES 


1. On a winter day the thermometer was read at 6:00 a.m. 
and every hour afterward until 5:00 p.m. The hourly read- 
ings were —10°, —8°, —7°, —5°, 0°, +2°, +8°, +10°, +10°, 
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+5°, 0°, —5°. Mark off these readings on squared paper 
(Fig. 235). Connect the points thus obtained as shown in the 
figure. This forms a broken line, 
called a temperature-line. 

From the temperature-line one may 
obtain some information regarding the 
changes of the temperature: When 
was it coldest? Warmest? When 
was the change most rapid? 


When was the change a rise? ete. A more accurate picture of the 
changes in temperature could be obtained by taking the readings 
oftener than every hour. 

2. On squared paper draw a line to show the following hourly 
readings, beginning at 8:00 a.m.: +2°, —2°, —4°, —2°, +2°, 
+4°, +4°, +8°, +10°. 


3. The average monthly temperatures for a n town 
are 
Jan. — 4° May +42° Sept. +48° ; 
Feb. — 7° June +52° Oct. +37° 
Mar. +14° July +62° Nov. +25° . 
Apr. +26° * Aug. +60° Dec. + 2° 
Draw the temperature-line. ° 


4. The daily avera; temperatures for 14 days at a certain 
place were +8°, 0°, —10°, +12°, —6°, +14°, +15°, +2°, —5°, 
+15°, +20°, 0°, 0°, +10°. Graph these readings. 


5. A ship’s latitude from week to week was +42°, 38°, 
+30°, +20°, +12°, +2°, —1°, —6°, —3°, +12°. Cra the 


latitudes and tell when the ship crossed the equator. 


“m, 


Da: E> Se ae 
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6. The following table gives the lowest, highest, and average 
temperature for Chicago taken for 38 years previous to Decem- 
ber 31, 1911. 


: : : | : 
Jan. . Feb. | Mar. Apr. May June July Aug. 


—20 |—21 |—12 | 17 | 27 | 40 | 50 | 49 — 2|-23 
64) 63 | 81/88 94 | 98 103 | 98 75 | 68 
24/ 25) 34 | 46 | 56) 66 | 72) 71 39 | 29 


Graph the three temperature-lines on the same sheet of 
squared paper. 


7. The following numbers indicate in millions of dollars the 
value of the excess of exports from the United States or imports 
into the United States from Austria-Hungary for the years 
1892-1912. An excess of exports is positive, an excess of 
imports, negative: 

—6.19, —9.48, —6.37, —4.38, —5.20, —4.13, +.98 
+ .83, —2.03, —2.84, —3.98, —3.41, —2.14, +1.07, 
+1.02, —.87, +.75, —1.21, —2.45, +2.56, +5.67. 


Make the graph. 


HistortcaL Notse.—The earliest instances of the 
regular use of the signs + and — occur in the fifteenth 
century. John Widmann, of Eger, born about 1460, 
and probably a physician, wrote a Mercantile Arithmetic. 
In this book these signs are used merely as marks 
signifying excess or deficiency.* The French mathe- 
matician Vieta (1540-1603) seems to have been the first 
to make regular use of the + and — signs as shorthand 
symbols for addition and subtraction.t Descartes (1596- 
1650) showed how to represent positive and negative 
numbers along a line. 


* See Ball, p. 206. 
{ See Cajori, p. 150. 
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Addition of Positive and Negative Numbers 


328. Graphical addition. Addition of positive and 
negative-numbers may be performed graphically. 


EXERCISES 


1. Find graphically the sum of (+5) and (—2). 
Let (+5) be a distance traveled eastward and (—2) a distance 
traveled westward. Find the distance and direction of the stopping- 
point from the starting-point of an 


few 5 2 automobile going first (+5) mi., 
Ol ee Be then (—2) miles. This distance 
O B A is considered the sum of the dis- 

Fia. 236 tances passed over. 


Starting from O, Fig. 236, lay 
off five units to the right to point A. From A lay off two units to 
the left to point B. The position of B is three units to the right 
of O, ie., (+3). This may be expressed in symbols by the equa- 
tion (+5) +(—2) =(+83). 

2. Find graphically the following sums: (+6)+(+2); 
(—6)+(+2); (+6)+(—2); (—6)+(—2); (+15)+(—10); 
(+15)+(—20); (—18)+(+24); (—12)+(—9). 


’ 329. Positive and negative numbers may be added by 
letting the + and — signs denote two opposite senses, 
as gain and loss, income and expenditure, etc. 


EXERCISES 


1, Find the sum of (+25) and (—31). 


Let (+25) denote a gain of $25 and (—31) a loss of $31; the 
final standing, a loss of $6, is the sum. Thus, 


(+25) +(—381) =(—6) 


2. In a way similar to that of exercise 1 find the following 
sums: 


+15 -—15 +15 —-15 +88 -38 +38 —38 
+8 —8 —8 +8 +19 -—19 —19 +19 


439-9347 - 7457S 4-19 
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330. Algebraic addition. Show from examination of 
the results of exercise 2 that positive and negative num- 
bers may be added according to the following laws: 


1. To add two numbers having like signs, find the sum 
of their absolute values and prefix to this sum the common 
sign. 

2. To add a positive and a negative number find the - 
difference of their absolute values and prefix to it the sign 
of the number having the greater absolute value. 


EXERCISES 


Solve the following exercises with the aid of positive and 
negative numbers. In finding the sums use the laws of § 330. 
Then verify the results by the method of § 329. 


1. At noon a thermometer read 3° below 0°. In the evening 
it was 8° warmer. How many degress did the thermometer 
read in the evening? 

2. A boatman rows, at a rate that would carry him 3 mi. an 
hour through still water, down a river whose current is 2 mi. an 
hour. What is his rate per hour? What is his rate per hour 
if he rows up the river ? 

3. A motor boat, having a speed that would make it go 12 
mi. an hour in still water, is going down a river whose current 
is 2.4 mi. an hour. How fast does the boat move? How fast 
can the boat move upstream ? 


4. If a man’s property is worth $3,600 and his debts amount 
to $1,400, what is his financial standing ? 


5. A toy balloon pulls upward with a force of 9 oz. If a 
weight of 6 oz. is attached, will the balloon rise or fall? With 


what force? 


6. A balloon pulls upward on a stone, weighing 6 oz., with 
a force of 80z. What is the sum of the forces? 
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331. Addition of three or more numbers. The follow- 
ing problems call for the addition of three or more positive 
and negative numbers. 


EXERCISES 
1. John received $4 from his father and $3.50 from his 
mother. He paid $3 to the grocer and $3.75 to the hardware 
man. How much money had he left? 
(+4) +(4+38.50) +(—3) +(—3.75) =+.75 
2. Translate the following into problems like exercise 1 and 
solve each: 
(+4)+(8.50)+(—3.75)+(—3) 
(+4) +(—3)+(8.50)+(—3.75) 
(+3.50)+(—3)+ (+4) +(—3.75) 
3. How do the results in exercises 1 and 2 compare? 


4. Interchange in every possible way the addends in 
(+8)+(—6)+(+4) and in each case find the value of the sum. 


332. Commutative law. Exercises 2, 3, and 4 show 
that the commutative law holds for positive and negative 
numbers; i.e., The value of a sum of positive and negative 
numbers is the same whatever the order of the addends. 


EXERCISES 


1. An elevator starts at a certain floor, goes up 65 ft., down 
91 ft., up 52 ft., down 13 ft., up 65 ft., and stops. How far and 
in what direction is the stopping-point from the starting-point ? 


2. A vessel starting in latitude +20° sails +13° in latitude, 
then —60°, then +40°, then —10°. What is its latitude after 
the sailings ? 


3. What is the latitude of a ship starting in latitude —50° 
after these changes of latitude: +10°, —5°, +18°, —7°, +38°, 
—12°, +60°? 


4. What is the most advantageous way of spine several 
positive and negative numbers ? 
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5. A certain wholesale house owes various factories the 
following amounts: $475.50, $240.00, $638.50. Several mer- 
chants owe the wholesale firm these sums: $360.20, $159.45, 
$520.70. The firm has on hand $1,254.00. What is its finan- 
cial standing? 

6. Find the following sums: 


+50 +35 —45 +75 —236 +8r -—Il4a 

+25 -38 -20 +13 #£+780 —6x —46a 

he +24 ie var — 95 —4x pdfs 
—15 + 45 +7z 


451 FIZ 50H +FG4 FBX Fite 


. Show that the sum of two numbers having unlike signs 
but the same absolute value is zero. 


S(find the Pare, 0) Pau r x) +(+102x) 


+(—5r) and test the result by substituting +=2 in the given 
sum and in the result. 


9. The heat of a metal was increased by 20.4°. The metal 
was then cooled 4° and finally heated 2° more. gvhat is the 
change in the original temperature ? : ys u 


10. Add the following, doing all you can orally: 


1.” +5 5. — 7 9. + 6 
-3 +10 +10 
ye Zz 1 
2. +8 6. 3, 10. — 8 
ney +5 medh.- 

2 | rte 
3. + 7 7..= ll. + 3 
—10 + 4 +10 
4. + 8 ~3 12,-—7 
—§ +1 — 2 


> =z a 
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13. —8a 
+4a 


—Faw 
14. + 7x 
—10z 


15. —12m 
+16m 


i Re 


18. 


23. 


24. 


26. 


27. 


28. 


29. 


30. 


31. 


—6% 33. 
+83 
+73 34. 
—7t 
—12% 35 
— 2 
—184 36. 
+26} 
—2.12 37. 
—1.88 
+3.16 38. 
—4.08 
—134 39. 
+233 
—6.69 40 
+8.04 
+ 8.95 41. 
—11.25 
—16r 42. 
+18r 


—122%y 


—68mr* 
—75mrs 


. —63cd* 


+33cd? 


+4. 52°yz 
—8x?yz 


+2 .4ab*c 
—6.2ab*c 


Subtraction of Positive and Negative Numbers 


333. Graphical subtraction. Positive and negative 


numbers may be subtracted graphically. 


SS - ai 


a 
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EXERCISES 
1. Subtract (+5) from (+a). 
o—_{+0) D H------- (+a}----3 
. --(+5}--4 
oe ay pow SS 
Fic. 237 Fic. 238 


Let AB, Fig. 237, represent in magnitude and direction the 
number (+a) and let CD represent (+5). To subtract graphically 
(+5) from (+a) means to lay off the minuend (+a) dn an indefinite 
line, as EF, Fig. 238, in its own direction, i.e., to point G; and to 
lay off the subtrahend (+5) from G in the direction opposite to that 
of (+5), to point H. 

EH is the difference between (+a) and (+5). 

Thus, EH =(+a)—(+5). 

2. Show that FH, Fig. 238, may be constructed by adding 
(+a) and (—), i-e., that (+a)—(+5)=(+a)+(—5). 

3. Show graphically that the following expressions are equal: 
(+5)—(+3) and (+5)+(—3); (+8) —(+10) and(+8)+(—10); 
(+6)—(+7) and (+6)+(-—7) . 

4. Subtract (—5) from (+a). 


aneteaaaesirhe Dhiin aitgcniee Ant en 
—a + 4a a--- (-b) --4 
A 


(ta) Cc D 
Fic. 239 


B 


On AB, Fig. 239, lay off the minuend (+a) in its own direction 
toC. From C lay off the subtrahend (—5) in the direction opposite 
to that of (—b) to point D. 

AD is the difference between (+a) and (—b). 

Thus, AD=(+a)—(—d). 

5. Show that AC, Fig. 239, may be constructed by adding 
(+a) and (+5), i.e., that (+a) —(—b) =(+a)+(+). 

6. Show graphically that the following expressions are equal: 
(+6)— (—3) and (+6)+(+3); (+4)—(—5) and (+4)+(+5); 
(+8)—(—8) and (+8)+(+8); (+7)—(—4) and (+7)+(+4) 
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7. Show graphically that 
(—8)—(—4) =(—8)+(+4); (—4)—-(+6) =(-—4)+(-96); 
(—3)—(—4) =(—3)+(4+4); (—7)—(4+2)=(—7)+(—2); 
(—a)—(—b)=(—a)+(+b) (—a)—(+6)=(—a)+(—5); 

334. Algebraic subtraction. The exercises of §333 
show that numbers may be subtracted according to the 
following law: 

To subtract a number change the sign of the subtrahend 
and add the result to the minuend. 

Arithmetic numbers may be subtracted by this 
law by considering them as positive numbers. Thus, 
7—5=(+7)—(+5) =(4+7)+(—5)=2. In arithmetic a 
number can be subtracted only from a largernumber. In 
algebra subtraction is always possible, e.g., 

7—10=(+7) —(+10) =(+-7)+(—10) =—3. 


EXERCISES 


Subtract the lower from the upper number of the - 
following: 


‘= +19 __6..-8 ll. — 9c 
uot —10 4¢ —{ —15e 
4) 2. —66 £7. +4 12. ko 
Hs fe # a 
. Lao rele’ + 
“Wh 
3. —75 (Pe —r0 13. —8m’ 
~/ NM) +25 leo +3 +3m§ 
ee, Tr? 
i ag 9. —6v? 14. +a 
2 +10 2 wy —a 
a ss 
V, 5. +4 10. —13¢8 ~ 15. +6.75a3 
‘Sy +2 + 88 —7.25a3 
4\c [vas 
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16. —3.16c 19. —4.76f 22. + .80m 
—0.89¢ +9.67¢ +1.42m 
VY — 
aralisg 
17. +6(2+2) 20. + .82a? 23. —3.26s 
—7(x+2) —3.75a? +7 .49s 
18. —9(c—s) 21. —0.75c 24. +2.03y 
+3(c—s) —0.90c —5.24y 
Law of Signs in Multiplication 


335. Graphical multiplication. The absolute value 
and sign of the product of two numbers may be deter- 
mined geometrically. 

EXERCISES 

1. Find the product of (+4) by (+3). 

Since (+3) (+4) is the same as (3) (+4) it follows that 
(+3)(+4) equals (+4)+(+4)+(+4)=(+12). Geometrically this 
means that to multiply 
(+4) by (+3) is to lay 
off (+4) three times in 
its own direction, %---—------ (+12 }--—-— 
Fig. 240. Thus, Fic. 240 

(+8) (+4)=(+12). 

2. Find the product of (—4) by (+3). 

Since (+3) (—4) is the same as (3) (—4), (+3) (—4) 
=(—4)+(—4)+(—4)=(-—12). Make a drawing for (+3)(—4), 
i.e., lay off (—4) three times in its own direction. Thus, 

(+3) (—4) =(—12). 

3. Find the product of (+4) by (—3). 

Assuming that the commutative law holds for positive and nega- 
tive numbers, i.e., that the value of a product is not changed by 

changing the order of the factors, it follows that (—3) (+4) 
' =(+4) (—3)=(—12), according to exercise 2. The same result is 
obtained if we agree to mean by (—3) (+4) that (+4) is to be laid 
off three times in the direction opposite to its own direction. Thus, 
(—3) (+4)=-12. Make a drawing for this product. 
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4. Find the product of (—4) by (—3). 


According to the agreements made in exercises 1, 2, and 3, 
(—3)(—4) will be understood to mean that (—4) is to be laid 
off three times in the direction opposite to that of (—4). Thus, 


(—8) (—4)=(412). 


336. Law of signs for multiplication. Exercises 14, 
§ 335, illustrate the following law for determining the 
sign of a product: 

The product of two factors having like signs is positive. 

The product of two factors having unlike signs is negative. 

Find the value of the following products, (1) using the law of 
signs, (2) geometrically: 

(+2) (-3); (+8)(-2); (—3G49; G2) G8); 
(—3) (—5); (+3) (—5); (—2) (+5); (—2) (—5); (—3) (4-6) 


_ $37. Turning-tendency. The laws of signs may be 

illustrated with the bar, Fig. 241. A light bar supplied 
with equally spaced pegs is 
balanced about its middle 
point M. With a number 
of equal weights, w, the 
following experiments are 
eS performed: 


U, Us la dade LY 
[yl 


1. Hang a weight of 2w on 
the peg li. This weight tends 
to turn the bar. Note the num- 
ber of weights that must be 
attached to the hook, H,.to 

Fic. 241 balance this turning-tendency. 

Now hang the same weight 2w 

on peg 2 and measure its turning-tendency by attaching to the 
hook, H, weights sufficient to balance the bar. 


2. In a similar manner find the turning-tendency caused by 
the weight 2w on the peg U3; on U4; on Js. 
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A large number of experiments like 1 and 2 have shown 
the following: 

1. The turning-tendency, or leverage, varies as the dis- 
tance of the peg from the turning-point, M. 

2. The turning-tendency is equal to the product of the 
weight by the distance of the peg from the turning-point. 

The same two facts are true on the right side as on the 
left, but the bar turns in the opposite direction. 


338. Direction of turning. The following method has 
been agreed upon to distinguish between the two directions 
of turning. When the bar turns, or tends to turn, with 
the hands of the clock it is said to turn clockwise; if it 
turns, or tends to turn, against the hands of the clock, it 
is said to turn counter-clockwise. Weights attached to the 
peg are downward-pulling weights, and are designated by 
the — sign. Weights attached at H pull upward on the 
bar and are designated by the + sign. 


339. Lever-arm. The distance from the turning-point 
to the peg where the weight, or force, acts will be called 
the lever-arm or arm of the force. Lever-arms measured 
from the turning-point toward the right will be marked 
+; those toward the left, —. 

For example, if the distance from M to peg 7 be repre- 
sented by +1, then the distance from M to r, will be +4; 
from M to l; by —3, and so on. 


340. Multiplication of positive and negative numbers. 
By means of the apparatus, Fig. 241, the product of 
positive and negative numbers is now to be found. 


EXERCISES 


1. Find the product (+4) (+3). 
Whatever device may be used for finding this product, the result 
must agree with the result from arithmetic; i.e., it must be (+12) 
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Let (+4) represent an arm 4 pegs to the right and (+3) a force 
pulling upward on the bar. The direction 
of turning is counter-clockwise. If it is 


+3 
( vey agreed to call this the plus direction then 
eee the turning-tendency, 
Fic. 242 T =(+4)(+3) =(+12), 
agrees with the arithmetical product 4X3. 
2. Find by means of the bar the following products: 
(+2)(+4); (4+10)(+6); (+a)(+0). 


3. Find the product (+4)(—3). 

This means that at the fourth peg to Ke © 4 
the right a downward force of 3 weights -3 
is attached, Fig. 243. The direction of Fig. 243 
turning is clockwise and will be called 
minus, since it is opposite to the positive direction. 

Hence, T =(+4)(—3) =(—12). 

4, Show by means of the bar that (—4)(+3)= ( 12). 

5. Show by means of the bar that (—4)(—3) =(+4 12). 


6. Compare the result of exercises 1, 3, 4, and 5 with the 
sign law (§ 336). 


7. Using the sign law find the products of the following, 
doing all you can mentally. 


1. (+5)(+3) 13. (—3)(+8) ‘25. (—c)(—pr) 

2. (—5)(+3) 14. (+9)(+ 9) 26. (—3$)(+2y) 
3. (—5)(—3) 15. (—§)(—3)) 27. (—58)(—az) 
4. (+5)(—3) 16. (+35)(—%) —-28. (—5a)(+0) 
5. (+8)(+6) 17. (—6$)(—6$) 29. (—23c)(—25d) 
6. (+2)(—2) 18. (+63)(—63). 30. (+:742)(—74y) 
7. (—6)(—2) 19. (—6$)(+6%) 31. (+5)(—gl’) 

8. (—3)(—4) 20. (+6$)(+6$) 32. (—7)(—g?l) 

9, (—4)(+2) 21. (+3)(—a) 33. (—10)(+2z) 
10. 2. —3 22. (—3)(—2) 34. (+12)(—ay?) 
ll. —3-—4 23. (—7)(+rs) 35. (—16)(+abc?) 
12. (3)(+4) 24. (—a)(+pq) 36. (+bc)(—a) 
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Multiplication by Zero 

341. The product 4X0 means 0+0+0+0=0. In 
general aX0=0. Why? Since ax0=0xa, it follows 
that OXa=0. Why? This illustrates the following 
theorem: The value of a product is zero if one of the factors 
ts zero. 

EXERCISES 
1. Show by means of a bar that ax0=0; 0Xa=0. 
2. The dimensions of a rectangle are a and b. Keeping b 


the same, bisect a and form a rectangle of dimensions ; and b. 


Bisect and form a rectangle of dimensions j and b. What are 
the areas of the rectangles formed ? 


3. Find the’areas of rectangles having the following dimen- 
sions: => b; a b; = ee As one side of the rectangle 
becomes smaller and smaller approaching nearer to zero, how 
does the area change? Show from this that 0xb=0. 

4. Show by means of the bar or by means of the rectangle 


that 0x0=0. 
Product of Several Factors 


342. The product of several factors is obtained by 
multiplying the first factor by the second, the result by 
the third, etc. Often, however, it is more advantageous 
to rearrange the factors before multiplying. 


EXERCISES 

1. Find the values of the following products: 

(+3) -4+(—6) -5- (—2); 

$< 6+ (—2.8) « (—1.2); 

(—$) - Cs") (—4) (2). 
2. Find the values of the following powers: (—1)?, (—1)%, 

(—1)4; (—2)2, (—2)8, (—2)4, (—2)§; (—3)?, (—3)*, (—3)*. 

3. Find the value of 2x?—42*—5z+3 for z= —3. 
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4, Find the value of x3—3a%y-+4ay?—5y? for z=-2. 

5. Find the value of 52°+62?+32+4 for s=10. 

6. Compare the values of the following: (—2)’ and —2%; 
(—2)4and —24; (—z)* and —2*; (—z)‘and —z*. 

7. What is the sign of the product of 7 factors, 4 of which are 
positive and 3 of which are negative? 


8. What powers of negative numbers are snoldiuat Nega- 
tive? 


Law of Signs for Division 


343. Division. Dividend. Divisor. Quotient. To 
divide a number 12 by 3 means to find the number which 
multiplied by 3 gives 12. Thus, the product 12 and one 
factor 3 being given, the process of finding the other factor 
is division. za of 12 by 3 is indicated in the fol- 


lowing ways: 12:3, 12+3, or 12/3. 


% ? 

Division in algebra has the same meaning as in arith- 
metic: the product of two factors and either factor being 
given, the operation of finding the other factor is called 
division. The given product is the dividend, the given 
factor the divisor, the result of the division the quotient. 


EXERCISES 

1, Since —10=(+2) (—5), what must (—10)+(+2), or 
—10 10 
79 be? =5? 


2. Answer the following questions, giving reasons for your 
answers: ‘ 


1. (+12)+(+3)=? 5. (—12)+(—3)=? 
2. (+12)+(+4)=? 6. (—12)+(+4)=? 
3. (—12)+(+3)=? 7. (+12)+(—3)=? 
4, (—12)+(—4)=? 8. (+12)+(—4)=? 


oa 


, 
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344. According to the definition of division: 
(+<ab) + (+a) =(+5) for (+-a) (+b) =(+ab) 
(+ab)+(—a)=(—b) “ (—a) (—b) =(+ab) 
(—ab)+(+a)=(—b) “ (+a) (—b) =(—ab) 
(—ab)+(—a)=(+b) “ (—a) (+b) =(—ab) 

Examine these equations and state the sign of the quotient: 

1. If the signs of dividend and divisor are alike (i.e., both 

+, or both —). 

2. If the signs of dividend and divisor are unlike (i.e., one— 

and the other +). 

State the law of signs for division and compare the 

statement with the following: 


345. Law of signs in division: Jf dividend and | a 


have like signs the quotient is positive; if dividend an 
divisor have unlike signs the quotient is negative. -— 


EXERCISES 
1. Using this law give answers to the following questions: 
1. t¥-? 5. 74-2 9. ao! 
2, + ? 6. +P at 10. a? 
3. So? 7. en? 1. ea 
4. Bat g, at 12. aed 


2. On a winter day the thermometer read —4° in the morn- 
ing, —1° at noon, and —6° in the evening. What was the 
average temperature ? 

To find the average (mean) temperature divide the sum of the 
readings by the number of readings. 

3. Define quotient and show that a number divided by itself 
gives the quotient 1. 

4. Show that a number divided by 1 gives that number as 
quotient. 
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5. Show that 0 divided by any other number gives 0. 


346. Division by0. The quotients 5 ‘ = = : 5 eee 
etc., have no meaning, for a number multiplied by 0 
cannot give 1, 2, —5, a, ete. 


The quotient 0 is undetermined, as every number 


multiplied by 0 gives 0. 
Therefore it is assumed that in all quotients hereafter 
the divisor is not zero nor equal to zero. 


EXERCISES 

1. Solve the following equations: 
1. c+14=10 4. 32=—y 
2. —4r=8 5. a+3=-—§ 
3. 8+2=-3 Ey YR. 
6. Qn = 55 


2. Find the quotients of the following, doing all you can 


mentally: 
1. (+4) +(+3) 


. (+9 +(4+%) 
. (+4) +(-3) 
. (+8) +(-9) 
. (—8) +(4+%) 
. (+3) +(-)) 
. (—9) +(-4) 
.(-® +(+8) 
. (—3) +(-4) 
. (+4) +(4+8 
. (-49) +(-% 
.(-3) +(4+9%) 
» (+44) +(-%) 


DONA wh 


a 
ar wond & © 


16. (—2a) +(+2) 
17. (—2a) +(—a) 
18. (—5b) +(+5) 
19. (+12zr)+(—4z) 
20. (—a) +(—}a) 
21. (+a) +(—{a) 
22. (—a®) +(+a) 
23. (+a?) +(—a?) 
24. (—a‘t) +(+a’) 
25. (—6a*) +(+8a) 
26. (+4ab)+(—5) 
27. (+4ab)+(—2a) 
28. (—3axr)+(+32) 
29. (—2zy) +(+2y) 
30. (+6%r)-+(—34n) 


ies. ” 


POSITIVE AND NEGATIVE NUMBERS 199 
31. (+ar*) +(—ar) 38. (—7$yz) +(—114y) 
32. (—ar*) +(+r°) 39. (—16}yz5) +(+42y2) 
33. (—abe) +(—a) 40. (+6.82az) +(—31a) 


34. (+abe) +(+ac) 41. —3(a+6) +(a+b) 
35. (—abe) +(—ac) 42. (—72a*') + (—6a%") 
36. (—arr) +(+ar) —96r524 + —12rz4 
37. (+7$ar) + (+23a) (is) 36mintz?+ +6min’ 
3. Find the values of the followmg expressions: 
1. (+324) +(—2*)+(—z); (—3z) - (—42%) +(—62%); 
(52*—32*)+2zr; for r= — 2. 


a®—a 
2. ~ for a=6, b=5. 
3. —t +4) for z= —2. 
7(—z)? 
Summary 


347. The chapter has taught the following: 

1. Positive and negative numbers may be used to 
distinguish between the opposite senses, as upward 
and downward, to the right and to the left, gain and 
loss, ete. 

2. Statistics containing positive and negative numbers 
may be represented graphically. 

3. Positive and negative numbers may be added and 
subtracted graphically. 

4. The sum of two numbers having like signs is the sum 
of the absolute values with the common sign prefixed. 

5. The sum of two numbers having unlike signs is the 
difference of the absolute values prefixed by the sign of the 
number having the greater absolute value. 

6. The value of a sum is not changed by changing the 
order of the addends. 
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7. To subtract a number change the sign of the subtrahend 
and add the result to the minuend. 

8. The product of two numbers having like signs ts 
positive; of two numbers haying unlike signs, negative. 
_ 9. The turning-tendency caused by a force acting upon 

a bar is equal to the product of the force by the lever-arm. 

10. The value of a product is zero if one of the factors is 
zero. 

11. Factors may be changed in order before finding the 
product. 

12. The quotient of two numbers having like signs is 
positive; of two numbers having unlike signs, negative. 

13. Numbers may be multiplied graphically or a 
turning-bar may be used to explain multiplication of 
positive and negative numbers. 


BLAISE PASCAL 


BOL At 8, P- A. SC AUCs 


LAISE PASCAL, a natural but somewhat 

erratic genius, was born at Clermont, 
France, on June 19, 1623, and died at Paris, 
August 19, 1662. He had displayed exceptional 
ability by the age of eight, and, despite the dis- 
couragements of his father and his teacher, 
became greatly interested in geometry at twelve 
years of age. Deprived of books on geometry, 
he discovered for himself many of the properties 
of figures. Seeing the boy’s determination to 
study geometry, his father gave him a copy of 
Euclid’s Elements, which he mastered in a few 
weeks. 

At the age of fourteen Pascal was admitted to 
the weekly scientific meetings of the French 
geometricians; at sixteen he wrote an essay of 
marked originality on conic sections, and at 
eighteen he constructed an important calculating 
machine. Thereafter he studied for a time ex- 
perimental science, then religion, then returned 
again to mathematics. He formulated a new 
theorem of conics, still known as “Pascal’s 
theorem,” and invented and employed his arith- 
metical triangle for figurate numbers from which 
the coefficients of the expansion of a binomial are 
obtained. He laid down the foundations of the 
theory of probability, did much work on the 
cycloid, and exerted himself on the theory of 
indivisibles. He is said to have worn himself 
out completely through excessive hard work, so 
that he died of old age at the age of thirty-nine. 
See an account of his life and work in some history 
of mathematics. 


CHAPTER XIII 
ADDITION AND SUBTRACTION 


Review of the Laws of Addition 


348. The laws of algebra, § 67, which in chapter II were 
shown to hold for addition of literal numbers hold also 
for positive and negative numbers. 


_ 1. Commutative law. Show graphically that 
(+8) +(—3) =(—3)+(+8). 
This illustrates the commutative law: 


The value of a sum remains unchanged by changing 
the order of the addends. 


2. Associative law. Show graphically that 
(—5)+(+3)+(—2)=[(—5) +3]+ (—2) = (—5)+[(+3)+(—2)] 

This problem illustrates the associative law: 

In adding several numbers the sum is the same in what- ~ 
ever way two or more of the numbers are combined into a 
sum before adding in the rest. 


349. Similar terms. Terms which have a common 
factor are said to be similar with respect to that factor and 
are called similar terms. Thus, 


$a2?y?, 122°y?, —8r*y’ are similar terms. Why? 
Also V 5a%bc?, 10a*bc?, —3a*bc*. Why? 


350. Dissimilar terms. Terms which have no com- 
mon factor are called dissimilar terms, as 4a” and —3cb’. 
201 
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EXERCISES 
Bi out with respect to what factor the following terms are 
similar and give the coefficients of the common factor: ; 


1. 42; —72, 202, 352 \ ve. 


2. ax, —252, —ba, 46x 
3. —8pq*r, —14pq*r, —12pq’r e 
4, 3a, —5a°b, + 70%, —3a° Sd 
5. 2ax, 3ax, —7ax, —Sar 
Pa —8pq’, big’, Ske, 12sq° 
! Addition of Mono 


351. Express the sums of the f wing numbers i in thy 
form of a polynomial and combine like terms: 


“EXERCISES . 
» 1, 40%, —a’b, —5a*b, a2b, —3a° 
’ . The common factor is a*b. The coefficients of a%b are 4, 


—5,1, —3. The ee of the coefficients is —4. Hence, the requi 
um 1s —4a’b, 

, 
10xy”, “by, —2zy*, pay? ? —dzy* 
e common factor is zy*. The coefficients of zy* are 10, —4, 
1, —5. Thesum of the coefficientsisO. Hence, the 
aoe is 0. Why? — 


3. +15a, —7a, +18a 

4, —1822, —12z%, +152, —322 

5. +2}ab, +33ab, —43ab, —53ab 
6. +27abc, —35abe, +10abe, —2abc . 

7. 3(a+b), —4(a+), 12(a+) Pa a 
8 

9 


» —8(@?+y*), —24(2*+y"), 17(2*+-y?) 

. —33(pr—@), +53 (pr—q), —4y'o(pr—@’) ° 
10. 18(mp—3s)?, —15(mp—3s)?, —37(mp—3s)2, 14(mp—3s)? 
11. a(e+y+z), —b(e+y+2), —c(x+y+e), d(a+y+z) aa 


baal i ; 


_ 


", 
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12. 15az*, —7bz?, Sdx?, —5ex? 
13. 58%, —122°y, +7z%y, —3s% 
.* 14. —273ab, +18}ed, 15$ab, 143cd 
7 * 15. 5az,-32,2 
16. 9a*b*, —3e¥y’, 4a*h*, —4c*y*, —3a%b? 


. 17. 3mp?, —Smp*, +5a°x, —3a%x, —4mp?, 2a%x ‘ 
, 18. —4st, —t, 3t, +5st 
19. ar*p, sp, —br*p, pr’, —cpr* x @ 


20. 27(a+b)?, +4c, +15a, —12c, —15(a+b)?, —8a 
21. a(a—b), b(a—b), —c(a—d) 
: 22. a*(a+b), —2ab(a+b), b2(a+b) 
23. —63(a+b), 3(a°+b*), —2(a*+b*), +83 (a+b) 
- 24. r(r+p), —3r(r+p), 3r(r+p), r+p 


Addition of Polynomials 


© a2. The law for adding polynomials may be seen 
_ from the following two problems: “) 


1. The main stairway in a school consists of four flights « 
stairs, having a, b, c, and d steps, respectively. Le 
If a pupil g and down 8 times in one day, how man 
~ st@ps does he ner 
Ifa pupil goes up and down the stairs 5 times on Monday, 
6 times on Tuesday, 4 times on Wednesday, 5 times on Thursday, 
‘and 4 times on Friday, how many steps does he take on the 
staifway every week? 
*. On Monday: 10a+10b+10c+10d 
On Tuesday: 12a+12b+12c+12d 
On Wednesday: 8a+ 8b+ 8c+ 8d 
- On Thursday: 10a+10b+10c+10d 


> On Friday:  8a+ 8b+ 8c+ Sd © 
ss emer acae 


Thus, these pol Is are added by adding 


4 “* 
rok + aw +. 


204 FIRST-YEAR MATHEMATICS 


2. Add: +27x2—15ay+18y? 
—132°+30ry— 5y? 
The sum, 142?+15ry+13y* is obtained by adding similar 
terms in the polynomials. 
Frequently the work is arranged as follows: 


(27x? —15ay + 18y?) + (— 132?+30zry — 5y*) = + 1422+ ldzy+13y* 


353. Degree of a number. The degree of a number 
is denoted by the exponent of the number. The numbers 
x, y®, z* are of the second, third, and fourth degree 
respectively. 


The monomial 5ab*zr*y? is of the first degree in a, of the 
second degree in 6 and y, and of the third degree in z. 


354. Degree of a monomial. The sum of the expo- 
nents of the literal factors of a monomial is the degree of 
the monomial. 


Thus, 2”, 4ry?, 32°yz* are respectively of second, third, 
and sixth degree. 


355. Degree of a polynomial. When a polynomial 
has been reduced to the simplest form, the degree of the 
term having the highest degree is the degree of the poly- 
nomial. Thus, 2?+2y+2xr+2y-+4 is of the second degree; 
z+223 +22! —32*—6x—3x'+7 is of the third degree, 
although in form it is of the fourth degree. 


356. Descending power. A polynomial is said to be .* 
arranged in descending powers of x when the term of the * 
highest degree in z is placed first, the term of next lower 
degree second, etc., and the term containing x placed 
last. Thus, the polynomial — 420! — —32°+40°+7+2,. 
when arranged according to descending powers of x, takes 
the form 2a4+-5a3—32°+2+7. 
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357. Ascending powers. When arranged in tha order 
7 +2 —32°+525+2r*, the polynomial is arranged according 
to ascending powers of x. 


Find the sum of the following polynomials: 
—42°+22°—32+6, 7—2°, 6239-4243, —273—222+7 
Arranging according to descending powers of x: 
+227 —427*-—32r+ 6 
= 4 7 
627 —4z+ 3 
eee 
Adding 62° —72* -—7x+23 
Check: Let x=1. Then 
22*—427°-32+6= 1 
— 4+7= 


6 —7 —74+23=15 
358. The problems in §§352 and 357 illustrate the 
following law for adding polynomials: 
Addition of polynomials. Polynomials are added by 
adding similar terms. 
EXERCISES 


Add the following polynomials and reduce the sum to the 
simplest form. Test by substituting values for the letters. 


1. 5a+3b+9c, 2a—10b—2c 

. 3a-+4y4+2z, 52+6y—5z 

. 22+5y+72z, r—8y+3z 

. 6a+15e—17b—8d, —7a+21d+15b—12c 

. Tm—n+3p, 5m—4p, 2m+6n—5p . 
. —3a—7b+14c, —1la+20b—34e 

F Smt 16n-+4p, m—4n+6p, 2m—2n—10p 

. 14k-—1114+12m, —3k+12l—6m, —12k+1—2m 


on OD oH -& WH tO 
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9. 25a—6y+14z, —222+11ly+2z, 1lz—10y+8z 

10. 7a2—15c?+23b?, —6a?+ 12c?—218? 

11. 224 2ry+y2, 2?—2ry+y*, 2?—4Aary, 4eyt+y* 

12. 292y—7y?+242?, —14ry—362°+36y* 

13. 6.222—12.5ay—2.5y?, —4.127+6ry+ .03y* 

14. §2?—jay—4y, —2°—fayt2y, $2°—zy—5y* 
9 15. 8a?—7a?—1la, —6a?+2a+10, 4a°+9a—5 

16. 523—102?—2zx—12, —92°+2?—7r+14, 32°-—2z+5 

17. 9239—322+42—7, —42°+327+2r+8, 427-2724 82r—4 

18. p°+3p?+4p—6, —p’—2p+1, p?—1, 3p*+2p+2 

19. —18a°b?+12a!—8a%, 430% —a°b?+33a* 

20. —23a%b+41a%e+56c2b— 15b*c, 
—6a%+ 26a%e-+59c% —26b%c, 25a%e-+19b%e — 18¢% 

21. 5(a+b) —7(a2+b*)+8(a°+), 
—4(a3+b*) +5(a?+6") —5(a+b) 

22. 5a3(a+b) —6a2b(a2+62) + 3ab?(a?+b'), =~ 
a°)(a2-+b) +-a5(a+-b) —7ab%(a?-+b*) CA 

23. B(a+d c)— “Heldipites ) 1/91 Wee 

=F @hb+e) +9 (ahb+e)—Fatb— ey a+b Fo) 

24, 5(a+b)*—7(a+b)?+4(a-+), NM 


ay 8(a+b)*— 2(a+b)?—5(a+d) . 
a 25. 2(e+y)?—6(a@+y)+1, =e ers 6, 
4 (e+y)P—(@t+y)+2 > 


26. 6(lr-+t)+7(I—n)+tz, 5tz—S(Ir-+t)—5(I—n), 
3(Ir-+t)—(I—n) —4tz 


y —~ Subtraction ee 


x 
y < 359. It has been sho (§ 334) that subtraction of 
algebraic numbers ways be changed into addition 
by the following 7 
»” 
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To find the difference of two numbers the sign of the sub- 


trahend is changed and the result added to the minuend. 


Thus, ra x +5x 
_7r} may be replaced by pee 


ome 2 Mache” 


S means subtract, A means add. 


EXERCISES 
Subtract the lower monomials from the upper: 
1 16¢ —4a —-10s —73a +1522 —-—15 ab 
—hz +17a -—2s8 +330 $—172? —18}ab 
2. +5m*pr  =— 83(ptg) —73(c-y) +11m*(a—2b%) 


—4mpr  +143(pt+qg) —53(z—-y) +29m*(a—2b%) 


360. Instead of writing the subtrahend under the minu- 
end, it is often written on the same line with the minuend, 
connected by a minus sign, —. Thus, (+5r)—(—7z) is 
equivalent to (+5z)+(+7z) or +52+7z or +12z. 

Omitting the second step the work may be written as 
follows: 
pa (+52) —(—72) =5¢+72= +122 


EXERCISES 

Reduce the following to the simplest form, doing all you 
can orally: 

1. (+5ab)—(+12ab); (S2*y) —(—32*y); (—12ab4) —(+-8ab4) 
» (—2z4y)—(+224y); (—75a*rP*) — (— 5407”) 
. (—18p*f*) — (63pf); (+25s*gh) —(—75s*gh) 
. (—33hk) —(—2. 4k); (+8. 7 p's") —(—4 5p'¢'s") 
. {—5(a+b)}—{+7(a+b)§+ b 

Bae 


oo -® WwW bo 


_ v 


FS _. 


} : a Se - e 
7 
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6. {+183(a+b+c) | —{253(a+b+c){ 
7. {+4(e—f) }-—} -20@-f) | + 110(e-f*) § 
8. {—3.4(v—h2)}+ | —4.5(e@—A*) } —{2.1(°— 2) } 


. 


Subtraction of Polynomials 


361. When the subtrahend consists of more than one 
term the subtraction may be performed by subtracting 
each term of the subtrahend from the minuend. 

For example, when we wish to subtract 7 dollars, 
4 quarters, and 10 dimes from 15 dollars, 8 quarters, and 
30 dimes, we subtract 7 dollars from 15 dollars, leaving 
8 dollars; 4 quarters from 8 quarters, leaving 4 quarters; 
and 10 dimes from 30 dimes, leaving 20 dimes. 

The subtraction of algebraic polynomials is then not 
different from the subtraction of monomials and may 
again be reduced to addition. 

Example: 

+92? —1l4ry—12y° 
—T2-+ Sry —15y* 


+92? —14zy—12y? 


may be replaced by 41s) Gey hltal 
A 


Ss Ne 
The result is: ; 162*—19xry+3y* 
EXERCISES 


1. Subtract the lower from the upper polynomial: 
1. a?+2ab+b? 3. @b?+at—b!—3a%>+4ab) 
a®—2ab+b? —a*b?—at—b*—3a% —4ab 


2, 4a?—2xy +8y? 4. 28+ 3a*yt+3ey+ y% 
4x? —4e4y— y* —d32°y+3zry?—3y' 


2. From c’\—2a%e—d'—r? subtract —a*e—3d3—1r?—c3, 

Without rewriting the following polynomial is obtained: 
& —2a’c —d§ —r2?+a%e+3d +r2+¢8 

Combining similar terms, we have 2c} —a%c+2d3, 
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3. From —17x*+16y*+42°y—292ry—352%y? subtract 
+ 15y*— 41277 + 82*y — 1824— 25zry*, without rewriting the poly- 
nomials. . 

4. From 12ab—3ed+12ry subtratt 3ab+2cd—11zy. 

5. From 8ry—3r+4y subtract —4ry+3zx—4y. 

6. From 16m'—Smn?+4n* subtract 7m?—4m?n+ 14n3. 


The preceding problems have illustrated the following 
law: 


Giorraction of polynomials. Polynomials may be sub- 
by changing mentally the sign of each term of the 
_ subtrahend and then adding the resulting polynomial to the 
EXERCISES 

Subtract as indicated, doing as much of the work as you 
can mentally: 

1. (4-17z2—14zy—15y*) — (— 1627+ 12zy—9y") 

2. (45a°y*—2724+ Sly) — (7324+ 45y4+ 6527y?) 

3. (272°—62*y+8y*) — (—152°+ 8zy*—4y*) 

4. (—56g*+27g%h—14gh*) — (— 13g*h+ 18g*h? — 6yh?+25h4) 


5. (—5at%x+ 10bry+24b*y — 18ary) 
— (—6b*y+ 12ary—4a*x —2bry) 


6. (—9m*pg—5m*p — 14m*q*) — (—6m*p — 10m*pg— 13mg") 
7. (2r°-+-1°s-+-rs*+ 28") —(r°+3r°s+-3rs?+8*) 

8. (+42°—322y+12y?—7zry*) — (2y?§—32y*?+42*y+72*) 

9. ($2—341m?+4}m—32m) — (Flm?+ 530m —20'—3m') 


10. (5%abe—7 $0 —8Fb%c—6}c2a) 
— (440° —53c2a+3habe+74b%) 


11. (3.4v°s'—5. 7v4s?+-9. 808s?) — (—1. 704s? —3 . 2v%s?— 408s!) 
12. (4¢— 74/9) — (33197 —7 . 64+534f*-+ 6f%) + (230f —33¢f?) 
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13. (—23k%m1+7 . 5k*m?l—3 .24km'l) 
—(3{kml—3 . 6k?m*l— 5. 4k*ml+6kml) 
14. (3ax*—4syz*) — (—2ar*+4y?—52*+3syz5) — (2y?+32*) 
15. (—5mv?—3mvu+4mu2) — (+3mr*—6mur—4nuv+9mu*) 
16. Compare the signs of the terms of the subtrahend in the 
separate parts of exercises 1-15 before and after the parentheses 
are removed. 


17. State a rule as to the effect of a minus sign in front of a 
polynomial in parenthesis. 


18. State a similar rule as to the effect of a plus sign. 


Removal of Parentheses . 


362. Parentheses. Numbers are grouped by inclosing 
them in a parenthesis, thus, (). Other symbols used for 
this purpose are the brackets [ ], the brace } {, and the 
vinculum ——. Thus, the expressions (a+b)+(a—b), 
[a+b]+[a—t], ja+b}+{a—bj, and 2+? all indicate 
that a+b is to be divided by a—b. Similarly, to indi- 
cate that c+d is to be subtracted from a+b, any of, 
the following symbols may be used: (a+b)—(c+d)e 
[a+b]—[c+d], ja+b}—jc+d}, ora+b—c+d.* 


EXERCISES 
1. Give the meaning of the following: 
1. 7—{5+(8—2)} 
2. —8—[5—j—4+6}] 


*The Italian Bombelli in an algebra of 1572 used a symbol 
which amounted to a parenthesis. Viéta (1540-1603) was the first 
to employ the parenthesis ( ), the brackets [], and brace } {. 

Girard (died 1632) perfected the parenthesis to the modern 
usage. 

Descartes in 1637 introduced the vinculum 
use it. 


, in the way we © 
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3. 2(a+b)—4{a—2a—3b} 
2. Perform the following operations and simplify results: 
1. 4—{5—(e—4)} 
83— {4k*—(3k*—53) | 
4P— jP—3+3e—-} 
2f—6f—39—4f—(29—4f)] 
Ox— {5y—(6y+72) —(7y—42) 
—3a‘+[4a*— (3a*—5a*) — (4a°+3a)] 
16¢*— } —42e*— (3e*-+2) } — (50e*+-3) 
7.5p?—[3.4p*—4.2p*+1.6p?—3 .4p?—4. 5p] 
3k*— {2p°+—p*+r} —[p?—r—(*+1)] 
105s*— l4st+3P+ }4st—20—(5s*—2st) | 
—[8rl—(3r?—39)] — {4r*—5rl—2P | + (2r?-+22) 


SONA ew 


— 
= © 
. . 


Summary 

363. The meaning of the following terms was taught 
in this chapter: degree of a number, of a monomial, of a 
polynomial; ascending and descending powers; brackets, 
brace, vinculum. 

The chief uses of the vinculum in modern algebra are: 

1. The dividing-line of a fraction is a vinculum over 
the denominator. 

2. The bar of a radical sign is a vinculum over the 
number underneath it. 


364. The following laws have been extended to apply 
to positive and negative numbers: 

1. Commutative law. The value of a sum remains 
unchanged by changing the order of the addends. 

2. Associative law. In adding several numbers the sum 
is the same in whatever way two or more of the numbers are 
combined into a sum before adding in the rest. 
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3. To add similar monomials prefix to the common factor 
the sum of the coefficients. eo? 

4. To add polynomials add the similar terms. 

5. To find the difference of two numbers, change the 
sign of the subtrahend and add. 

6. Polynomials may be subtracted by changing the sign 
of each term of the subtrahend and then adding the resulting 
polynomial to the minuend. 

7. A parenthesis preceded by a + sign may be removed ~ 
without making any other changes. 

8. A parenthesis preceded by a minus sign may be 
removed if the sign of every term within the parenthesis is 
changed. : ’ 


LEONARDO OF PISA 


LEONARD O-—OF ft 


matician of Europe of the period from the fourth 
the sixteenth century, was born at Pisa, Italy, 
about 1175 a.p., and died about 1250 a.p. While 
still a boy he went with his father to live at Bugia on 
the coast of Algiers, at which place he was educated. 
Here he learned the Arabic system of notation and 
numeration and became acquainted with the algebra 
of the great Arabian scholar, Al Hovarezmi. He traveled 
later in Egypt, Syria, and other Mediterranean coun- 
tries, and acquired all the mathematical learning that 
he could. Returning to Pisa about 1200, he began 
writing a book on arithmetic and algebra, which he 
published in 1202 under the title Algebra et almuchabala, 
which he took from Al Hovarezmi’s great work. This 
book is commonly referred to as the Liber abaci (Book 
of the Abacus). 

In Liber abaci Leonardo explains the Arabic system 
of numeration and emphasizes its advantages over 
the Roman system then in vogue. He gave an account 
of Arabic algebra and pointed out the convenience of 
using geometry to get demonstrations of algebraic 
formulas, just as geometry is used in chapter XV of this 
text. He also solved simple equations, showed how to 
solve a few quadratics, and illustrated his rules by prob- 
lems on numbers, much asisdone here. The Liber abaci 
contained much material of historical value about 
Arabian mathematics, which was then more highly 
developed than European mathematics and was also 
unknown in Europe. This book was the source and 
authority for arithmetics and algebras in Europe for 
centuries. 

Leonardo wrote a book of Geometrical Practise, 
another on Squares, a tract on determinate algebraic 
problems, and a few other minor works, none of which 
ever acquired the celebrity of his Liber abaci. For 
fuller details about Leonardo's work, see Ball’s History 
of Mathematics, pp. 167-70. 


L EONARDO FIBONACCI, the greatest mathe- 
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MULTIPLICATION AND DIVISION 
Multiplication of Monomials 


365. In finding the product of two or more monomials 
it is assumed that the commutative law, § 152, holds for 
positive and negative numbers. 

Find the product: (2a*b)(—3ab*)(—4b?) 

The sign is determined by the sign law, § 336, and is found to 
be+. Why? 

The factors are then rearranged as follows: 2-3-4a?-a-b-b?-b?, 
ie., the product of the arithmetical factors is formed first and then 
the product of the literal factors. 

Multiplying, we have 

(2a*b) ( —3ab*) (—4b*) = +240*b® 

This problem illustrates the following method of multi- 
plying monomials: 

Multiplication of monomials. To find the product of 
two or more monomials: 

1. Determine the sign of the product according to the law 
of signs in multiplication. 

2. Find the product of the arithmetical factors. 

3. Multiply this product by the product of the literal 
factors. 

Find the following product and test the result for a=1, b=1, 
z=2, y=3: 

(2ay)(—4a%bzx) (—3ab*x*y*) = +2-4-3a-a*-a-b-b*-x-ay-y? 
= +24a'b*r'y* 

Test: (6)(—8)(—216) =10,368 

24-1-1-16-27 =10,368 
213 


214. 


1. Simplify the following products, doing as much of the work 
as you can mentally: : 

ti 
- (2mé*)(—3mit)(—5m*) 
- (6a*bc*) (4a*b*c) (3a*b*c*) (Sab*c*) e 
. (+8. 2a?mb)(—3 . 5amn*b*) (4. 3m?n*d) 
. (—3axpgq’r)(—23xp’*qr) (—4zpqr*) 


jad ed 
- © 


» (—232"y)(—532*y*z) (+162%yz") 
» (—537¢%)(+55¢"r*)(—14r*p) 
. (43¢8s2u8) (— 25 42s5ul2) (— zy fs7u8) 
. ($a*x)(—10aby) (—6ay) (Fry) (Fab) 
. (3by*) ($a%x*y) (— 7 ax*y) 
- (—2)? 77-2)"; (—2)%, (-—-2)* 
. (—3); (3); (a); (38 
- (—2)2(—3)*(—4)(2)* 
. (—a)*(—a?)(—a*)(—a)* 
. (—a?)(+a‘)(—a*)(+a)? 
. (—a)*(—a)(—a)*(+a') 
. (a®)?(—a®)*(—a*)§(a’) 
. (3p*)?(—p)5(—5p')? 
he —Faryraey 
» (a+b)%(a+b)5(a+b)? 
- 8(@+y)(x—y)* + 4(v+y)(x—y)® 
2. Find the value of the following: 
1. (—3)(—2)+(4)(—5) —(—3)(2) —(—2)8 
2. 2?—62+9 for z=2; forz=—3 
3. v4—325+222+42+6 for z=-2 


CONAN P wD 
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EXERCISES 


(+17)(+25)(—8) 


(0°) (—4ab*x) (—Bsabz*) 
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3. Find two factors of each of the following products: 
36x*y*z; —72a%*; 51p'yr?; —18a%z* 


4. Solve the following equations: 


r 1 =z x 
ere ce a 
- 


Multiplication of Polynomials by Monomials 

366. Distributive Law of Multiplication. It was found 
in chapter V, § 158, that a polynomial may be multiplied 
by a monomial as follows: 

To multiply a polynomial by a monomial multiply every 
term of the polynomial by the monomial and add the resulting 
products. 

This is called the Distributive Law of Multiplication. 

EXERCISES 


Multiply as indicated and test by substituting values for the 
letters: 


1. 52(z?—3zry+5y*) 


2—3ry+5y 
5x 
Product: 5a*—15z*y+25zry* 
Check: Let z=1, y=2. 


Then 52(2?—3z2y+5y*) =5(1—6+20) =5 -15=75 
and = 52°—152*y+252y* = 5—30+100=75 


. 63ab(3a*—6ab+ 126") 

. 8a(4a—5b) +5b(6a—3d) 

. —5. 72%} Rabr—1y4yaby—2Pery2+ rebyz) 
. (3a*b?+-4ab?+ 2b") 2ab 
(aPyt§—4aty>+ 6a*y’ —925y')3..52*y* 

. 2(3a—2b) —5(a+3b) +2(3a—b) 


IO - wo NW 
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8. 2a+b(a—2b)+(4a—b)3+0 

9. (a?—52+6)2r—(x+1)32*—2(2?—72+4) 
10. 5a2(2ta?—44ab—3. 5b?) —4b?(34a?+ 2ab—25b*) 
11. 42°(32—2y) —2ry(32—2y) + (82—2y)6y? 
12. 2(3a?—44ab+7b?) — (4a2+53ab—83b*) 
13. 2?—[3a(2?—2) —22?(x+1)] 
14. 4a[(1—a)2a?+ (8a+1)3a*} 
15. 5a}4a—2(3a—4b) +5(4a—36) | 
16. 2a}5(4a—7b—3c) —6(5a+4b—8c) t 
17. —42[27?+32/4(x—1)—5(x—2) {] 
18. 5y°—[3y®—2y{4y(y+3) —5y(2y+6) |] 


Multiplication of Polynomials by Polynomials 


367. When the dimensions of a rectangle are poly- 
nomials the area can be found by separating the rectangle 
into’ other rectangles whose dimensions are simpler 
numbers. 


EXERCISES 


1. Using the heavy dividing line, express the area of the 
rectangle of Fig. 244 as the sum of two rectangles. Express the 
area also as the sum of four rectangles. 


c d d 
a a a ae 
b b b b 
e d c a 
Fia. 244 Fig. 245 


2. Express the area of the rectangle of Fig. 245, (1) asthe sum 
of two rectangles; (2) as the sum of four rectangles. 
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3. Write the areas of the rectangles whose dimensions are 


given below as the sum of two or more wes Simplify 
the polynomials thus obtained. 


Length : Width 
1. 3+4 6+2 
2. at+6 a—2 
3. a? +b°+2ab a+b 
4. 2+2ry+y* z—-y 
5. a—b a’—2ab+b? 
6. 5+2 25+ 10z+2? 


The rectangles of exercises 1, 2, and 3 are first expressed as the 
sum of two rectangles. Thus, for the rectangle in exercise 1, 
(a+5)(e+d) =a(c+d)+b(c+d). These separate products are called 
partial products of the given polynomials a+b and c+d. To obtain 
the final product, the partial products are simplified. 

This gives (a+b) (c+d) =ac+ad+be+obd. 

This illustrates the following method of multiplying 
two polynomials: 

Multiplication of sSaendlakata: Multiply every term 
of one polynomial by each term of the other and add the 


partial products. 
EXERCISES 
Multiply as indicated: 


1. (a?+-ab+b*) (a+b) 
The work may be arranged as follows: 


a*+ab+b? 

a+b 
First partial product: a® +a*b+ab? =a(a?+ab+b*) 
Second “ @bh+aP+h =b(a*+ab+b*) 
Hence, a+2a%+2ab?-+b? = (a+b)(a2+ab+b?) 


2. (ax-+by) (ax—by) 
3. (a*+-ab?-+b*) (a+b) 
4. (p?+2p+1)(p—3) 


sv ee 
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5. (2}a2—33b*) (12a?— 6b") 
6. (3pt—2ts) (Ept—3ts) 
7. (a+b+e+d)?; (a+b—2c)? 
8. (—2a—3b+c)?; (a?-+b?—3c?)? 
9. (2a?+b?+ 3c?) (2a?+-b?—3c*) 
10. (.5a— .4y—.3z)(102—20y+30z) 
11. (8y°—452ry+ 62) (3y?— 52?) 
12. (ax+by—cz) (ax+by+cz) 
13. (ax+by—cz)?; (ax—by—cz)? 
14. (3ms—4st—3tm)(6m--12s+18) 
15. (—1.42—2.5ml+ .9m?)(.2/?—Im— . 1m?) 
16. (a?-+-ab+b*)(a—b)(a+b) 
17. (42?+2zy+y") (22+) (22—y) 
18. (a+b)’; (a—b)’; (2x—y)*; (c+2y)* 
9. (4.6abe+1.2ab*)(4a%e—5a%) 
. (p+pr—1*)(p?-+prt+r*) 
. (9k? —3kt-+#2) (9k2-+-5kt—2) 
5 : (5a-+2b)*— (5a—2b)? 
43mn(4m2— 6mn+ 9n?) —3mn2(133n —9m) 
(3 (p+)? Opt— a)? 4p*(P—24)* 
(2f—3h)?— (2f+3h)?+ (2f—3h) (2f+38h) 


(92?—6ry+ 4y*) (92*+-6ry+y*) 
(.5a— .6y)*—(.5a+ .6y)?—(. 52+ .6y)(.52—.6y) 


PrPwnNn FS 


Multiplication of Arithmetical Numbers 
368. Multiplication of arithmetical numbers is a special 
case of multiplication of polynomials. 


For, in the polynomial a-10°+b-10?+c-10+d let we 
b=5, c=1, d=38. 2 
Then the pully vomial takes the form 2- 10°+5. a. -10+3 - 
=2,000+500+10+3 =2,513. / 
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EXERCISES 
1. Multiply 482 by 347. 
The number 482, written as a polynomial, takes the form 


400+80+2, or 4-10°+8-10+2. The number 347 takes the 
form 3-10°+4-10+7. Thus, 


(482) (347) =(4 - 10°+8 - 10+2)(3 - 10°?+4-10+7) 
Multiplying, (4 - 10°+8 - 10+2)(3 - 10?+4 - 104-7) 
12 - 10°4+24- 10°+ 6-10? 
16 - 10°+32-10?+ 8-10 
+28 - 10°+56 - 10+14 
12 - 10*+40 - 10°+-66 - 10?+64 - 10+14 
This is equal to 
e 120,000 +40,000 +6,600+640+14, or 167,254 
2. Write 32,569 as a polynomial arranged in descending 
powers of 10. 
3. Using the method of exercise 1, find the product 3,462 
by 3. 
4. Using the method of exercise 1, multiply 287 by 453. 


369. Decimal system. Because the arithmetical num- 
bers are expressible as polynomials in 10, they have been 
called decimal numbers. 

Thus, a decimal number is obtained by substituting 
zx=10 in such a polynomial as 2z*+5z7?+72-+58. 


370. Other systems of numbers. Substitution of 
other values for z gives a system of numbers different 
from the one with which we are familiar; e.g., c=12 
gives the number 2-12°+5-12’+7-12+8. Such asystem 
of numbers would even have certain advantages over the 
decimal system.* It is called the duodecimal system. 

’ We know that the Hindoos used 5 as a base for their sys- 
tem of numerals. 


* See Cajori, History of Elementary Mathematics, p. 2. 
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, Division of Monomials 
371. In § 367 the area of a rectangle was found when 
both dimensions are known. It will now be shown how 
to find one of the dimensions if the area and the other 
dimension are given. 


EXERCISES 
me 2 1. If the area of a rectangle is 144 sq. ft. and 
the base 9 ft.; Fig. 246, what is the altitude? 


2. Find the altitude of a rectangle of area 
144 sq. ft., if the base is 16 ft.; 12 ft.; 8 ft.; 
Fic. 246 72 feet. - 


372. Division. To divide 8 by 2 means to find a 
number which multiplied by 2 gives 8. (See § 343.) In 
general, to divide one number by another is to. find a third 
number which, multiplied by the second number, gives the first. 

oo, EXERCISES 
1. Show that a number divided by itself gives 1. 
Sinou weLadieias follows by $872 ghas Tal. 


2. Show that a number divided by 1 gives the n 
oo t =. « 
3. Show that 0 divided by a number; not 0, git 


4. Show that a product of two numbers divided by one of the 
factors gives the other factor. 


5. The following sometimes purports to be a proof demon- 
strating that 4=7. Find the fallacy: 


Two numbers a and 6 are given equal, a=b. 


Then a—b=0. Hence, 4(a—b)=0 and 7(a—b) =0. 
It follows that 4(a—b)=7(a—b). Why? 
Dividing both sides of the equation by a—b gives 4=7. 


— ay a 
& 
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6. Divide 25a%} by 5a. 
Pirst method: Since 5ab - 5a =25a*b, 25a°b +5a=5ab (by § 372). 


Second method: 
250% 5ab - $a 


Since 25a" = 5a - 5ab, in "ge 36 =5ab (by exercise 4) 


a® a® qi? a’ 
a? a’ @? a 


7. Find the following quotients: 


8. Divide as indicated: 


&r+4 18a‘b*c®+9ab‘c* 

—25a*+5a% (z+y)*+(z+y)? 

30a%%*+ — Gab? (—a)**(—c)*+(—a)*B(—c) 
Reduction of Quotients 


373. Reduction of quotients. In algebra, as in arith- 
metic, the quotient is not altered if dividend and divisor 
are both divided by the same factor. Dividing dividend 
and divisor by the highest common factor is to reduce the 
quotient to the simplest form. ,. 


The sign of the quotient is —. Why? 
The numerical factors can be divided by 7. 
The literal factors a? and. a? are divisible by a*; b‘, and b* are 
divisible by b*; and c* and c* by c+. 
_ The work of reducing the quotient may be arranged as follows: 


-a-+1-1 


a 
Tabet — “=be? ~ bet 
cf gy 


sa 


he 
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ry 412k uss! 
2. Zz aaa —2}tstu? 
560° “11, 2(-aeX-98 
ae * 3(—a)*b*(—c)* 
60% 14040)" 
4. Loam 1% <7(a-+0) 
5 —Ox'ue! 13 —94(2?—-y*)* 
* Bay " —2'—/¥* 
g, Lortst® 14, ~3:43(@+2ab+0")* 
* “SreP *  49(a?+-2ab+-b?)4 
7 Gaye? 15, Etat by 
* Dary " ab$aty(e+b)s - 
9g, ~25akbie? 16, —sbmitntwtz 
* Baiptc® * ~~ 9min*w* 
9, —1.69xtyietwiat 17, —Dlsty 
* —1.8atwrx2yszt * 1. 7axty®z® 
Monomial Factors 


374. In § 367 we have learned to find the 
the factors are given. We will now see h 
may be found when the product is given, 


1. Show that the total area 
of four adjacent flower-beds, 
Fig. 247, may be expressed in — 
either of the following ways: 
10 - 7+10 - 2+10 - 5410-3 or 10(7+2+5+4+3) 
Hence, 10 - 7+10 + 2+10+-5+10-3=10(7+2+5+3) 


Which way is the more re advantageous? Give reasons eas 
your answer. ‘ 


“ 
. . 
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al ' 
2. Represent in two different ways the combined area of four 
rectangles of length a and of bases a, 3ab, b, and c, respectively. 
Express the equality of the two representations by an equation. 


3. The total area of three adjacent lots is 2x44+3zx%y — 


+4z*y* sq. m., each term representing the area of a lot. The 
lots all have the same length. What may their dimensions be? 


4. Sketch a rectangle whose area is 
4z?—3zry 3m>—12m'n+6mn4 
5z3—10x*y+ liry* 152*—10z*+-52? 
140%? —2la*c#+ 350%? §=—- 10x? — 47? +- 62 4-2 


375. Exercises 1-4, §374, illustrate the following 


method of finding the monomial factor of a polynomial: 
Determine by inspection the highest monomial factor con- 
tained in each term of the polynomial. This is one factor 
of the polynomial. 
Divide the polynomial by this factor. The result is the 
other factor of the polynomial. 


x 


aa Factor the polynomial 142*y*2 —724/*2*+-282y*2*. 
__ By inspection the highest common factor is found to be 7zy*2. 
. ividing each term of the polynomial by 7zy*z, the quotient is 
—z*yz+4z. 
* Hence, 142°y*2 —7 x2? +2822? = 7ry*2(22+2°yz +42) 


. 


EXERCISES 


2. Factor the polynomials in exercise 4, § 374. 


3. Factor the following: 


5a—10b : ax+ay—az 

17z2—28923 4a*x*— 12a*x4—20a‘c* 

16x2—2abx 5mz+10m2x?—40mix 
. ,* 


o¢ 
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Reduction of Quotients 
EXERCISES 
376. Reduce the following quotients to lowest terms: 
L 27a*b*c’— 18a*b®c’ — 54a%b'c* 
—9a'b*c® 
The factors of the numerator are 9a*b'c’ and (3 —2abe—6a*b*c*), 
The fraction may now be written: 
9a‘b®c® (3 —2abe —6a*b*c*) 
—Q9a'b*c* 
Dividing dividend and divisor by 9a*b®c*, gives 
_3—2abe—6a%*e? 


a®bic3 
9 39ab+ 9a? 5 20a*b — 15a*b?+-30ab 
Z 3a? . . : 5ab 
3 36a*r+ 8ax* g, Lor 152r%y?+-52r3y 
*  —12a4z4 —dry 
4 36a2y4— 42x5y6z - l6a*x2y — 44a2r*z 
“ — —1223y5 i 4a%x? 
8 35ab8c3 — 42a*b4c3— 49a8b4c?+- 21 a%b8c7 
F Tabscs 
9 12am?n— 166m'n?2+-40abm2n? — 28a2m?2n? 
3 —4mn 
10 waits 15pt®g!? —_ 12p7"q'4+- YaSp'qis = 27abep*q'? 
f 3p*¢ 
W 4abc(3abe— 5a*b*c? — 7ab*c+ bab*‘c) 
. Somat 2@*bc? 


9, Petue 6x2y?) —8 (Gast — 1425) 


15a%d4c5— iaewnbeae a iaaene 3atdict 
3a25c2 
2labdpgs — 35abepqt —42acdpts 
—Tap , 
5, @ty)*— =25(e+y)8—35(@+y)§ 
—5(e+y)? 


13. 


14. 
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Division of Polynomials 


377. In the division of polynomials, all the preceding 
operations find application. It is therefore a subject by 
_ means of which addition, subtraction, multiplication, and 
division by binomials are reviewed. 
Divide 86,932 by 412. 
The process in full is as follows: 
86,932 |412 
y . §24 Quotient =211 
453 
412 


412 
412 
Arranging the numbers 86,932 and 412 in the form of polynomials, 
they may be written 80,000 +6,000 +900 +30 +2 and 400+10+2. 
The process of dividing 86,932 by 412 may now be arranged as 
follows: — 


80,000 +6,000+900+30+2 |400+10+2 
80,000 +2,000 +400 Quotient =200+10+41 
4,000 +500+30 
4,000+100+20 


400 +10-+2 
400+10+2 


Writing the polynomials arranged according to descending 
powers of 10, the division takes the form: 


8-1046-10°+9-10°+3-10+2 |4-10°+1-104+2 
8-10#-+2-10°+4-10 otient =2-10°-+1-10+41 
4-10°+5-10°+3-10 


4-10°+1-10°+2-10 


4-10?+1-10+2 
4-1%+1-10+2 
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378. Inspection of the process! of dividing one poly- — 
nomial by another brings out the following facts: 

1. The first term of the dividend divided by the first term 
of the divisor gives the first term of the quotient. 


2. The divisor is multiplied by the first term of the quotient 
and the product subtracted from the dividend. 


3. The first term of the remainder divided by the first 
term of the divisor gives the second term of the quotient. 

4. The divisor is multiplied by the second term of the 
quotient and the product subtracted from the remainder. 


5. To get the other terms of the quotient proceed in th 
same way as for the first and second nad 


6. Throughout the process all polynomials are to be ar- 
ranged according to powers of the same let 
EXERCISES 

1. Divide 824+62°+92?+32+2 by 422+2+42. 


8rt+6e°+922+32+2 |42%+2+42 ae 
Sxt-+229 +422 Quotient =227?-++2-41 a 


428 +52?+32 
43+ 22+2z 


why 4a*+ x +2 
A 42+ 242 


3a°b+3ab?+b§ by a+b. 


*b+3ab?-+b3 [a+b 
uotient =a?+2ab+b? 
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3. Divide 2°+y* by x+y. © 


o+zy Quotient =z*—2zy+y 


379. Checking division. Whenever the division is 
exact, there is no final remainder. The equation: 
quotient times divisor equals dividend, or, in symbols, 

c QxXd=D, may then be used as a check. 


2. (a*—5a?+10a—12) by (a—3) 


3. (1+-52+62?) by (1+2z) 
4 (90+24st+16s?) by (3t+4s) 
801. 222+ .5ay—2.8y*) by (42+7y) 
e¢ (6k? —31k-+-47k—420°) by (2k—71) 
“HC (10a — Sy" —54y?—42") by (2—2y) «? 
8. (27a*—54a%+36ab?—8b*) by (3a—2b) 
9. (27a°—54a%+36ab?—8b*) by (9a?— 
10. (9f®—120%s*+4s*) by (3/—2s*) 
. (42°+12r5y?+9y*) by (27°+3y’) 
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15. (64u°+14.4u‘e?+1.08u2vt+ .0270°) by (4u?+ .3v") 
16. (z*—y*) by (e—y); (27+ 64s*) by (3t+4s) 

17. (x'—1) by (x—1); (a8—1) by (e&—-1) 

18. (a'—y’) by (x—y);_(x*—y*) by (ty) 

19. (64a°—b*) by (8a?—b*); (1624—25r*) by (42°— —5r*) 
20. (823—y?) by (4a?+2ry+y") 

21. (.008s*?+-0%) by (.2st+-r) 

22. (64a°—b*) by (16a*+40°b?+b4) 

23. (.008s%3-+-v3) by (.04s%?— . 2stv+-r*) 

24. (27m8—8n*) by (9m*+-6m?n?+4n‘) 

25. (27m§+8n‘) by (8m?+-2n?) 

26. (a?+-a%-+ ab?+ac?+be?+b°) by (a+b) 

27. (a®+a%+ab?+ac?+be?+b3) by (a?+b?+c2) 


Summary 


380. The chapter has taught the meaning of the 
following terms: ‘partial products; decimal system of 
numbers; factoring; division. 


381. The chapter has taught the processes for the 
following operations: 

Multiplication of monomials, of polynomials © by 
monomials, of polynomials by polynomials. 

Division of monomials; reduction of quotients to 
simplest form; division of polynomials. 


382. Distributive law of multiplication. Polynomials 
are multiplied by monomials according to the following 
law: 

Multiply every term of the polynomial by the monomial 
and add the resulting products. 
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383. It was seen: 


That a product is divided by a number if one of the 
factors is divided by that number. 


That a number divided by itself gives 1. 
That a number divided by 1 gives the number. 
That 0 divided by a number, not 0, gives 0. 


384. Arithmetical numbers may be arranged in the 
form of polynomials according to powers of 10. 


385. Monomial factors of a polynomial are found by 
inspection. The other factor is then found by dividing 
the polynomial by the monomial factor. 


386. The process of dividing one polynomial by another 
is essentially the same as the process of dividing arith- 
metical numbers. 


CHAPTER XV 


SPECIAL PRODUCTS. FACTORING. QUADRATIC 
EQUATIONS 


The Square of a Binomial 


387. It is of advantage to be able to carry out rapidly 
certain multiplications that occur frequently in algebra. 


388. Quadratic trinomial 
square. Let ABCD, Fig. 248, 
represent a square whose side is 
25 ft. long. Show that the area 
of ABCD is equal to the sum 
of the areas of the four parts, 
207, 20-5, 20-5, and 5%. This 

Fic. 248 may be expressed by the equation 
(20+5)?=20°4+2.20-5452 (20+5)?=20°+2 - 20 -5+5*. 
Similarly show that the 
area of the square in Fig. 249 gives 
the equation : b 
(a+b)?=a'-+2ab+B. | eee 
The trinomial a?+2ab+b? is of 
the second degree and is ealled a 
quadratic 
occa te trinomial. 
Since this’ 
trinomial aah ae 
represents (a+b)?=a?+2ab+v} 
; the area ofa 
square, it is called a quadratic 


Ty GH trinomial square. 
Fie. 250 389. Let ABCD, Fig. 250, 
(a—b)*=a?—2ab+b8 represent a square (a—b) ft. long. 
230 


a) 
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‘Show that the area of ABCD equals 
EFGC+GHIB—FKDE—KHIA 

Therefore (a—6)*=a*+b?—ab—ab. Why? This may be 
written (a—b)?=a¢—2ab+ 8°. 
The trinomial a?—2ab+b? is also a quadratic trinomial 
square. 

Express by means of a drawing the following squares of 
binomials as quadratic trinomial squares: 

(p+q)*; (p—g)*?; (e+y)*; (e—y)*; (m+n)?; (m—n)? 

390. Squaring binomials. The square of binomials 

can be obtained without a figure, by multiplication. 


Express by multiplication the following squares in the form 
of trinomials: 


1. (m—x)? 4. (p+k)? 
(m—z)?=(m—2z)(m—z) =m? —2mzr+2" 

2. (a+b)? 5. (t—y)? 

3. (p—k)? 6. (m+)? 


Notice that the squares of these binomials may be 
found by inspection from the terms of the binomials by 
squaring the first term, adding the square of the second term, 
and then adding or subtracting 2 times the product of the 
two terms, according as the sign of the second term is + or—. 


EXERCISES 


Find by inspection the trinomials equal to the following 
squares: 


1. (c+p)? \ 9. (k—r)? 17. (5a+2b)? 
2. (w+a)? 10. (r+y)? 18. (7xy+z)? | 
3. (e—p)? 11. (k+n)? 19. (3a—4b)* 
4. (+5)? 12. (r—y)? 20. [((a+b) +3} 
5. (y—7)? 13. (h—p)? 21. ((a—b) +2} 
6. (4a—1)? 14. (g—f)? 22. [(k-+b) —s]* 
7. Ga+3y) 15. (3pr—4qy)* 28. [(a—b) — 2c}? 
8. (.4a—.3¢)? 16. (.6xyz+1)? 24. [(ax+y) —2P 
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391. Squaring arithmetical numbers. Squares of arith- 
metical numbers are easily found by writing the numbers 
in the form of binomials. 


EXERCISES 
Square the following numbers: 


pee 
53? = (5043)? =50?+2-50-3+3?=2,500+300+9 =2,809 
2. 68 
68?= (70—2)?= 4,900 —280+ 4=4,624 
13 6. 21 9. 43 12. 91 
14 aa) | 10. 72 13. - 89 
15 * 8 38 ll. 81 14. 103 


Factoring Trinomial Squares 

392. It was found in § 390 that the square of a binomial 
is a trinomial consisting of the square of the first term of 
the binomial, plus or minus (according as the binomial 
is a sum or a difference) twice the product of the first and 
second terms of the binomial, plus the square of the second 
term. It follows that a trinomial, in which two terms are 
squares (and positive) and the other term is plus or minus 
twice the product of the square roots of those two terms, is 
the square of the sum or difference of those two square roots 
according as the remaining term is plus or minus. 

This enables us to find by inspection the two equal 
factors of a trinomial square. 


EXERCISES 
Factor the following trinomials by inspection: 
1. k°+6k1+97? 


k? and 97? are the squares of k and 3l respectively, and 6k! is twice 
the product of their square roots. 
Hence, k*?+6k1+9/? =(k+31) (k+31) =(k+31)*. 
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2. at+2ey+y? Viz. 49x8— 1540%y+ 121y? 

3. a?—2ab+b? “LS. 625m!+50mv?+ v4 

4. m?+4mn+4n? 19. 169/*—78rt?-++944 

5. &—6b+9 40. 252°y?+40ryz+ 162? 

. tia k2+8k+16 V21. 36r2s?—84rstw+492w? 

i a?+10ab+250? 22. 9a%?+48abmn+64m2n? 

8. 49—140n?+ 100n‘4 \23. 49a%k?+ 42akary+922y? 
XQ. a*b*c?-+S8abe+16 V24. 25p*q*r?—60pgrs+36s 
vio. 16x*+24ry+9y? 165. 81a2+180abed + 100b%%d? 
M1. 25k*+70ks+49s? 96. 64m2n2+320mnp+400p? 
M2. 16p*-+72p9+8lq? YO7. 225k?—120k1-+162 


MVi3. 121a*>242ab+ 1215 28. 1002?+280ry+196y2 
Vid. St2?—126ry-+49)7 \B0> 642%y?-+80rye-+252% 
Ms. 169r? — 260rs+ 1002 “780. 162*—56ryz+49y22? 
V6. 256m?+96mn+9n? 31. 4p?—36pqr-+81q2r? 


Product of the Sum of Two Numbers by Their Difference 


393. The product of the sum of two numbers by their 
difference can be found from a 
rectangle whose dimensions are 
the sum of two segments and 
the difference of the same two 

- segments. 

Let ABCD, Fig. 251, represent a 
rectangle having the dimensions 
(a+b) (a—5). . Fic. 251 

ABCD=AEFD+EBCF. Why? (a+b) (a—b) =a?—b? 
=AEFD+IFGK. Why? 
=AEGH—DIKH. 
=a’—b? 


Hence, (a+b) (a—b) =a —-B* J 
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From a drawing express the following products as the differ- 
ence of two squares: 


(a+z)(a—x); (m+n)(m—n); (yt+4)(y—4) 


394. The product of the sum of two numbers by their 
difference can be readily found by multiplying. 


EXERCISES 

Express as the difference of two squares by multiplying: 

1. (a+z)(a—z) 

(a+ 2) (a—z) =a?+ar—azr—27*=a?—2* 

2. (r+4)(r—4) 4. (p+s)(p— 

3. (t+9)(t—q) 5. (yt+b)(y—b) 

The results obtained in these problems suggest the 
following way of obtaining the product of the sum of 


two numbers by their difference by inspection: Square 
hed each number and subtract the second square from the first. 


EXERCISES - 


Express by inspection the following products as the difference 
of two squares: 


1. (2a-+3b)(2a—3b) 6. (4abe—3) (4abe+3) 
2. (3a—4z) (32+ 4z) 7. (1+-5p*q*) (1—5p*g") 
‘3, (5p+3s)(5p—3s) 8. (1—a)(1+a)(1+a%) 
4. ar+30) (ar—30) 9. (u—2)(uto) (wpe) = 


5. (Fay— az) (Zay+ 22z) 10. (10a+7bc)(10a—7bc) 


Factoring the Difference of Two Squares 


395. The equation (a+b)(a—b) =a?—b? suggests a 
method of obtaining the factors of a2—b*. In words, the 
factors of the difference of two squares are the sum of 
their square roots and the difference of their square roots. 


plication: 
1. 256x°—y* 
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EXERCISES ~ 
Factor the following binomials and test the results by multi- 


The square root of 2562 is 16z and the squaré root of y is y. 
Hence, 256z*—y* = (16x—y)(16z+-) 


2. 2—¥ 13. r'—s 
3. 164°—255* 14. 81m*—16n‘r4 
4. 49a*9—9b? 15. 28—y! 
5. m?n?—144r* 16. 256at—625¢4d8 
6. 289u?—81r* 17. m®—n$ 
7. 16—25y? 18. a%—p » 
8. 169dh*s? — 22544 19. 64z°-9 
9. 9m*—121n*g4 20. (r+3s)?—16 Ss tne 
10. 49a?— 100b4g? 21. (2a+b*)?—9e4 * se 
11. 196—361a‘e*z* 22. (52?—3y?)?— 1624 ay 
12. 2255" —ftg*h™ 23. (x*—y)?—z8 od 
396. Factoring the difference of two square numbers \ 
enables us to find the value of the difference of two , 
squares of arithmetical numbers by inspection. yO 
Find the value of the following: a4 
1. 81°—19? 4. 126?—26? y 
2. 1372-372 5. 1,0172—172 
3. 137?—63? 6. 511°—489? , 


397. To find the square of a trinomial. Draw 4 
square whose side is a+b+c and show that 


(atb+c)?=@4+8+C+2ab+2be+2ac 
How may a trinomial be squared by inspection ? 


\ ; 
ny 
Vy 


Find by inspection: (a+2b+3c)?; (e«—3y+<)? 


*% 
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The Product of Two Binomials of the Form 


(ax+b)(cx+d) 


8. A quick way of multiplying two binomials of the 
form azx+b and cr+d can be seen from a study of the 
result obtained by multiplication. 


‘Multiply (ax+b) (cx+d) 
ax+b 
cr+d 
eat ics 
+adz+bd 
acx*+(be-+ad)2-+bd 
It is seen that the first term of the product is the 
product of the first terms of the binomials, that the last 
term is the product of the last terms of the binomials, 
and that the middle term is the sum of the two cross- 
products. 
EXERCISES 


_ Multiply by inspection, doing all you can mentally: 
1. (82+5)(2r+3) 
Writing the second binomial under the first. 


32+5 ; 

2z+8, we see that the product of the first terms is 622, the 
product of the last terms is 15, the sum of the cross-products i is. 
9x+102 =192. 


Hence, (82+5)(2x+3) =622+192+15 


2. (5e+4)(3x+2) -  * 5. Qr—7)(4r+3) 
3. (87—5)(2x+3) -, 6. (8x—5)(2x—3) 
4, (Sr+4)(8e—2) 7. (5x—4)(3a—2) 


Factoring Trinomials of the Form ax*+)x+c 


399. The trinomials found in exercises 1-7, §398, 
are all of the same form: ax?+ba+c. The method of 


_ factoring a trinomial of this form can be seen fro 
- following illustration: Factor ted aa 
The various possibilities are 


$3410 48x41 432,45 $324 
+2z°°+1 + z2°*+10 + 2°42 + 2°4+5 


The last case being the on with the sum of the cross-products equal 
to 17z gives the required factors. 
Hence, 3z°+17z+10=(3r+2)(r+5) 


EXERCISES 


In the same way, factor the following trinomials: 
1. 2z?+11z2+12 11. 66°—296+35 
2. 8+46c—12 12. 6f?—f-—77 
3. 327—17z+10 13. 102—1la—a? 
4. 827—312+21 14. 15+37z— 

5. 52*—382+21 15. 1—6ry+5zr*y? 

6. 1la?—23ab+2 16. 27°+7r+6 
7. Th8+123k—54 17. 142°+53cry+14y? 
8. 12f+-31st—15s* 18. 5z?+-132—6 
9. 5m?—29mn+36n? 19. 17a°+6a—11 © 

10. 10r?—23r—5 20. 8p?—14p—39 


Miscellaneous Exercises for Practice 


400. Factor the following: 


1. @-c—56 A. abc? —2abe?— She! 

2. 48x?—3y? 4. 4az*—9ay? 
at?+a%+ab? | 10. 182?+372+19 

4, 72r°+41r—45 11. 7bz*+42bry+63by? 

bay’ —Say+4 yy. 6a°b +1 2ab?+ f8a%b? 

6a?—64 J” Wep'-16 

Kaye nyt ryz . 1A. 7084-4 1be— 6c? 

qL- — @ 


dt bE 
ae te 
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15. 810a‘c?—10b4c* 28. 
16. p’g’r—r 29. 
17. 38a*y*+-5724y3— 192° 30. 62?—56y?+412ry 
18. 92?—4ry—13y* 31. a*k*?—2abk*+-b°k* 
19. a®b3c?+a*b'c+-a*b*c* 32. 3a?—9ab—210b? 
20. 450—2a? 33. az'+az*+ar+a 
21. &—16c-+64 34, 30c?—31c+8 
22. b+15b?—16 35, ax*—100a 
23. atb?—6a°>+9a? 36. 9m?—24mn+16n* 
24. 12axy+12ary+3zry 37. @+a+a 
25. 2?+42r—5 38. 36a?+27ab+2b? 
26. 15+19a?—34a 39. a*b?+18ab+80 
27. 81a?—1 40. 427+ 32zry+39y* 


The Theorem of Pythagoras 


401. There exists a simple relation between the sides 
of a right triangle which is 
used in solving some geometric 
problems. 


. 1, Construct a right triangle, 
making the sides including the right 
angle 3 and 
4 units long 
respectively, 
as AABC, 
Fig. 252. 
Using the same unit find the length 
of AC. On each side draw a square 
and divide each into unit squares. 
Counting these squares, find how the > 
square on the hypotenuse compares in 
size with the sum of the squares on the val 

other two sides. Express the result by means of an equation. 


2. How does the square on the hypotenuse, Fig. 253, compare 
with the sum of the squares on the other sides? . 


Pa ie eld oe 
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402. The last two problems illustrate the following 


theorem: 


Theorem of Pythagoras: In a right triangle the sum 
of the squares on the sides including the right angle is equal 
to the square on the hypotenuse. 

This theorem is one of the most famous theorems of 
geometry. It was named after the Greek mathema- 
tician, Pythagoras (569-500 B.c.). He is believed to have 
been the first to give a general proof of it. 


EXERCISES 


1. Show by counting the small squares, Fig. 254, that the 


square on the hypot- 
. enuse equals the 
sum of the squares 
of the other two 
sides. 

2. Let c, Figs. 255 
and 256, denote the 
length of the hypot- 
enuse and let a and 6 
denote the lengths of 
the sides including the 
right angle. 


Draw squares on 


a 
eS mi tt\i Tr 
SRS EEEEK SERS MRR OEREL EVER 
ESE EUSEEES Chek eee 

rTiiiiiiii Na 
Geoaw ESERETLe 
A eee “aw 
BE Oh SRS EROS 


Fig. 254 


line-segments equal to (a+b). Divide these squares as indicated. 


te 


‘A - | 1 oe 


Vs 
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\ 
. \ Show that’AI, II ...... VIII are congruent. (s.a.s.) 
- Show that the square on (a+), Fig. 255, equals - 
@+b?+(1+1I+01+I1V) 
Show that the square on (a+), Fig. 256, equals 
2+(V+VI+VII4+ VII) 


Hence, if from each square on (a+6) four of the congruent 
triangles are taken, the remainders a?+6* and ¢ are v 
Therefore 2+8=¢ 


3. The two short sides of a right triangle are 6 and 8. What 
is the length of the hypotenuse? 
Denote the hypotenuse by z, Fig. 257. 
% Then P=8+6=64+36 
ae “| z?=100 > 
‘+ z =10 
Fig. 257 Hence, the hypotenuse is equal to 10. 
4. A wall is 16 ft. long and 12 ft. high. How long is a string 
Stretched from a lower corner to the opposite corner ? 
5. The hypotenuse of a right triangle is 30 ft. and one of the 
other sides is 18 ft. long. How long is the third side? 
B, The sides of a right triangle are as 3 is to 4 andthe hypot- 
enuse is 35 ft. long. How long are the sides? 
Call the sides 3x and 4z. 
7. A ladder 20 ft. long just reaches a window 16 ft. above t 


ground. How far is the bottom of the ladder from the foo’ 
the wall if the ground is level? 


8. The diagonal of a square is 12. What is the si 
perimeter ? r 

The square root of a number, as 80, or a, or z+y, that is not a 
perfect square, is indicated thus: V 80, or Va, or Vz-+y. 

9. The diagonal of a square isa. Find the perimeter. 


0.) Find the hypotenuse, h, of a right nc whose area is 
sq. ft. and whose base is 12 feet. 


{11. Find the hypotenuse, h, of a right triangle whose area is’ 
r sq. rd. and whose base is b toda, 


esl rt 
iu 


12. Find the perimeter of a right triangle whose area is 
» 216 sq. rd. and whose base is 48 rods. 


413. Find the perimeter of a right triangle whose area is 
8 sq. rd. and whose base is b*rods. 


14. A tree, standing on level ground, was broken 36 ft. from 
the ground and the top struck the ground 27 ft. from the stump, 
the broken end remaining on the stump. How tall was the tree 
before breaking ? 

115. Under conditions of exercise 14 suppose the top piece 
t ft. long and that the top struck the ground f ft. from the stump. 
How tall was the tree before it broke ? 


16. The sides of a rectangle are a and 6 and the diagonal is 
d. Show that d?=a*+b? and d=V a?+6*. 


17. Show that the diagonal, d, of a square of side a is given 
by the formula d=av 2. 


18. The hypotenuse and one side of a a triangle are c 
and b. Showthat the other side a equals V c?—}' =V (c+b)(c—b). 


19. Using the result of exercise 17 as a formula, find 
the diagonals of squares whose sides. are 4in.; 1.2 cm.; 
3.42 centimeters. 


20. Using the result of exercise 18 as a formula, find the side 
a when c=40 in., b=24 in.; c= .625cm., b= .375 centimeters. 


In the case c=4, b=3, show that a=V7. The length of the side 
t be expressed exactly without the radical sign, but can be 
imated by extracting the square root of 7. 
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: Square Root of Arithmetical Numbers 


403. The square of a number is found easily by multi- 
plying the number by itself. Thus, the square of 346 
is 346 - 346=119,716. However, the process of finding 
the number which multiplied by itself gives 119,716 is 
much more complicated. 


242 : FIRST-YEAR MATHEMATICS ~ 


404. The square of a binomial is obtained from the 
formula 


(at+b)?=@+2abt+B........--00 eee I 
This formula is represented geometrically in Fig. 258. 


Fic. 258 Fic. 259 


Show from Fig. 259 that by placing one of the 
rectangles ab in a different position, formula I can be 
changed to the form II: 

(a+b)?=a@+(2Zat+b)b...........-005- I+ 


Formula II will be used in finding the square root 
of a given number. 


405. The number of digits in the square root. The 


following exercises show how to determine the number of 
digits in the square root of a given number. 


EXERCISES 

1. Show that the square of a number of 1 digit contains 1 or 
2 digits. 

Give the squares of the integral (whole) numbers from 1 to 9. 

2. Show that the square root of a number of 1 or 2 digits 
contains 1 digit in its integral part. 

3. Find the integral part of the square roots of the following 
numbers: 3, 5, 7, 18, 27, 39, 50, 65, 89. 


4. Show that the square of a number containing 2 digits in 
the integral part has 3 or 4 digits in its integral part. 
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5. Show that the square root of a number of 3 or 4 digits has 
2 digits in the integral part. 


6. Find the integral parts of the square roots of the following 
numbers: 110, 150, 209, 630, 1,625, 8,274. 

The following table is a summary and extension of 
exercises 1 to 6. 


Number of digits in a + 
given number........ 1 2 3 4 ae 6 


Number of digits in the Eg 
BOUATE She psa sre,s fee) o%s eis 1 or 2/3 or 4/5 or 6)7 or 8|9 or 10/11 or 12 


Thus, the number of digits in the integral part of the 
square of a number is twice as large or one less than 
twice as large as the number of digits in the integral part 
of the given number. 

This suggests the following device for determining the 
number of digits in the integral part of the square root 
of a number. Beginning at the decimal point mark off 
toward the left periods of 2 digits. ‘Then the number of 
digits in the square roots will be the same as the number 
of periods. Thus, since 54,783 is divided into three 
periods: 5/47’83, the period farthest left containing only 
1 digit, the square root of 54,783 contains 3 digits in its 
integral part. 

Find the square root of 729. 

Beginning at the decimal point mark off to the left periods of 2 
digits: 7/29. 

Hence, the square root contains 2 digits. Why? 

The tens digit of the square root is the largest integer whose 
square is less than 7, ie., 2. 

Denoting the unit digit by z, V 729 =20-+2 

and 729 = (20+)? =400+ (2 - 20+2)2x, by formula II 

Hence, 729—400=(2-20+<)2, or 329=(2-20+2)x 

The value of x is found by trial: Since 2 - 20 =40 and since 8 -40= 
320, 8 might be tried. But (2-20+8)8=384 and is larger than 
329. Trying the next smaller number, 7, we find (2 - 20+7)7 =329. 
Therefore x =7 and V/ 729 =20+7 =27. 
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406. The process of finding the square root of 729 may 


be given in the following condensed forms: , 
(a) (b) 
V7'29=20+7 Omitting zeros: V 7’29=27 
20?= 400 P=4 
329 329 
(2+ 20+7)7=329 . 47 -7=329 


407. The process of finding the square root. The 
process of finding the square root, omitting zeros, consists 
of the following steps: 

(1) Point off periods of 2 digits, beginning at the 
Gece pain saa odes ci Oe eee 7'29 

(2) Find the largest integer whose square is less than 
7, 1.€., 2. 

This is the tens digit of the square root. 

(3) Subtract the-square of the digit just found 


and bring down the next period of digits............ 329 
(4) Neglecting the units digit in the remainder, 

divide the number so formed by 2 times the tens digit 

of the root, i.e., by 4. 
(5) The result found in (4) is used tentatively as 

unit digit of the roots. It is also adjoined to 2 times the 

tens digit of the square root and the result obtained is 

then multiplied by the unit digit of the root ......... 329 
(6) The product in (5) ts subtracted from the 

remainder obtained in (3). If the product is larger 

than the minuend the unit digit of the root is decreased 

by 1 and step (5) repeated with it. If there is a 

remainder the given number is not a perfect square. 


EXERCISES 
Extract the square roots of the following numbers: 


4,096; 1,444; 676; 2,116; 784; 4,761; 20,736; 93,636. 
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Quadratic Equations 

408. Quadratic equations. Geometric problems some- 
times lead to equations in which the highest power of the 
unknown is the second power. Such equations are of 
the second degree and are called quadratic equations. 

The diagonal of a rectangle is 8 units longer than one side and 
9 units longer than the other. Find the length of the diagonal. 

Denoting the length of the diagonal by z, Fig. 260, the sides 
of the rectangle are z—S and z—9. 


Therefore z* =(z—8)?+(z—9)?. Why? >> 
This equation reduces to the normal form ner 
z*—34r+145=0 


It is our next aim to learn how to te 
solve the equation. Fic. 260 


409. Quadratic function. The expression 2? —347+145 
is called a quadratic function of z, or a function of the 
second degree, and z*—34r+145=0 is a second degree, 
or quadratic, equation. 


410. Graphical solution. The equation z?—342+145=0 
may be solved graphically: 
Denoting the function z*—34r+145 by y, we find the following 


table of corresponding values of z and y (Fig. 261): 
The graph shows that the func- 


tion becomes 0 at two places, for 


# 7 2 SP Faery 


~ ‘FIRST-YEAR MATHEMATICS P 


2= 5 and for r=29. Thus, the equation z?—342+145 =0 is satisfied 
by «=5, and by z=29. Test by substituting these values in the 
equation. 
. PROBLEMS AND EXERCISES 
1. A stone, falling from rest, goes in a given time 16 ft. 
multiplied by the square of the number of seconds it has fallen; 
Le., s= 16. 
Find s, if (1) t=4 seconds 
(2) t=11.5 seconds . 
Find t, if (1) s=64 feet r, 
(2) s=1,600 feet 
Make a graph of the function 16¢*. 
2. A stone, thrown downward, goes in a given time 16 ft. 
multiplied by the square of the number of seconds it has fallen, 
plus the product of the velocity with which it is thrown and the 
number of seconds fallen; i.e., s=vt-+162. 
Find s, when v=3 and t=3, 7, 12. 
Make the graph of -vt+16@ for »=3. 
3. Solve the following equations graphically: 


1. 22—8%¢+12=0 5. 2?—107+24=0 + 

2. 22—62+ 5=0 6. 2—10r+25=0 

3. 2?—52— 6=0 7. 44°—12z+ 5=0 -- 

4, 22—32—10=0 8. 427+ 8r-— 5=0 i 
411. Quadratic equations solved by factoring. wT 
Solve the equation #?—8z+12=0 .. 

; 7?—82-+-12=0 
Factoring,, 
(x—2)(e—6) =0 (1) 
This equation is satisfied if 2—2=0 (2) 
and if z—6=0 (3) 


because: 

The product of two or more numbers is zero only if at least one of 
the numbers is zero. 

From equation (2), x=2 

Check: 2?-—8 -2+12=4—16+12=0 

Likewise from (8), 

Check asabove. 2=6. 


Consequently, both 2 and 6 are roots of the equation. \ 
. > 
~. oe 
Sy ee 
~ o~ * a’ ——_ ea £: —— 2 
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PROBLEMS AND EXERCISES 
Solve the following quadratic equations by the method of 


factoring, and-test the results: 
iL, @—82r+2=0 a? 42 4 
* : 113. =-+=5 
. »2 Y—4y+3=0 > ah es 
- ‘ 3. m?@=m+2 14. e549 
7 2 & 
c — 4n x? 7 
| 5. a@+7a+6=0 - S. 5 “ists 
h4 6. m?=4m+12 z.15 2x? 5 
A Se 116. = = 
. 7. R+k=56 2°7 14 4 
8. P°-+51=20r 17. othie7 ; 
9. 8 =4b+77 #e ‘¥ 
Pg cd | 
_ HO. ¢+112=23¢ zl go a 4 
= = 2 by—1 ie 3y—} 2 1y 
12 23-1 i l-—a 
—— 10 9—4a?~ 2a+3 Pr 


_ Solve the following problems: 


A 21. The base of a triangle exceeds the altitude by 4 in., and 
area is 30 square inches. Find the base and altitude. 


22. A rectangular field is twice as long as wide. If it were 
20 rd. longer and 24 rd. wider, the area would be doubled. 
What are the dimensions ? 
‘ 23. The perimeter of a rectangular field is 60 rods. The 
Ares is 200 square rods. Find the dimensions. 
4 tree standing on level ground was broken over so that 
. thetop touched the ground 50 ft. from the stump. The stump 
was 20 ft. more than two-fifths of the height of the tree. What 
was the height of the tree? 
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(412. Quadratic equations solyed by completing the 
square. 

EXERCISES 
Solve the following problems: 


1. The area of a rectangle 10 units long is 21 square units 
greater than the area of a square whose side equals the unknown 
dimension of the rectangle. Find the unknown dimension. 


Show that z?—10r+21=0 is the algebraic statement of the 
problem. 
Write the equation thus: 


—10r=—21 

Add 25 to both sides to make the first side a trinomial square: 
z?—102+25=4 
or, (x—5)? =4 


Take the square root of both sides, remembering that 4 has 
two square roots, +2 and —2; thus: 
x—5=+2* 
Using the + sign 
z—5= 2, whence r=+7 
Using the — sign, 
xz—5=—2, whence r=+3 
Check both values of x by substituting in the equation, 


x? —10r+21=0 


The algebraic method just given is called the method 
of solving the equation by completing the square. 


2. One dimension of a rectangle is 5 units and the other is 
equal to the side of a square. The sum of the areas of the rec- 
tangle and of the square is 36 square units. Find the unknown 
dimension of the rectangle. 


Show that y°+5y—36=0 is the algebraic statement of the 
problem. 


* Square-root axiom: Any number has two square wae of the 
same absolute value, but of contrary sign. 
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Solve the equation, —36=0 by the method of completing 
the square: 


v+5yt 36423 169 
is 
y+ 2-213 5 
_ S218 
ey genta or —9 


Hence, the unknown dimension is 4 units. 


413. Though a quadratic equation generally has two 
solutions, this does not mean that every problem that leads 
to a quadratic equation has two solutions. The nature 
of the conditions of the problem may be such as to make 
one, or even both, of the solutions of the quadratic 
impossible, or inappropriate, or meaningless. When 
neither of the two solutions of the quadratic is a solution 
of the problem it usually means that the conditions of 
the problem are impossible, or are contradictory, or that 
the problem is erroneously stated. To decide which 
solution, if either, meets the conditions stated in a prob- 
lem, it is necessary to substitute the solutions in the 
conditions of the problem, and to reject solutions of the 
equation which do not meet the conditions. 

The graphical method of solving quadratic equations 
may furnish only approximate values of x for the corre- 
sponding quadratic equations. The algebraic method 
furnishes exact solutions for quadratic equations. 


PROBLEMS AND EXERCISES 
Solve the following quadratic equations by the method of 
completing the square, and check: 
1. 42?—127+5=0 
Dividing both sides of the aa equation by the enaticli of 2’, 


z—3r+2=0 


uo 
4 


This may be written z?—3z=— ; 


me . 4 le + > 
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* Adding to both sides of the equation the square of node of th e 
coefficient of z, ‘ 
! #-32+4=1 


OM .- (8) 


Extracting the square root of both sides of this equation, 


3 
<_™ +1 
i 3 
Whence, r=5+1 
5 1 
and t=5,5 


y substituting in the given equation: 


—172-14=0 O17. w—91=6w 
. 622+7r—20=0 18. °+3r+2=0 
$4. 9224+302—24= t 119. m?+5m+6=0 
ie dee, 10z?+21r—10=0 


6. 10s?—21s—1 - 
£7. 12s?—71s+42=0 


21. hA?+40=13h 
® z?+2=42 


8. 4a2+8r—5=0 $23. 22+6r+5=0 
9. 2?+27—3=0 sie et Oa 
A Xoo. a?+42+3=0 Mire oe . 
11. 22+4¢—5=0 Ssh, 8 
| 12. a?-+8a—20=0 ee ge 
rn 13. y?+-14y+45=0 26. tno - 
t14, P+14t-51=0 
if 85 =12k Eo SE 
* k+27k+473 
P= 102-+24 


e lonith of a sia tae field is 4 yd. more than te gt 
the area is 60 square yards. Fi 
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$29. The hypotenuse of a right triangle is 10 ft. and one of 
_ the sides is 2 ft. longer than the other. Find the length of the 
sides 


. v 
30. The sum of the area of two square fields is 61 s ‘ 
4 and a side of one is 1 rd. longer than a side of the o ‘ 
| the sides of both squares. ‘ 
it 31. What must be the dimensions of a coal-bin to hold 6 
tons of coal, if the depth is 6 ft. and the length is equal to the 
sum of the width and depth, allowing 40 cu. ft. of space per ton 
A of coal? 
32. Telegraph poles are placed at equal distances along a 
railway. In order that there be two less per mile it would be 


o* necessary to increase by 24 ft. the distance between consecutive 
: y (pig. Find the number of poles to the mile. 


Summary a 
7 
Vv The chapter has taught the following: F 


gol 414. Certain multiplications occurring frequently in 
»yalgebra may be performed mentally. They are: the 
+ square of a binomial, the square of a trinomial, the prod- 
4 uct of the sum of two numbers by their difference, and 
the product of two factors of the form az+b and cxr+d. 


vy) 415. Factors of the following polynomials may be 
-@® found by inspection: The quadratic trinomial square, 
the difference of two squares, and the quadratic trinomial 


of the form az?+br+c. ‘ 
" 416. Arithmetical numbers may be squared according 
to the formula a?+2ab+b’. . 


417. Several illustrations of the theorem of Pyt rOoras. 

418. The extraction of the square root of arithmetical 
numbers. 

419. Quadratic equations may be solved by graph, 
by factoring, and by completing the square. — 


CHAPTER XVI 


PROBLEMS LEADING TO EQUATIONS OF THE FIRST 
DEGREE IN ONE UNKNOWN 


Solution of Problems and Equations 


420. Arithmetic and algebraic solution of problems. 
The problems of the foregoing chapters have shown the 
advantage of using letters to represent numbers when 
stating and solving problems. Many problems in arith- 
metic are simplified when solved by algebra, as may be 

-seen by comparing the following arithmetic and algebraic 
solutions. 


A man after traveling 9 mi. finds that he has yet 3p of his 
trip to make. How long is his trip? 


Arithmetic Solution 
44 of his trip equals the whole distance 
io“ “ “ “ — distance still to be traveled 
Sy —T0= ee “already traveled 
9 mi. ay ae “ oe “ 
Hence, 35 of his trip equal 9 mi. 
ify ae ce oe 3 mi. 
48 $s. ~"t “ © 30 mi. 
Therefore his trip is 30 mi. long. 
Algebraic Solution 


Let x be the number of miles in the whole trip. 
Then 94 =the whole distance 


a 
Hence z= iot? 


10x =72-++90 
3x =90 
x=30 
Therefore the trip is 30 mi. long. 
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. 
JOSEPH LOUIS LAGRANGE 


OSEPH LOUIS LAGRANGE, the greatest mathe- 
matician of the eighteenth century, was born at 
Turin, Italy, January 25, 1736, and died at Paris, 

April 10, 1813. It was by his own industry and ability 
that he rose to the front rank of mathematicians. He 
showed little taste for mathematical studies before he was 
seventeen. Happening upon a memoir by Halley that 
interested him, he threw himself into the study of mathe- 
matics, and after a year of hard work became so accom- 
plished a mathematician that he was made a lecturer in 
the artillery school. Heat once took up an isoperimetrical 
problem of long-standing difficulty among mathematicians, 
solved it by methods of his own devising, winning the 
admiration of Euler, and, by nineteen years of age, a place 
in the very front rank of living mathematicians. 

In 1758 he established the Turin Academy, and most of 
his early writings are found in the five volumes of its 
transactions. In 1761 he stood without a rival as the 
foremost living mathematician. In 1766 Euler left 
Berlin for St. Petersburg, and Frederick the Great wrote 
to Lagrange saying ‘‘the greatest king in Europe” wished 
“the greatest mathematician in Europe”’ to reside at his 
court. Lagrange accepted the invitation, and during the 
22 years of his stay here did a prodigious amount of work. 
In 1787 Frederick the Great died, and in 1788 Lagrange 
accepted an offer of Louis XVI of France to move to Paris. 
Here he remained, and wrote and taught mathematics 
during those troublous timesin France, untilhisdeath. He 
was befriended by three rulers—Frederick the Great, 
Louis XVI, and Napoleon. For a fuller account of the _— 
labors of Lagrange at Berlin and at Paris read Ball’s 
History of Mathematics, pp. 404-11 (5th ed.). 

Ball says of his personal appearance: “he was of 
medium height, and slightly formed, with pale blue eyes 
and a colorless complexion.” Of his character Ball 
remarks: “he was nervous and timid, he detested con- 
troversy, and to avoid it willingly allowed others to take 
the credit for what he had himself done.’”’ 
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,421. Stating and solving problems. Stating a prob- 
lem in algebra usually means expressing in algebraic 
symbols certain number relations that are given in words 
in the problem. 

Skill in stating and solving problems can be acquired 
best through much practice. The statement of a prob- 
lem in most eases takes the form of an equation. To 
obtain this equation the following rules may be useful: 

I. Denote the unknown number by a letter, then trans- 
late the verbal statement of the number relations into a 
symbolic statement in equation form. 

The first letters of words are convenient letters to 
denote numbers while they are yet unknown, as n for 
number, ¢ for time, a for age, w for weight, etc. 


EXERCISES 
Give statements of the following problems, then solve and 
check. 
1. What number increased by 6 gives 13? 
Statement: 
n a 6 = 13 
Solve the equation and check by substitution. 
2. Two-thirds of a number diminished by 12 equals 4. 
Find the number. 
Statement: 
Two-thirds of a number diminished by 12 equals 4 
ie 2 - 12 = 4 
Solve the equation and check by substitution. 
3. Translate the following equations into words and find 
the value of z: 
1. z-—17=19 14. 22-—3=32r-7 
2. 66=2+48 5. 18—z=42-3 
3. 2.8=22+1.9. 16. 82-—16=727-—9 
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Sometimes the equation may be obtained as fol- 
lows: 

II. By the aid of literal and of arithmetical numbers 
obtain two different number expressions for some number 
of the problem, and write the two expressions coe to one 
another. 

Thus, an equation states in symbols that two different 
number expressions stand for the same number. 


EXERCISES 


1. A rectangle is 3 times as long as wide, and the perimeter 
is 48 inches. Find the width and length. 


Equate two different expressions of the perimeter. 


2. The angles of a triangle are z, 2x, and 3x degrees. Find 
the numerical values. 


3. The acute angles of a right nae are 42 and 52. Find 
the acute angles. 


422. Notation for unknown numbers. While any 
letter may be used to denote the primary unknown it is 
customary to use 2, y, or z or some one of the later letters 
of the alphabet for this purpose. 

The earlier letters of the alphabet, as a, b, l, m, k, etc., 
are commonly used to denote known numbers. 


Solve the following equations for x; i.e., find the value of 
x in terms of the other letters in the equation: 

1. 2x—28a=2—lla 

2. 4x+-b=5x—19b 


423. Solving equations. The solution of an equation 
consists in getting another equation in which the unknown 
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is alone on one side. This equation is obtained by means 
of the axioms stated in § 89.* 
One of the important form changes is the removal of 
parentheses, as in the solution of the following problem: 
The difference of double a boy’s age and 3 times his age 10 
years ago is his present age. How old is the boy? 


Statement: 2x-—3(x—10)= zx (1) 
Since —3(z—10) = —3r+30, hence 2z-—3r +30= 2 (2) 
Since 2x—3z =-— 2 , hence — zx +30= z (3) 
Adding z to both sides, 30 =22z (4) 
Dividing by 2, 15= 2 (5) 


The boy’s age is 15 years. 
Cheek by testing in the conditions of the problem. State the 
axioms used to get equations (4) and (5). 
EXERCISES 
Solve the following equations, in each case checking the 
result: 
1. 52+9=324+17 


52+9=32+17 
Subtracting 3z from both sides, 32 = 
22+9= 17 (State axiom 
used.) 
Subtracting 9, = 9 
22 = 8 
Dividing both sides by 2, 2 ‘ ; 
or, a 4 (State axiom 
used.) 


Check: 52+ 9=5-4+ 9=29 
32+17=3 -4+17=29 
Hence, 4 is a root of the equation 54+9 =32+-17 


*Mohammed ben Musa Al Hovarezmi, who lived during the 
reign of Caliph Al Mamun (813-33), was the first notable Arabian 
author of mathematical books. The title of a book in which he 
explains the solution of equations is Aldshebr walmukabala. By 
“‘aldshebr” is meant the transposing of terms from one side of an 
equation to the other. This is the origin of the word “algebra.” 
See Ball, pp. 156-57. 


~ 2 
hc ew o1e 
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The preceding solution may be shortened by doing mentally — 
~ gome of the work written out in full. 


Thus, 52+9=32-+17 
Subtracting 3r+9 from both sides, 2r= 8 
Dividing by 2, yea 4 
eer een 7 16. 29155 
3. 32+5=5¢—15 4 ; 
14. 62—7=10r+1 


s Qr 
17. 84+2r7+7=13+> 
5. 5a—-17+32—5=2-1 4 ‘ 3 


16. 62—7—8z+115=0 mm Qr+3 2-2 7. 
7. 5(e—1)=3(¢+1) ae a 
8. 8(3—22) =2(5—z) =28 ois eae 
19. —32—24=33(2—2) 19. ——-—3 = 8st 
10. 5(1—132) =35—105z 

3(5—z) 6— 
11. 11—3(2—2)=2-8 £20. ae 2) OF aoe 


$12. 3x—2(4+5) =6xr—20 
13. 3(2—2)+15=5e-3 
14, Ph 5=at3 
Multiply both sides by 4 
15. 24 on-8=32—5 


21. 3(5y—3) —3(5y—2) =5 
22. 2(7n+-4)+2(7n—1) =10n+2 
$23. (y—7) (y—8) =(y—5) Y—9) 
24. (4m—5) (3m+1) =12m (m+1) 
$25. 2(a—1)—2(x4—2) =4(x—-3) e 


Problems Involving Number Relations 


424. The following problems give training in express- 
ing number relations in algebraic form. 


1. Express that one-eighth of the double of n, increased by 
25, equals one-half of n. 


2. Write in symbols an expression for double a earn d 
increased by 3 times the sum of the number and 4. rs 


3. Write an expression for double a number, decreased by 
3 times the difference between the number and 4. 
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In the phrases “the difference between 8 and 4,” “the difference 
of 8 and 4,” and the like, it is understood that the first-mentioned 
number (the 8) is the minuefid; thus 8—4, not 4—8, is the difference 
between 8 and 4. 
4. Write the double of a number, decreased by 3 times the 
difference of the number and 2. HA 


5. Write in symbols 4 times the difference of a number and 
3, decreased by 3 times the difference of the number and 1. 


6. Show, in symbols, that the double of a number, increased 
by 3 times the difference of the number and 4, equals 13. \S 


<a) One-fourth of the difference of 3 times a number and 8 is r 


10. Find the number. 


8. Three times a number is 56 greater than one-third of the!* 
number. Find the number. N 


S. What number multiplied by 2.5 gives 40? ) 
10. Three times a number, increased by 5 times the number 
gives 72. Find the number. a 


11. If 1 is added to 4 times a number and subtracted from 
the number, the ratio of the results is 5. Find the number. 


12. Five times a number is increased by 3 and the sum is 
divided by the sum of the number and 4. The result is then 
equal to 4. Find the number. 

13. I have in mind a certain number. You can determine 
it from the following data: If you multiply the number in- 
creased by 3 by the number decreased by 5 and divide the 
product by the number decreased by 7, the result is the same 
as the number increased by 1. 

14. A father is 40 years old and his son is 7. In how many 
years will the father be twice as old as the son? 

15. The combined age of a father, mother, and son is 75 
years. The mother is 3 times as old as the son and the father 
1} times as old as the mother. How old is each? 


16. Double the number of years in a boy’s age is 16 more 
than his age 2 years ago. How old is the boy? 


Sd 


a. * 
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17. The difference of double a boy’s age and 3 times his age 
10 years ago is his present age. How old is the boy? 


18. Express in symbols that the sum of three consecutive 
integers, differing by 3, equals 27. Find the three integers. 

19. The difference of the squares of two consecutive numbers 
is 19. Find the numbers. 


20. The difference of the squares of two consecutive numbers 
is 273. Find the numbers. 


21. The difference of the squares of two consecutive numbers 
isa. Find the numbers. 


22. The difference of the squares of two consecutive even 
-numbers is 28. Find the numbers. 


23. The difference of the squares of two consecutive even 
numbers is 100. Find the numbers. 


24. The difference of the squares of two consecutive even 
numbers is a. Find the numbers. 


25. The difference of the squares of two consecutive odd 
numbers is 48. Find the numbers. 
ad 26. The difference of the squares of two consecutive odd num- 
bers is s. Find the numbers. 


Geometric Problems 


425. The following problems contain geometric rela- 
tions. Besides expressing these relations in algebraic 
symbols, a figure representing them should be drawn in 
each case before obtaining the equation. 


1. In an isosceles triangle the exterior angle at the base is 
twice as large as the exterior angle at 
the vertex. 
Aiso~a Find the interior angles of the 
triangle. 
Denoting the vertex angle, Fig. 263, 
Fra. 263 by 2, the exterior angle at the vertex 


(180-2) 


i 
3 
.: 


ee 


ete 


iA ‘a r 
¢. } 
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is 180—.z. _The exterior angle at the base is therefore 2(180—z). 
Hence, the interior angle at the base is 180—2(180—z). Why? 
What is the third interior angle of the triangle? 

Show that x+2[{180—2(180—z)] =180 and solve the equation. 


2. One of two supplementary adjacent angles is 4.5 as large 
as the other. How large is each? 


3. The difference of the acute angles of a right triangle is 
18°12’. How large is each? 


4. A rectangle is 2 units longer than 3 times the width, and 
the perimeter is 60. Find the length and width. 


5. The perimeter of a rectangle is 20 inches. If the base is de- 
creased by 4 in. and the altitude increased by 2 in., the area” 
remains unchanged. What are the dimensions of the rectangle? 


6. Find the sides of an isosceles triangle whose perimeter is 
360 in. and whose base is 75 inches. 

7. A classroom of a certain high school is § as long as it is 
wide. If the length were diminished 3 ft. and the width in- 
creased by the same amount the room would be square. Find 
the dimensions. 

8. The area of a square is equal to that of a rectangle having 
its base 12 ft. greater and its altitude 4 ft. shorter than the side 
of the square. Find the dimensions of both figures. 


—<—®. The area of a triangle, whose altitude is 5 units less than 


the base, is equal to 20 square units less than half the area of 
a square on the base of the triangle. Find the base and the 
altitude of the triangle. 

10. The United States Treasury building in Washington, 
D.C., is 222 ft. longer than it is wide. The entire distance around 
the building is 1,500 feet. Find its length and width. 

1. The length of the Pennsylvania Station in New York is 
80 ft>less than twice the width and j as long as twice the distance 
around diminished by 700 feet. How long and how wide is this 
station? 
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$12. The perimeter of a rectangular steel plate is 240 in. and 
the length is 85.24 inches. Find its width and area. 

What is the weight of this plate, if it is § in. thick, and if 
1 sq. ft. of ¥-in. plate weighs 5.1 pounds ? 

13. The sides of a triangle are in the ratio 3:4:5. Find the 
three sides, if the perimeter is 108 inches. 

14. One of the acute angles of a right triangle is 8 times as 
large as the other. Find the two acute angles. 

15. Find the angles of an isosceles triangle if one of the base 
angles is 50°. 

116. One angle of a triangle is 5° greater than 5 times another. 
Find the third angle, if the smaller of the first two angles is 19°. 
Make a scale drawing of the triangle, if the side opposite the 
greatest angle is 60 feet. 

The interior angles on the same side formed by two 
parallel lines cut by a transversal are $z and 88+ 2. Find 
x and the angles. 

The acute angles.of a right triangle are denoted by 
32+7 and 41—§z. Find z and the angles. Draw the triangle. 

{19. Two supplementary adjacent angles are denoted by 
$2+29 and 97—2x. Find z and the angles. 


, ,o 
. The interior angles of a triangle are 69°, (f+ 17) , and 


(5 +80) . Find z and the two unknown angles of the triangle. 


Motion Problems 


426. Rate. Distance. Time. If a train travels 30 
mi. an hour, it is said to move at a rate of 30 mi. an hour. 
If a man walks 35 yd. a minute, he is said to walk at the 
rate of 35 yd. a minute. 

The distance traveled by a body depends upon the 
time it travels and upon the rate at which it travels. 
The following problems will show the relation between 
the distance, rate, and time. 


ws 


: ; 
a Pe ee = 
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EXERCISES 


1. The rate of a train is 40 mi. an hour. If it leaves the 
station at 1:00 p.w. how far is it at 2:00 p.m., 3:00 p.m., 
4:00 p.m., 5:00 p.m., etc.? How far is it at 3:20, 4:30, 6:45? 


2. Denoting the distance traveled by d, find d when the rate 
is 60 mi. an hour and the number of hours is 5. 


3. Let d be the distance traveled in ¢ hr. at the rate of r mi. 
an hour. Show that d=rt. Translate this equation into words. 


™ Show how to obtain from the equation d=rt, the equations 
oa | and ¢ =! Translate these equations into words. 

427. Relation between distance, rate, and time. The 
equations of problems 3 and 4 above show that if two 
of the three numbers d, r, and t are known or expressed in 
algebraic symbols, the third can always be expressed in 
terms of them. 


EXERCISES 


1. A bird flies a distance of 80 mi. in 2 hr. 30 minutes. Find 
the rate, supposing it to be uniform. 


2. Sound travels 1,080 ft. a second. If the sound of a stroke 
of lightning is heard 3.5 sec. after the flash, how far away is the 
stroke ? 


3. If sound travels f ft. a second, how far away is a lightning 
stroke if the sound is heard s seconds after the flash ? 


4. A tree 2,376 ft. distant was struck by lightning. It took 
2: sec. for the sound to reach the ear. Find the rate at which 
the sound traveled. 


428. Graphical solution of motion problems. Motion 
problems may be solved graphically. 
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1. A man walks along a straight road, AB, Fig. 264, in the 
direction of the arrows (>), at the rate of 3mi.an hour. How 
far from the house, H, is he: 


4 hr. before reaching it ? 1 hr. after reaching it ? 
3 hr. before reaching it ? 2 hr. after reaching it? 
2 hr. before reaching it ? 3 hr. after reaching it? 
1 hr. before reaching it ? 4 hr. after reaching it? 


Denoting the number of hours before reaching the house by — 
and the number of hours after by +, lay off these numbers on the 
time-line to the right or left of O according as they are + or —. 
At each of the points —4 to +4 on the time-line lay off vertically 
the corresponding distances from the house, letting the vertical side 
of a square represent 3 mi. In this way the points P,Q, R,S ...... 
X are obtained. If these points are joined by straight lines, it will 
be found that they all lie in the same straight line, PX. 


Fic.’ 264 


The straight line PX represents geometrically the uniform 
motion of the man walking from A to B. 


2. Show from the graph how far from the house the man was 
33 hr. after reaching it. Show from the graph when the man 
was 4} mi. from the house; 3} mi. from the house. 


3. At 10:00 a.m. a freight train leaves a station O going north 
at the rate of 30 mi. an hour. At 1:00 p.m. an express passes 
the station going in the opposite direction at the rate of 60 mi. 
per hour. When and where did the trains meet? (See p. 263). 
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Graphic Solution 

On the time-line (Fig. 265) lay off the time, letting one side of 
& square represent one hour. At each hour-point lay off vertically 
the distance from the station, 
letting a vertical side of a square 
represent 30 mi. The points A, B, N 
Oe its os thus obtained are joined 
by the straight line PQ. PQ is 
the graph for the freight train. 

Similarly, the graph LM for 
the express train is obtained. The 
point of intersection C of PQ and 
ILM gives the distance of each 
train from the station at 12:00 
o’clock. Why? Thus, the trains 
meet at 12:00 o’clock 60 mi. from s 
the station. Fig, 265 


Sebeceashs 


x 


Algebraic Solution 


(1) Let z be the number of hours from 10:00 a.m. until the trains 
meet. 
(2) Then the time ¢; rate r; and distance, d, for each train are 
as follows: 
t=z 
For the freight train < r=30 
d=30z 
t =3—z2, since it passed the station 3 hr. 
For the express train ¢ r=60 after the freight train left 
: d=60(3—z) 
(3) The fact that the distance from the station to the meeting- 
point is the same for both trains gives the equation 
30z = 60(3—2) 
(4) Solve the equation in (3). 


4. Solve graphically the following problem: 

A, starting from point P, moves downstream at the rate of 
8 mi. an hour. B starts 3 minutes later and moves at the rate of 
10 mi. an hour. When and how far from P will B overtake A? 
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EXERCISES 
Solve the following problems algebraically: 


1. A local train goes at the rate of 30 mi. an hour. An 
express starts two hours later and goes at the rate of 50 mi. an 
hour. In how many hours, and how far from the starting- 
point, will the second train overtake the first ? 


(1) Let x be the number of hours it takes the second train to 
overtake the first train. 


(2) Then, according to the data of the problem, 


for the express train for the local train 
t=z t=z+2 
r=50 : r=30 
Hence d=50x Hence d=30(r+2) 


(3) Since both trains travel the same distance, the following 
equation holds: 
502 =30(x#+2) 


(4) Solve this equation to determine the value of z, and then 
solve for d. 


2. An express train whose rate is 40 mi. per hour starts 1 hr. 
4 min. after a freight train, and overtakes it in 1 hr. 36 min. 
How many miles per hour does the freight train run? 


3. Two friends, A and B, live at the distance of 33 mi. from 
each other. In order to meet A, B leaves home an hour earlier 
than A. If A travels at the rate of 5 mi. and B at the rate of 
45 mi. an hour, when and where will they meet ? 


4. Two towns, A and B, are 288 mi. apart. Two men 
travel toward each other, starting at the same time from A and 
B respectively, and going at the rates that are to each other as 
3:5. They meet in three days. How many miles a day does 
each travel ? 


5. A is 160 yd. east and B 120 yd. west of agate. Both start 
at the same time to walk toward the gate, A going 3 yd. and 
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B 2 yd. asecond. When will they be at equal distances from 
the gate? 


The drawing, Fig. 266, will be helpful in obtaining the equation. 


------ 19 -- -- -+ ------ --109------ ---+ 
Br----------- B’ G A------------ —-tl 
fs j-----+----4 ox 
120-22 160-3x 
Fic. 266 : 


6. Two trains start at the same time from Chicago and 
Kansas City respectively, 498 mi. apart. The train from 
Chicago travels at a rate of 40 mi. an hour, the other at a rate 
of 50 mi.an hour. When and where will they meet? 

Make a drawing representing the distances and the equation. 


7. At 6:00 a... a train leaves New York for Buffalo on the 
New York Central. At 9:00 a.m. a second train follows. The 
first train travels 30 mi. an hour, the second 50 mi. an hour. 
When and how far from New York will the second overtake the 
first ? 

8. A man rows downstream at the rate of 6 mi. an hour and 
returns at the rate of 3 mi. an hour. If he has 9 hours at his 
disposal, how far downstream can he go and return? 


9. Two trains start at the same time from S, one going east 
at the rate of 35 mi. an hour, and the other going west at a rate” 
1 faster. How long after starting will they be 100 mi. apart? 


10. A, B, and C are three towns on a straight road. The 
distance from A to B is 20 miles. A man leaves B for C and travels 
at the rate of 5 mi. an hour. At the same time an automobile 
traveling at the rate of 30 mi. an hour leaves A to go to C. 
When and where will the auto overtake the man? 


11. At 10:00 a.m. a freight train leaves the station A, traveling 
at the rate of 32 mi.an hour. An express train going at the rate 
of 72 mi. an hour passes the station at.11:00 a.m. and follows 
the freight train. When and where will the trains pass? 


Rig 
Ane 
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12. A train moves at a uniform rate. If the rate were 6 mi. 
an hour faster the distance it would go in 8 hr. is 50 mi. greater 
than the distance it would go in 11 hr. at a rate 7 mi. an hour 
less than the actual rate. Find the actual rate of the train. 


429. Motion along a circular path. In the following 
problems the path of motion is assumed to be circular and 
the motion uniform. 


EXERCISES 


1. Two boys were running in the same direction along a cir- 
cular path at the rates of 110 yd. and 98 yd. a minute, respec- 
tively. The length of the circle is 36 yards. Supposing they 
start from the same point, when will they be together again? 

(1) Show that in z minutes they run 110z yd. and 98z yd., 
respectively. 

(2) Then 1102=982+36 expresses the fact that the faster 
runner has made a gain of a complete circle, which is necessary to 
enable him to meet the slow runner. 

(8) Solve the equation in (2). 


2. Suppose the boys in exercise 1 are running in opposite 
directions. How long will it take them to meet? 


3. Two automobiles travel over a road which runs around 
a lake practically circular in shape. They make the circuit in 
2 hr. 45 min. and 3 hr. 30 min., respectively. How long after 
passing each other will they meet ? 


(1) Let x be the required number of hours 


na is the part of the circuit made by one automobile 
2 int hr. 
is the part of the circuit made by the other automobile 
in 1 hr, 


, 
is the number of circuits made by the automobile 
a in x hr. oe: 


* is the number of —— by the second automobile 


(2) 


(3) ° 


in x hr. 
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Since the faster automobile makes — xe once more 

() § than the slower, it follows that = + yn 

4. Venus makes its orbit in 224.7 days, or about 7} months, 
the earth starting as shown in Fig. 267. 
In how many days will Venus next be 
in line between the earth and the sun? 

The rate per month of Venus is #5 of <} Earth 
the orbit, that of the earth ;'45. Let xz be 
the required number of months. 

The equation may be obtained as in 
exercise 3. Fic. 267 

5. Calling the time of revolution of Venus about the sun 73 
months, and that of Mercury 3 months, how many months after 
Mercury is in the line between Venus and the sun will it next 
be in the same relative position? 


Clock Problems 


430. The movement of the hands of a clock furnishes 
a mechanical! illustration of circular motion. 


1. At what time between 3:00 and 4:00 o’clock are the hands 
of the clock together ? 

(1) Let z, Fig. 268, be the number 
of minutes after 3:00 o’clock when the 
hands are together; ie., z is the num- 
ber of minute-spaces over which the 
minute hand passes from 3:00 o’clock 


hand passes in the same time. Why? 


(3) Since ‘0f minute-spaces from 12:00 to 3;00 is 15, 
it follows that r= . (The whole is equal to the sum of the 
‘ t : 
parts.) 


(4) The equation in (3) d es the value of z. 


until it first overtakes the hour hand. . 


(2) Then 5 is the “er of- 
minute-spaces oupr whigh he hour 


7% 
ay & 
< 


3 
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2. At what time between 2:00 and 3:00 o'clock are the 
hands of the clock together? 

Represent in a drawing the number of minute-spaces passed 
over by the hour hand and by the minute hand. 

3. At what time between 3:00 and 4:00 o’clock are the hands 
of the clock at right angles? 

4, At what time between 3:00 and 4:00 o ‘clock are the 
hands of the clock 16 minute-spaces apart ? 

5. At what time between 7:00 and 8:00 o’clock are the hands 
of the clock pointing in opposite directions ? 

6. At 12:00 o’clock the hands of a clock are together. When 
will they be together the next time? 

7. What angle is formed by the hands of a clock at 2:30? 


8. In how many minutes does the minute hand of a clock 
gain 15 minute-spaces on the hour hand ? 


$9. At what time between 5:00 o’clock and 6:00 o’clock will 
the hands be together ? 


$10. When between 8:00 o’clock and 9:00 o’clock is the 
minute hand 10 minutes behind the hour hand? When is it 
over the hour hand? When is it 10 minutes ahead of the hour 
hand? 


: EXERCISES 
Solve the following equations: 
1. 4(22-+9)+3(r—9) = S29) 

2. 2(a—1)+3(x—2) =4(z+8) \ 

3. 5a—2k=2k+32 

4, ax+-ad=bd—br 

5. @r+b=br+a 

6. (2y—5) (4y—7) =8y2+-52 

7. (a+2)?*—2?=b? 

8. (n+4) (n+3)—(n+2) (n+1)=42 
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9. ieee 
=z 
ll. vor aa 
i 
12. 2(5+2)—90+5(2+210)=90 
1 
13. 100—4 z+=) = 3(261—5z)—80 


14. $(12y—$) -80=4+4 $(14y+9) 

15. 4(5n—1)—4(4n—2)=8 

$16. {(1—s)=4(2—s) + $(3+8) 

17. t—15—4(9t—2) —$1-4=0 

18. 5.82+3.69=3.96+2.8z 

t19. .3742—.53+1.2z7+ .06=.8+41.32z 
20. .3(1.52—.8)=.6(5.1+.2z) 

t21. .05(202—3.2) = .8(4z+.12)—11.256 


22. 1.42—1.61— Bet OP @1.32 


tog, 1222 _22—.5, 22-3 _6.35— 5a 
a Game ae 
42+ .39 .27—.66 .08r+.38 


a ar iia eas 
Problems on Percentage and Interest 
431. Some problems on percentage and interest lead 
to equations of the first degree. 
1. Find the percentage of $120 at 1%. 
The ee 1 per cent means a om 1 per cent of $120 
means 7p 00 7 $120 or $120 multiplied by — ; i: 


ar the percentage of $120 at 1 per cent is iw $120 or 


$120 
100° 
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2. Find the percentage of $120 at 4%. F 
Since the percentage of $120 at 1% equals 755 - $120, it follows 


1 4 - $120 
100° #!29=—j00 
3. Find the percentage of $120 at 6%; at 73%; at r%. 


4. Find the percentage at 8% of $25; of $250; of $d. 
_ 5. Find the percentage at r% of $20; of $80; of $d. 
6. Calling p the percentage, b the base, and r the rate, show 


that the percentage at 4% equals 4 - 


p=bX 705 (1) 
and show that, by one of the laws of multiplication of fractions, 
this may be written 

P= "100 


7. Read (2) of exercise 6 and translate it into words. 
8. Find the interest. on $175 at 4% for 2 years; for 5 years; 
for 2 of a year; for 23 years; for t years. 


9. Find the interest on $600 for 5 years at 3%; at 5%; 
at 8%; at 63%; at r%. 


10. Find the interest on $160 for ¢ years at 6%; at 34%; 
at r%. : 


11. Find the interest at 6% for 3 years on $200; on $360; 
on $756; on $p. 


12. Find the interest at 5% for t years on $p. 
13. Find the interest 7, at r% for t years on $p. 
14. State in words the meaning of 
xXrxt 
tpn 100%'= G00 
432. The result of exercise 14 above is a general 


formula for finding the interest when principal, rate, ang 
time are given, 
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EXERCISES 
1. Find the interest on a principle of $225 for 5 years 
at 23%. 
Let p=225, r=2.5, t=5, and substitute these values in the 
~ formula of exercise 14 above. 
2. Find the income from an investment of $2,800 at 5% for 
8 years. 
3. Find the percentage of $450 at 5%; of 375 bushels at 20%; 
of 1,800 men at 15%. 
4. On a certain day a grocer sells $315 worth of goods. His 
profit is 12% of the purchase price. How much did he gain? 
z-12 
100 


15. A merchant lost $345 in a certain sale. His loss was 9% 
of the amount invested. How much was the investment? 

6. The number of pupils enrolled in the United States in 1910 
was 17,813,852. During the following year there was an increase 
of 1.25%. How large was the enrolment in 1911? 

7. Into what two parts can $1,000 be divided so that the 
income of one at 6% shall equal the income of the other 
at 4%? 

8. How can a man divide $2,000 so that the income of part 
at 4% shall be the same as that of the rest at 5%? 

t9. How many dollars must be invested at 4% to give the 
same income as that of $2,500 at 6%? 

10. A certain sum invested at 53% gave the same interest 
in 4 years as $3,300 gave in 8 years at 3%. How large was the 
sum ? 

11. Show how to divide $1,400 into two parts so that one 
part at 4% shall produce twice as much income as the other 
at 3%. 

$12. A sum of $2,200 is divided and invested so that the 
simple interest on one part at 5% equals the interest on the 
other at 6%. Find how the money is divided. 


=315. 


Show that z+ 
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Mixture Problems 


433. The total amount of the mixture in the following 
problems may be expressed in two ways. Solve the 
equations thus obtained. 


1. Bell-metal is by weight 5 parts tin and 16 parts copper. 
How many pounds of tin and copper are there in a bell weighing 
4,800 pounds? 

First method: Let x be the number of pounds of tin, then show 
that a+ =4,800, and solve forz; then find = si 

Second method (without fractions): Let 5z be the number of 
pounds of tin, and solve: 5z+16r=4,800. 

After finding zx, calculate 52 and l6z. 

2. Gunpowder contains, by weight, 6 parts saltpeter, 1 part 
sulphur, and 1 part charcoal. How many pounds of saltpeter, 
of sulphur, and of charcoal are there in 120 lb. of gunpowder? 

3. If gunpowder were composed of 4 parts, by weight, of 
saltpeter, 2 parts sulphur, and 3 parts charcoal, how many 
pounds of each would there be in 200 lb. of gunpowder? 


4. With ingredients as in exercise 3, how much saltpeter is 
burned in the discharge of a cannon using 50 lb. of powder to 
the cartridge? 


5. Baking powder is composed of 4 parts, by weight, of 
cream of tartar, 1 part starch, and 1 part soda. How much of 
each ingredient is there in 18 lb. of baking powder? 


$6. A certain mixture weighing 240 lb. contains 3 parts, by 
weight, of copper, 5 parts of iron, and 4 parts of carbon. How 
may pounds of each ingredient are there in the mixture? 

7. In a watchease weighing 2 oz. the gold is 14 carats fine; 
ie., there are 14 parts of gold in every 24 parts of the whole 
alloy. How many ounces of pure gold are there in the case? 

{8. A certain compound contains, by weight, 5 parts carbon 
to every 3 parts of iron, and 7 parts of iron to every 2 parts of 
copper. In 124 lb. of the compound how many pounds are 
there of carbon, of iron, and of copper? 
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Lever Problems 


434. Law of leverages. In order to solve by means 
of the equation certain problems arising out of the common 
uses of forces it is necessary to know a law of these forces. 


A bar or lever (Fig. 269) has Ea 
loadings as follows: A force of © '~~~~~~~-zy* 
(4-3) on an arm of (—6) and yaies 
a force of (—3) on an arm of [, LA 
(—2). Adding the turning- 
tendencies, the total turning- 

Fic. 269 


tendency is 
(+3)(—6) +(—3)(—2) =(—18)+(+6) =—12 


This says in mathematical language that the bar turns 
in negative direction, 1.e., clock- 


p-— 5-4 , 
a Wise. 
—t > If a force of (+2) on an 
te te arm of (—3) and a force of» 
Fic. 270 (—3) on an arm of (—2) are 


on the bar, Fig. 270, the 
total turning-tendency is 


(+2)(—3)+(—3)(—2) =(—6)+(+6) =0 
which means that the bar does not turn. 


If a force of Be, * ES 
(+3) on an arm of }-----------*-------- +22, 
(+2), a force of oes tt ee 
(—4) on anarmof ., ; +78 
(—9), and a force Fic. 271 


of (—12) onan arm 

of (+3) are on the bar, Fig. 271, the total turning-tendency is 

(+3) (+2)+(—4) (—9)+(—12) (+3) =+6+36 —36= +6 

which shows that the bar turns in the positive direction. 
Experiments like the one above show that: If two 

or more forces are acting on the bar at the same time 
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the total turning-tendency is found by adding algebraically 
the separate turning-tendencies. If the algebraic sum 
is zero, the bar balances. If the sum is not zero, the 
bar turns in the direction indicated by the sign of 
the sum. 

Thus, the following law will furnish an iecacn in 
lever problems: 


Law of apy a yo e or leverages: For balance, 
the algebraic sum of all the turning-tendencies must equal 
zero. 

EXERCISES 


Using the law of leverages solve the following problems: 
eyed aes 1. If a force of —4 on an arm of 
—9, Fig. 272, and a force of +f on 
an arm of —2, are on the bar, what 
~$ —<F must f be for balance? - 


If the bar is balanced, the sum of the 
turning-tendencies must be zero. We may then write 


(f)(—2)+(—4)(—9) =0 (1) 
Multiplying, —2f+36=0 (2) 
Subtracting 36, —2f =—36. What axiom? (3) 
Dividing by —2, f= 18. What axiom? (4) 


Check: From equation (1), 


(+18)(—2) +(—4)(—9) =(—36) +(+36) =0 


2. A bar, Fig. 278, is balanced aoe 
by a force of +10 on an arm of erm + ae ay x 
—6, and a force of s+3 on an arm eae, See 
of +5. Find the values of s and | I 

+10 8+3 
s+3. Fie. 273 


<--=4-—h-th-» t8. A force of 83w— 15, Fig. 274, on 
i pe Be ve an arm of —4 is balanced by a force 
of +12 on an arm of +3. Find the 
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4. AB, Fig. 275, is a crowbar, 63 ft. ss) ‘ 
long, supported at F, } ft. from A. “a : B 
A stone presses down at A with a force <----64----> 
of 1,800 pounds. How many pounds | iF 
of force must be exerted by a man ge a _ 


pressing down at B to raise the stone? 
The weight of the crowbar is to be disregarded. 


$5. With other conditions as in exercise 4, what would be the 
pressure at B if the fulerum F (point of support) were 3 in. 
from A? 


t6. With the fulcrum 3 ft. from A (Fig. 275) what weight 
would be held in balance by a pressure of 200 lb. at B? 


7. A suction pump, Fig. 276, 
is a device for raising water from 
wells. The handle, OB, works 
against a pin at A,so that the 
hand pushing downward at B 
raises a mass of water by the aid 
of a piston C connected with the 
handle OB by the rod OC. If 
OA=2 in. and OB=3 ft., what 
load at O will be raised by a 
force of 20 lb. pushing downward 
at B? 


8. With other conditions as in 
exercise 7 what force will be 
exerted at O by a downward force 
of 68 lb. at B? 


9. A stone slab S, Fig. 277, 
weighing 2,400 Ib., rests with 
its edge on a point B, 6 in. 
from the fulcrum F of a 
crowbar FA 6 ft. long. How 
many pounds of force must 
be exerted at A to raise the 
slab? 


{14. 
15. 
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. Solve the following equations: 
. 82+15=2£+25 —z 2 Vs 


6. r——— —==7 
 9r—-8— 25 ae Mes as 
. 16432=6+2 ty (et sts 
. 20—42=8—102 Le 

2-3 2+2 —l #2- 
- 5 4-38 8. s+1 s4+17 
, 2°57 =2-(@-5) 

4 fie—9) oe ae 
o> <a e 


. &(s—1)—s(s—2)=3 
. (s+3)=s+3(s+8) 


(s+1) (s+3)=(s+2) (s+5)—13 
4(s+6) —2(s—3) =38 
1 1 


* (s+3)(s+6) (s+2)(s+8) 


s—4 e+4 8+20,s—5 


3 rhage BS 5 
2s—3 s+5 s—l 


Se MU 13 


4 2 2 


» (5y+6) (2y+3) =11y+26+10y 

- O=(9y+4) (Syt+9) —72y?+39y—75 

. (120y?+75y— 165) +15 =2y(4y—3) 

. (78y?+-37y—63) + (6y+7) =64y—5(1ly—15) 


. aytby+cy=d+e $25. yaa 
Yi Ye cb be 
as sage" 6. te ae 
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Summary 

435. The chapter has taught the following suggestions 
for obtaining the equation of the problem: 

I. Denote the unknown number by a letter and trans- 
late the verbal statement of the number relations of the 
problem into a symbolic statement. 

II. Obtain two different number expressions for some 
number of the problem and write them equal to one 
another. 


436. The letters x, y, z or some of the other later letters 
of the alphabet are generally used to denote the unknown 
numbers. The earlier letters, as a, b, k, l, m, etc., are 
commonly used to denote known numbers. 


437. An equation is solved by obtaining another 
equation in which the unknown is alone on one side. 
This is done by means of the addition, subtraction, multi- 
plication, and division axioms. 


438. Special devices have been taught, as being bales 
ful in the solution of problems of certain types. Thus, 
in problems containing geometric relations a figure 
should be drawn. Often the equation is found by express- 
ing algebraically some geometric theorem. Motion 
problems are solved by expressing algebraically two of 
the three elements—distance, rate, and time. The third 
is then found from these two by means of the equation: 
distance equals rate times time, or, d=r-t. 

439. Clock problems, mixture problems, percentage 
and interest problems, and lever problems all give practice 
in expressing algebraically the verbal statements of 
problems. 


440. Law of leverages. For balance, the algebraic 
sum of all the turning-tendencies must equal zero. 


CHAPTER XVII 


LINEAR EQUATIONS CONTAINING TWO OR MORE 
UNKNOWN NUMBERS 


A System of Two Linear Equations 


441. Some problems lead to two linear a in 
two unknowns. 


Find two numbers such that 3 times the first diminished by 
2 times the second is equal to 9, and 3 times the second is 4 
greater than 2 times the first. 


Let x and y denote the required numbers; then, by the first 
condition of the problem 


SEW ee ck hie aren ee (1) 
By the second condition of the problem 
a YT ae eee mn, i ek (2) 
Solving both equations for y 
wate vias ocknesan Goes kee a’) 
and y= art ay Paci sia eo ewe ha oth ee (2’) 


Equations (1’) and (2’) express y in terms of x. To every value 
assigned to x there is a corresponding value of y; e.g., from (1’) it 
follows that y=6, when x=7. 


442. Solution of asystem. A pair of values of x and y 
satisfying either equation is a solution of that equation. 
A pair of values of x and y satisfying both equations is a — 
common solution of the two equations. Two equations 
having a common solution are called simultaneous equa- 
tions and the pair of equations is referred to as a system 
of equations. 
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To solve the problem in § 441 means to find the solution 
of the system of equations (1) and (2), or of the system 
(1) and (2’). 


In the following paragraphs, two methods of obtaining 
the solution will be presented. 


Graphical Method of Solving a System of Equations 


_ 443. Graphs of equations in two unknowns. 
A quick way of obtaining the graph of the equation 
o2—-9.. 


(1) to let r=0. This gives y= —3= 4.8 


(2) to let y=0. Then 


0, 32=9, «=3 


Thus, we have two solutions of the equation: +=0, 
y= —4.5, and z=3, y=0. 


This is sufficient for drawing the graph. For the pur- 
pose of greater accuracy a third value of z, as z= —5, may 
be taken. The corresponding value of yis —12. Tabu- 
late these three solutions of the equation, as in Fig. 278 
(table 1). 

Similarly obtain three solutions of the equation 
y= (See table 2 to the left in Fig. 278.) The 
value ¥=1.3-+ in this table is an approximation tors 3" 


Each solution in the tables locates one point on the 
graph; e.g., to graph the solution (—5, —12) pass from 0 
5 units to the left and from there 12 units downward, 


ree > ga Oo £ een 
RQ Fe, © a) S33 | 
& Tu 5 Soh 
ag ao . & BAS 
= oy So. 8 « & 
-O ao Q & Se. 
o% "doops a f° 
Mo S we A Bas 6 
go >A eg 4632 
R an a s She geod 
= 8 a2 Be 8 4228, 
= 38 ae e8e Fats 
‘ OSC A 
a >» PEELE NSH Ss E . a 2 os oe ; 
~ =z & ; PEE | ne, GS et BI@g 
> 2 4 Pel tLe. g a! a a - seen 
< | a Fee om ~ oo 8 
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< 3h Fo AN Febh eas 
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RENE DESCARTES 


ENE DESCARTES was born at La Haye, near Tours, 
March 31, 1596, and died at Stockholm, February 11, 
1650. As a boy his health was delicate, and at the 
age of eight his father sent him to a Jesuit school at La Fléche. 
Finishing his education at this school in 1612, he went to 
Paris. Here he devoted two years to mathematical studies 
with Mydorge and Mersenne. In his day the only callings 
open to the sons of the nobility were the army and the church. 
He chose the former and joined the army of Prince Maurice 
of Orange, then at Breda, a town in Holland. He then 
devoted himself to the study of philosophy, science, and 
mathematics. Read the story of his asking Isaac Beeckman 
to decipher a Dutch placard for him in Ball’s History of 
Mathematics, pp. 269-70 (5th ed.). 

Descartes was a small man with a large head, projecting 
brow, prominent nose, and black hair that grew down nearly 
to his eyebrows. His voice was feeble and he was cold and 
selfish in disposition. He is said to have despised all learning 
and art unless something tangible could be gotten from them. 
He went to Stockholm at the invitation of the Queen of 
Sweden in 1649 and died there of lung trouble after a few 
months. ; 

In the year 1637 he wrote a book, Discourse on Methods, 
which contained an appendix on geometry that constitutes 
his title to enduring fame. The appendix showed how to 
study geometrical figures by means of algebraic equations 
and contained the following contributions to algebra: 

1. Established the custom of denoting known numbers by 
letters at the beginning of the alphabet and unknowns by 
letters at the end of the alphabet. 

2. Introduced the system of exponents now used in mathe- 
matics. 

3. Contributed the earliest recognition of the advantage 
of taking all terms of an equation to its first member. 

4. Realized the usefulness of negative numbers and used 
them Riga & though he always called a negative number a false 
number. 

5. Gave the rule for finding limits for the number of posi- 
tive and the number of negative roots of an equation, and this 
is still called Descartes’ Rule. 

6. Introduced indeterminate coefficients in solving equa- 
tions. 

7. Gave the first statement of the so-called Euler Theorem 
connecting the faces, edges, and angles of a polyhedron. 

These contributions and other minor ones give him a 
better right than Viéta to the cognomen ‘‘ Father of modern 
algebra.”” Furthermore, his geometry is regarded as con- 
taining the outlines of analytical geometry. He is regarded 
as the originator of this branch of mathematics. 
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445. Indeterminate equations. Exercises 1 and 2 
above show that there are as many solutions of the equa- 
tion as there are points on the graph, i.e., an indefinitely 
largenumber. For this reason equations in two unknowns 
(variables) are called indeterminate equations.* _ How- 
ever, a system of two equations may be determinate. 

For, the co-ordinates of any point on the graph ABC 


determine a solution of y =*—9 and the co-ordinates of 


any point on DEF determine a solution of y= ets . 


Hence, the point of intersection, H, of ABC and DEF 
determines the common solution of these equations, 
ie., z=7, y=6. 


446. Summary. The following is the process of solving 
a system of equations graphically: 


1. Find at least two solutions of each equation, preferably 
three. 

This is done quickly by substituting for z the value 0 and finding 
the corresponding value of y and then substituting y=0 and finding 
the corresponding value of z. Any third value of x may be used 
to obtain the third solution. If any values come out fractional, it 
is best to use approximations to one decimal place. 


2. Tabulate the solutions. 
3. Graph the solutions. 


*Diophantus of Alexandria (third and fourth centuries <.p.) 
made a study of indeterminate equations. Indeterminate equa- 
tions are therefore known as Diophantine equations. 

René Descartes (1596-1650) made the discovery that a point in 
a plane could be completely determined if its distances, say z and y, 
from two perpendicular lines were known. He saw that though an 
equation in two unknowns was indeterminate, the values of z and y 
satisfying the equation determined the points on a line representing 
the equation. (See Ball, pp. 272, 273.) 
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4. Determine the point. of intersection of the graphs and 
the co-ordinates of that point. 

5. The co-ordinates of the point of intersection are the 
solution of the given system of equations. 


EXERCISES ’ 
Solve the following systems by the graphical method: 
1. 2+2y=17 6. z+2y=11 
ta t— yoy 
oy ~ 
r+2y=7 2r— y=2 
13. 72+3y=—36 ts. 1lz+7y=40 
5a+2y=7 3x—5y=4 
t4. 97—6y=36 9. x—2y=0 
“132+5y=11 r=4 
5. 2c—3y=4 10. x—2=0 
42+ 5y=30 y=—3 


447. Normal form. When a linear equation in two or 
more unknowns has all terms containing the unknowns on 
one side and all other terms on the other side, and when 
all similar terms have been combined, as in 2x—3y=7, 
the equation is said to be in the normal form. 


EXERCISES 
Put the following equations into normal form: 


1. 7x=8—9y 2. suto=s 


m+3p 38m—p _ 


xty—3 x—y+4 
se 5 = 4 4, —— -— 


2 til” oct 
5. (e+2)(y—4) —(@+3)(y—6) =14 
448. Disadvantages of the graphical solution. One of 


the disadvantages of the graphical method of solving a 
system of equations is the difficulty of finding accurate 
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solutions of some systems. In the following pages an 
algebraic method will be shown which always’ gives 
accurate results. The algebraic method also has the ad- 
vantage that it is easily extended to solve equations in 
three or more unknowns. For practical purposes, as in 
the solution of problems in science, the approximate 
solutions obtained by the graphical method are generally 
sufficient. 


Algebraic Solution of Equations in Two Unknowns 


449. Elimination by addition or subtraction. 

(a) A boy sets out on a walking trip and travels at a uniform 
rate for 5 hours, when he meets with an accident. He continues, 
however, at a slower pace, and 3 hours later reaches a point 26 
miles from home. (5) If he had turned back at the time of the 
accident he would have reached in 3 hours a point 14 miles ffom 
home. What was his rate of speed both before and after the 
accident ? 

Letting x and y denote the rate before and after the accident 
respectively, 

Condition (a) 52+3y =26 
Condition (6) 5r—3y=14 
10z =40 (add. ax.) 
E = 4 (div. ax.) 
6y=12 (sub. ax.) 
y= 2 (div. ax.) 
Check the solution z=4, y=2 by substituting in the problem. 


The equation 10z=40 was obtained from equations 
(1) and (2) by what operation? What terms were elimi- 
nated from equations (1) and (2) by this operation? 

What is true of the coefficients of the y-terms which 
makes possible the elimination of these terms by addition? 

The equation 6y=12 was obtained from equations 
(1) and (2) by what operation? What terms were elimi- 
nated from equations (1) and (2) by this operation? What 
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is true of the coefficients of the y-terms which makes 
possible the elimination of these terms by subtraction ? 

This method of elimination is called elimination by 
addition or subtraction. 


Solve by this method the following systems: 


1. l4+s=24.5 2. m+4n= 4 
l—s= 8.5 m—2n=16 


450. In the preceding systems the coefficients of the 
unknown numbers were numerically equal. We must 
ledrn what to do in case the coefficients are not equal, as 
in the following example: 


Solve this system: 
5a+3y = 26 (1) 
4x—Ty= 2 (2) 


If equation (1) is multiplied by the coefficient of z 
in equation (2), and equation (2) by the coefficient of x 
in equation (1), what is the coefficient of x in each of the 
resulting equations? ; 

What operation will then eliminate the x-terms from 
the resulting equations ? 

How may the y-terms be eliminated from equations 
(1) and (2)? 


The following gives the complete solution: 


TO 352+21ly =182 4X (1) 20z+12y =104 
3X (2) 12x—2ly= 6 5X (2) 20xz—35y= 10 
Hence, 47z =188 Hence, 47y= 94 

<7 = 4 y= 2 


_Having found the value of x as shown above, the value of y 
might have been found by substituting the value of z in one of the 
given equations, thus, 


5a+3y =26 Check in (1) 5-443 -2=26 
5+4+48y=26 
sy= 6 Cheek in (2) 4.4-—7.3= 2 
y= 2 ' 
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451. Summary. To eliminate by addition or sub- 
traction proceed as follows: 

1. Make the coefficients of one of the unknown numbers 
numerically the same in both equations. 

This is done by multiplying one or both equations by the proper 
number. ; 

2. Then eliminate one of the unknowns either by adding 
or by subtracting the equations according as the coefficients 
of the unknown have unlike signs, or like signs. 


EXERCISES 
Solve the following systems of equations: 
1 [4e+3y=18 ti i 
* |32+2y=9 * | 162—-25y=—2 
g, [drt4y=22 t12 ne 21y=33 
32—Ty=—15 " \6h+35y=177 
3, [3r—5y=51 12 Boasts 17 
22+7y=3 llz—3y=5 
2t-—7s= 6a—4b=2 
1 
- : —9t+4s= ae 2 ese a 
ts. seid =59 15, { ~1z+9y=16 
liz— 9y=15 : 47+8y=28 
—5s+9p=4 { 3u— 20=4 
ig { 7s+6p = —80 se | —7u+13v=—1 
7, { %R+14r=385, 9R—2r=44 
—15R+ 9r=30 117. | 6p_ pal 
8. acest tg, { 13u—6v=22 
14u—26v=2 io sake 
33A—28B=38 © oh blk 
(324 }358-70 a ty a8 
19, [66m+55n=308 | a8 tle 
t 77m—15n=201 - 4 5 
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4o+5y=14 2m+11k=50 
a eg ic st tes riset 2k=41 
1 3y_ oA pire kc. 
ad, © 8c * | +4)—(6p—s)—s8=0 
‘ 1 
£25. a 4 : 
$22 7xz—2y=8 5R_2r_ : 
* | 32+4y=18 i 


Geometric Problems 


452. ‘The following geometric problems lead to equa- 
tions in two unknowns: 


1. With parallels, transversal, and 
angles as shown in Fig. 279 find z, y, 
and all the 8 angles. 


2. With parallels, transversal, and 
angles as shown in Fig. 280 find z, y, and 
Fra. 279 all the 8 angles. 


3. With two parallels and a transversal, 
a pair of corresponding angles are (x+2y)° 
and 2(x—y)°, the angle adjacent to the 
latter being 120°. Find z, y, and the un- 
known angles. 


t4. With two parallels and a transversal 
a pair of alternate exterior angles are Fig. 280 
(5y—2a)° and (9x+y)°. The angle adjacent 
to the latter is 86°. Find 2, y, and the unknown angles. 


5. With two parallels, the interior angles on the same side 
of a transversal are (l4z—y)° and (62+y)° and their difference 
is 14°. Find a, y, and all the 8 angles. 7 


{6. With two parallels, the interior angles on the same side 
of the transversal are (4e—y)° and 5(2y+<2)°. Two alternate 
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interior angles are 5(2y+zx)° and 125°. Find 2, y, and the 
unknown angles. 

7. One angle of a triangle is 64° less than the sum of the other 
two and 16° less than the difference. How large is each? 
-}8. The angles made by two pairs of 
parallels intersecting as in Figs. 281 and 
282 are designated as shown. Find z, y, 
and all the angles. 

9. In the trapezoid ABCD, Fig. 283, 
angle C is 3 times as large as angle A 
and angle D is 5 times as large as angle B. Fig. 281 
How large is each angle? 

10. The difference of the acute angles 
of a right triangle is 36°. Find the 
number of degrees in each acute angle. 

11. One dimension of a rectangle is 
5 and one dimension of another is 3. 
The sum of the areas is 65 and the 

Fie. 282 difference 35. Find the dimensions of 
the rectangles. 

112. The sum of the areas of two rectangles of dimensions 5 and 
z, and 3 and y, is 49, and the area of a rectangle of dimensions 
3 and z exceeds the area of a rectangle of dimensions 5 and y 
by 9. Find z and y. 

13. The areas of two triangles having 
equal bases are 72 sq. in. and 60 sq. in. fie. ara 
Twice the altitude of the first plus 3 «4 B 
times the altitude of the second is equal Fia. 283 
to 54 in. Find the altitudes. 

14. The altitude of a trapezoid is 8 and the area is 56. If the 
lower base is increased by a length equal to the upper base, the 
area is 72. Find the bases of the trapezoid. 

t15. The lower base of a trapezoid is 24 and the area is 150. 
If a length equal to % of the lower base is added to the upper base 
the area is 170. Find the altitude and upper base of the trape- 
zoid. 
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16. The triangles in Fig. 284 have equal corresponding parts 
as indicated. The letter z has the same value throughout. 
The same is true of 
y. Find z and y. 


17. Theratioof 
the lengths of two 
circles is 2. Six 

Fia. 284 times the radius of 

the first minus 4 

times the radius of the second is equalto 14. Find the radii and 
lengths of the circles. 


The length of a circle is 27r, where 7= 


10a-6y +3 


22 
7 
t18. The areas of two circles are to each other as 4:36. One- 
half the radius of the first plus 4 of the radius of the second is 
equal to 63. Find the radii and areas. 
8 


> . T. 
The area of a circle is rr. Hence xy 36" 


approximately. 


Extract the square 
root of both sides of the equation. 


Motion Problems 


453. Absolute and relative velocity. While a freight 
train is moving at the rate of x mi. an hour a brakeman 
walks along the top of the cars of the train from rear to 
front at the rate of ymi.an hour. Show that the velocity 
with which the brakeman moves over the ground, his abso- 
lute velocity, is equal to his own velocity on top of the cars, 
his relative velocity, increased by the velocity of the train. 
Express his absolute velocity in terms of x and y. 

Determine the absolute velocity of a brakeman walking along 
the top of the cars of a train in the direction opposite to that of 
the train if his relative velocity is y and the velocity of the 
train 2. 

EXERCISES 

1. Two trains A and B pass each other going in the 

same direction at rates of 30 mi. and 40 mi. an hour 


=i, <« 5. 
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respectively. What isthe speed of A relativeto B? What 
would it be if the trains were moving in opposite directions? 

2. Two trains pass each other going in the same direc- 
tion with a relative speed of 10 mi. an hour. Going in 
opposite directions they would pass with a relative speed 
of 70 mi. an hour. Find the speed of each train. 

3. A boat crew rows 4 mi. downstream in 20 minutes and 
the same distance upstream in 35 minutes. Find the rate 
of the boat crew in still water and the rate of the current. 

4. A steamboat can run 7} mi. per } hour downstream 
and 43 mi. per 3 hour upstream. What is its rate in still 
water and what is the rate of the current ? 

15. Aand Brunarace of 450 yards. In the first trial B 
begins with a start of 60 yd. ahead of A and A wins by 
18 seconds. In the second trial B begins with a start of 
30 seconds and wins by 10 yards. Find therates of Aand B. 


Miscellaneous Problems 


454. Problems involving number relations. The fol- 
lowing exercises give practice in expressing number rela- 
tions in the form of equations: 

1. The difference of two numbers is 17 and the sum is 167. 
Find the numbers. 

2. If 13 times one number be subtracted from 3 times another 
the difference obtained is 41. The sum of 11 times the first num- 
ber and 8 times the second is 18. What are the numbers? 


3. Three tons of hard coal and two tons of soft coal cost 
$32. The price remaining the same, 2 tons of hard coal and 6 
tons of soft coal cost $43.50. What were the prices per ton of 
the two kinds of coal? 

4. A street railway company receives a certain sum for each 
cash fare and a different sum for each transfer. On one trip 13 
cash fares and 18 transfers were taken, amounting to $1.10 for 
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the company. On the return trip there were 7 cash fares and 24 
transfers and the amount for the company was $0.95. What 
does the company receive for a cash fare? For a transfer? 


455. Digit problems. 

1. The tens digit of a number is 4 and the units digit is 3. 
Indicate in symbols the numbers of units in the tens. . Indicate 
the number of units in the number. 

2. The tens digit of a number is ¢ and the units digit is u. 
Indicate the number of units in the number. 

3. A number is denoted by 10¢+u; what will denote the 
number formed by reversing the order of the digits? 

4. Show, in symbols, a number whose digits are z and 4; 
xand y; y and z. 

5. Show, in symbols, a three-digit number whose digits are 
a,b, and c; c, a, and b; x, z,and y; y, 2, and z. 

6. Express, in symbols, that a number whose units digit is 3 
less than the tens digit equals 27 more than the number obtained 
by writing the digits in the reverse order. 

7. Anumber having 2 digits is 4 times as large as the sum of the 
digits. If the order of the digits is reversed the resulting number 
is 27 larger than the original number. What is the number? 

8. The difference of a number of 2 digits and a number having 
the same digits but in reverse order is 18. The sum of the digits 
is 8. What are the numbers? 

9. A number of 2 digits is equal to 9 less than 7 times the sum 
of the digits. If the order of the digits is reversed the number 
obtained is 18 less than the original number. What is the 
original number ? 


456. Income problems. 


1. A man gained 8 per cent on one investment and lost 3 per 
cent onanother. If the money invested amounted to $22,000 and 
the net gain was $440, what was the amount of each investment ? 

2. Two investments, one at 3} per cent, and the other at 53 
per cent, yield annually $150. If the first had been at 83 per 
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cent, and the other at 34 per cent, the annual income would have 
been $175. What was the amount of each investment ? 

33. A man invested two sums at 4 per cent and 5 per cent 
respectively, receiving annually $158. He reinvested the money 
at 5 per cent and 6 per cent respectively, receiving $36 per year 
more than before. Find the sums invested. 

4. A part of $2,500 was invested at 3.5 per cent and the 
other at 4 per cent. The second investment brings $25 less per 
year than the first. How much was each investment? 

t5. A part of $4,000 is invested at 3.5 per cent and the remain- 
der at 4.5 per cent.” The first investment yields in four years 
$15 less then the second investment in two years. Find the 
sums invested. 


Fractional Equations 
457. Solve the following equations: 


sty z-y 7 r—2 +4 
ny? 86 g |t3 os 
zty z—-y_5 "| rtl_o+3 
“oh ge oh? | r4+2 9-4 


(2u+3) :5=(30+5):7 
7u:4v=77:40 8. 


4 5 le 2 1 
as 1.7—ly ty. 17 8 et 


4(w+1)—u=}(w—1)—10 


$5. 10. 
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a ee 
"| sto (7b+24) = § (404-30) 


6-H R+5_ 
a Oe Ane Sec 
4(124+H)—4(R—4) =4 
20—-2K 5K H _4K—19 
a a Oe 
$13. 


;_2K+21__H+5K 
os 


458. Systems of three or more linear equations. 


Solve the following problem: 

The sum of 3 times the first, 5 times the second, and 3 times 
the third of three numbers is equal to 22. The sum of 5 times 
the first and 3 times the second, diminished by 4 times the third, 
is equal to —1. If from the sum of 4 times the first and twice 
the second, 5 times the third is subtracted, the remainder is —7. 
What are the numbers? 


Letting x, y, and z denote the first, second, and third numbers 
respectively, the equations are: 


3z+5y+3z= 22 (1) 
5e+3y—42=— 1 (2) 
4r+2y—5z=— 7 (3) 


Eliminating z from (1) and (2), and again from (1) and (3) or 
(2) and (3), what two unknowns will the resulting equations contain ? 
Solve these equations for x and y: 

Eliminating z from (1) and (2): 


4X (1) 12x+20y+12z= 88 (4) 
3X (2) lit+ 9y—122=— 3 (5) 
(add. ax.) 272+29y = 85 (6) 
Next eliminate 2 from (1) and (3), thus: 
5X(1)  - 15a-+25y+15z= 110 ‘Ty 5 
3X (8) 122+ 6y—152=—21 (8) 
272+3ly = $9 (9) 


Solving (6) and (9),x=landy = 2 
Substituting in (2), 5-1+38-.2—-42=-1 ” 
z= 3 
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z=1 

Thus, the solution of the given system is the set of vont y=2 

z=3 

The solution is checked by substituting these values of 2, y, 
and z into equations (1), (2), and (3): 


Check in (1): 

3-1+5-2+3-3= 22; ie. 22=22 
Check in (2): 

§-1+3-2—4-3=—-1; ie, —1=—-1 
Check in (3): 


4-142-2—5-3=-—7; ie, -—7=-7 

The method used in solving the system of equations of 
the foregoing problem consists of three principal steps: 

1. Make two different pairs of equations out of the three 
equations, and eliminate the same unknown from both of these 
pairs. 

In the problem the unknown was eliminated by the method of 
addition and subtraction. 

2. This gives two equations in two unknowns. Solve 
the two resulting equations as a system of two linear equations. 


3. Substitute the values of the two unknowns just found . 


in any one of the given equations containing the third 
unknown, and solve the resulting equation. 
EXERCISES 
1. The sum of two angles of a triangle exceeds the third angle 


by 26°. Five times the difference of the first two is 8° more 


than the third angle. Find the number of degrees in each angle. 


2. The sum of two numbers is 2 greater than 3 times a third 
number, the difference is equal to the third number, and twice 
the third number increased by the second is 4 greater than the 
first. Find the numbers. 


B 
3. The angles of a triangle are A, B, and C; jAt+ ga", 
ed SA+ {B= 5C+30. Wied the values of A. B, and C. 


~~ 
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4. Solve the following systems: 


1. 


2. 


wo 


t9. 


10. 


11. 


{12. 


{14. 


{ 


{3 


se y= 


2z=—-1 


—474+2y+32= 


52+3y— 


22=5 


2u+20+ w=9 
u+3v0+2w=13 
3u—30+4w=9 


ge+sute 
gztau+3e 
te+3y+3 


32+4y+62= 


z=% 
7x+5y— m2e=' 


23 
2=13 
ssek 


ee 


22+ 6y+52= 


52 —2y+3z= 
ara 
t+ ytz= 
z— yt+2z=6 

—y+32+2=12 
4u— v=50 
5uv —2w=40 
6w-— u=15 
5a+3y=45 
7y—2z2=27 
38z—42= —12 


3v —2u= 


7u—4w=3 


10w—2v 


=r 


4. 


5. 


ie 
| 


0. | 


4r7+2y+92= 


15. 


T16. 


17. 


f18. 


19. 


{20 


| 
| 
| 
| 
| 


4a— 3b— ri 
2p+2s+30= vi 
3p+4s+6v=7 
pt+2s+6v=4 
4r—4y+82=3 
z+ y+ z=0 
a— y—42=2 


H+K=2 
K+R=4 
R+H=6 
z+ yt z=1 
22+3y+4z2= —3 
38x2—4y—5z=14 
z+2y + 3z=14 
2z+ y + 2=7 
82+ .2y+.22=1.3 
z+1 =2(y+1) 
yt2 =z+1 
$(@+3)=2+1 


x 
5 + 
3 


2— 
s— 
t+ 2z=14 
a+ytz+u=10 
r—ytz+u=6 
rty—ztu=4 
tt+y+z—u=2 


eal 
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Problems 
459. Solve the following problems: 


1. The sum of the 3 digits of a number is 16. If the order of 
the digits is reversed, the new number is 396 less than the original 


‘number. If the middle digit be placed first, the resulting num- 


ber is 90 less than the original number. What is the number? 


12. The sum of the 3 digits of a number is 15. The second 
digit is 2 times the first less the third. If the order of the digits 
is reversed the resulting number is 198 less than the given 
number. What is the original number? 


3. A sum of $18,000 is invested as follows: One part at 3.5 
per cent, a second part at 5 per cent, and the rest at 4 per cent. 
The total interest is $730. If the first part had been invested 
at 4 per cent, the second at 3 per cent, and the third at 6 per cent, 
the total annual interest would have been $840. How much 
was each part ? 

34. A man invested three sums of money in the following 
ways: The first sum at 5 per cent and the second at 4 per cent, 
giving an income of $490. The second at 5 per cent and the 
third at 3 per cent, giving an income of $540. The three sums 
together amounted to $19,000. How much was each sum? 


Summary 


460. The meaning of the following terms was taught in 
this chapter: system of equations in two or more un- 
knowns; solution of a system of equations; method of 
elimination by addition and subtraction; co-ordinates of 
a point; indeterminate equations; normal form of an 
equation in more than one unknown; absolute and rela- 
tive velocity. 


- 461. A system of equations in two or more unknowns 
may be solved by the method of elimination by addition 
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and subtraction. A system of equations in two unknowns 
may be solved by the graphic method. 


462. Some of the following typical problems lead to 
equations in several unknowns: geometric problems, 
motion problems, digit problems, and income problems. 


463. To solve a system of equations graphically, find 
two, or three, solutions of each equation, graph these 
solutions, draw the lines determined by them, determine 
their point of intersection, and find the co-ordinates of 
that point. 


464. To solve a system of equations by elimination, 
make the coefficients of one of the unknown numbers 
numerically the same, then by adding or by subtracting 
one equation from the other, one of the unknowns may be 
eliminated. 


465. A system of equations in three unknowns is 
solved by eliminating the same unknown from both of two 
pairs of equations made from the three given equations. 
This gives a system of two equations in two unknowns. 
By solving this system the values of two of the unknéwns 
are found. The value of the third unknown is obtained 
by substituting the values of the other unknowns (now 
known) in any of the given equations. Systems in more 
than three unknowns are treated similarly. 


—| 
££ 
= 


¥ 
| 
CHAPTER XVIII 
THE FORMULA 
The Formula as a General Rule 

466. F la.. The ideas of mathematical statements 

can often be expressed in algebraic symbols with gain in 

nn emeing Thus, the statement, “The 

area of a equals the lengt ac height,” takes 

_- the form A= oe the le h the height, and 


_ A the area;-the statement “distance =rate x time” may 
~—_be expressed by the equation d=rt; etc. The symbolic 
form of such statements not only is more comprehensible 
than the verbal form, but may easily be applied to a par- 
_ticular case by assigning definite values to the letters; e.g., 
e area of a rectangle 2 in. long and 3 in. high is found 

\ y letting 1=2 and A=3, in the equation A =lh. 
\| A general statement, or rule, in which letters and sym- 
Is are used in place of numbers or words is a formula. 
formula is an algebraic equation. If the values of all 
ut one of the letters are known, the value of the unknown 
the equation. Peat the volume 


by the formula V = a where V 


— approximately, and r is the radius. 


radius of a sphere whose volume is 147 cubic 


=14}. Then Winer a oyna 


yf a, So +e. 
wae X= ay from which it 


Dividing both sides by 11, 773% 


follows that r=14 inches. 
207 
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467. Motion-problem formula. The formula is used 
in solving motion problems. 


EXERCISES 


1. An express train whose rate is 45 mi. per hour starts 14 hr. 
after a freight train and overtakes it in 2} hr. Find the rate 
per hour of the freight train. 


The formula for uniform motion is d=r-t, d iumeke the distance, 
r the rate, and ¢ the time. 
Let r be the rate of the freight train 
Then 4 =time the freight train travels 
Hence, 417 =distance the freight train travels 
45 =rate of the express train 
2? =time of the express train 
Hence, 1232=distance the express train travels 
Therefore, 44r= 1232 
r=2077 


2. An express train whose rate is R mi. per hour starts / hr. 
after a freight train and overtakes it in ¢ hours. Find the rate 
per hour of the freight train. 


Let r=rate of the freight train 
Then h+t=time the freight train travels 
(A+#)r =distance the freight train travels 
R=rate of the express train 
t=time the express train travels 
Rt=distance the express train travels 


Hence, (h+t)r= 
Rt 
h+t 
. ’ t 
3. Using the equation r= Ay as a formula, solve exercise 1. 


T= 


Let R=45; t=22; h=13 


4. An express train whose rate is 40 mi. per hour starts 1-hr. 
4 min. after a freight train and overtakes it in 1 hr. 36 min. 
How many miles per hour does the freight train run? 

Use the formula in exercise 2. 
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5. Find A in terms of R, t, and r. 
Clearing the equation r=;"* of fractions, we have hr-+tr=Rt. 


Hence, hr=Rt—trand h= "t=" 


468. Work-problem formula. The work-problem is a 
type of problem for which a formula is easily obtained. 


EXERCISES 
1. A can do a piece of work in 5 days and B in 7 days. 
How long will it take them to do it together? 
Let n be the number of days it will take them together 


Multiplying by 35n, 7n+5n=35 
12n=35 


n=2}4 
It is clear that numbers other than 5 and 7 would be used jus 
as the 5 and 7 are used here. 
2. A can do a piece of work in a days and B in b days. How 
long will it take them to do it together? 
Let n be the number of days it will take them together 
Then + =the amount of work they can do in 1 day 


1 _ the amount A can do in 1 day 


: 


eA 


p= the amount B can do in 1 day 


Ee 8 

Hence, a | ae 
Multiplying by abn, bn+an=ab 
(b+a)n=ab 


n= 


_ab_ 
a+b 
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Any problem of the type of exercise 1 may be solved by using 
the equation “ae as a formula. Thus, to solve exercise 1, 


3. A can build a wall in-10 days and B in 14 days. How 
long will it take them to do it together? 


Use the formula of exercise 2. 

4. A and B can build a fence in 7 days. B can do it alone 
in 12 days. How long will it take A to do it alone? 

Use the formula. 


5. Solve the equation n= for a; for 6. 


Clearing of fractions, na+nb=ab 
na—ab=nb 
a(n—b)=—nb 

‘ee: 

n—b 

EXERCISES 


1. Express in symbols the following laws of arithmetic: 

(1) The product equals the multiplicand times the multi- 
plier. 

(2) The dividend equals the divisor times the quotient plus 
the remainder. 

(3) The product of a fraction by a whole number is the 
product of the whole number by the numerator, divided by the 
denominator. 

(4) The sum of two fractions having the same denominator 
equals the sum of the numerators divided by the common 
denominator. 

(5) The quotient of a fraction divided by a whole number 
is equal to the numerator divided by the product of the whole 
number by the denominator. 


(6) The quotient of two fractions equals the dividend multi- 
plied by the inverted divisor. 


Te. 
‘a 
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(7) The square root of a fraction equals the square root of 
the numerator divided by the square root of the denominator. 
‘ (8) The square of a fraction is the square of the numerator 
divided by the square of the denominator. 


2. Translate into words the following formulas expressing 
laws of arithmetic: 


(1) p= Xr (percentage law) 


(2) inf (interest law) 


1, M2 Mdr+na, 
@) ota da 
Mm Ne Md2—na; 


(4) pe agar > eg (subtraction of fractions) 


(5) zx ars (multiplication of fractions) 


(addition of fractions) 


(6) eat? (division of fractions) 

3. Express the following statements in symbols: 

(1) The distance passed over by a body is equal to the rate 

Denote the distance by d, the rate by r, and the time by ¢. 

(2) The power (or rate of doing work) is equal to the amount 
of work divided by the time in which it is done. 

Denote the power by P, the amount of work done’ by W, and 
the time by ¢. 

(3) The time of vibration, t, of a pendulum is equal to x 
times the square root of the quotient of the length, 1, divided 
by the acceleration, g, due to gravity. 

(4) The velocity is equal to the space passed over divided 
by the time. 

(5) The momentum of a mass is equal to its velocity multi- 
plied by the mass. : 
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(6) The time it takes a body projected upward to reach the 
greatest height is equal to the velocity of projection divided by 
the retardation due to gravity. The greatest height is equal to 
the square of the velocity of projection divided by 2 times the 
retardation due to gravity. 


4. Translate the following formulas into words: 

(1) If the velocity obtained by a falling body in t seconds 
is denoted by 7, and the acceleration due to gravity by g, then 
Y= gt. 

(2) The distance, s, passed over by a falling body in ¢ seconds 
is s=3gt?. The velocity obtained in the same time is v=V 2gs. 

(3) If a fluid of density d moves with a velocity 2, the diminu- 
tion of pressure due to the motion is p=3de. 

(4) A body of volume V immersed in a liquid of density D 
is buoyed up by a force F=DgV (Archimedes’ principle). 

(5) For a perfect gas, changing from pressure p and volume 
» to pressure p’ and volume v’ without change of temperature, 
pv=p’v’ (Boyle’s law). 

Evaluation of Formulas 

469. Find the value of the letter called for in the 
following formulas: 

1. The distance traversed by a moving body is equal to the 
rate multiplied by the time; that is, D=rt. 

Find D, if (1) r=30 ft. per second, and {=5 seconds. 

(2) r=5 mi. per hour, and t=17 hours. 

2. The area of a rectangle is equal to the tate of the base 
and the altitude; that is, A=ba. 

Find A, if (1) b=183 ft., and a=24 feet. 

(2) b=10.2 in., and a=3.5 inches. 

3. The area of a triangle i 5 equal to } the product of the base 

by the altitude; that is, A=}ba. 


Find A, if (1) b=12 ft., and a=16 feet. 
(2) b=8.2 rd., and a=7.78 rods. 


ie 
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4. The area of a parallelogram is equal to the product of the 
base by the altitude; that is, A=ba. 
Find A, if (1) b=28, and a=19. 
(2) b=16.3, and a=14.6. 


5. Two weights, w; and we, will balance on a beam that lies 
across a stick when the distances, d; and ds, of the weights from 
the stick are in the inverse ratio of their weights; i.e., when 
dw 
d, wy 

Find a), if (1) d2=18 ft., w:=60 lb., w:=50 pounds. 

(2) d2=27 in., w2=36 lb., wi:=24 pounds. 

Find d>, if (1) d,=40 in., w2=16 lb., wi=18 pounds. 

(2) dy=25 in., w2=3.8 lb., wi=2.85 pounds. 

6. The weight, w, of any mass is equal to the volume, 2, 
multiplied by the density, d; i.e., w=rd. 

Find w, if e=64 cu. in., and d=16.2 pounds. 

Find 2, if w=648 lb., and d=12.2 pounds. 

Find d, if w=800, and 7=160. 

7. The weight, w, that a force, p, pulling up a smooth slope, 
h ft. high and / ft. long, will just move is given by w="? 

Find A if w=120 Ib., 1=20 rd., p=60 pounds. 

8. A stone falling from rest goes in a given time 16 ft. mul- 
tiplied by the square of the number of seconds it has fallen; 
i.e., s=16F. 

Find s, if t=4 sec.; 11.5 seconds. 

Find ¢, if s=64 ft.; 1,600 feet. 

9. A stone, thrown downward, goes in a given time 16 ft. 


multiplied by the square of the number of seconds it has fallen, 
plus the product of the velocity with which it is thrown and the 


number of seconds fallen; i.e., s=16f+-2t. 


Find s, if =12 sec., and »=3 ft. per second. 
if t= 8 sec., and v=7 ft. per second. 
Find 2, if t= 5 sec., and s=500 feet. 


si 
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10. The time, ¢, taken for a pendulum to make a single 
vibration equals + \ , where 7 is the length of the pendulum. 


We take g approximately equal to 32, and x equal to 22 
Find t, if 1=8 ft.; if l=$$7 feet. 
Find I, if t=1 sec.; if t=4 seconds. 


11. The length of a circle is approximately equal to #7 of 
the diameter; i.e., C=7d. 
Find C, if d=21 ft.; 7 ft.; % foot. 
, Find d, if C=88 ft.; 66 ft.; 16 feet. 


12. The volithe of a sphere equals $2 times the cube of the 
radius; i.e., V=$zr’. 
Find V, if r=3 ft.; 11 ft.; 2 feet. 


13. The area of a circle is 7 times the square of the radius; 
ie., A=, 

Find A, if r=3 ft.; 7 ft.; 21 feet. 

Find 1, if A=154 sq. ft.; 220 square feet. 


14. Find the length of a belt connecting two pulleys whose 
diameters D and d are 22 in. and 24 in. respectively, the distance, 
a, between the centers being 9 ft. The length is given by the 
formula 


tanPt hn 


15. The diagonal, d, of a rectangular parallelopiped of 
dimensions a, b, and c is given by the formula d=V a2+82+e. 
Find d, if a=5, b=4, c=3. 


«16. Find the area A, of a circular ring, formed by two 
concentric circles of radii R and r, if R=12, r=10, and 
Dade age 


17. If a, b, and c denote the lengths of the sides of a triangle 
and s one-half of the perimeter, the area is V s(s—a)(s—b) (s—c). 


me Ft 
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Find the area of a triangle whose sides are 10, 6, and 8; 10, 17, 
and 21; 3, 4, and 5; 5, 12, and 13. 


Pe 
18. A=5, (law of falling bodies). Find h, if »=11, g=32.2; 


if e=2, g=32.2 


Wi 2 
19. me Findh, if W=6,748, 1=5.5, s=3,500, b=6 


if W=4,954, 1=3, s=2,500, b=5.5 


20. X=—""_ Find X, if F=0.056, r=2, [= 1.4 
Ir-—E - 


21. R=——. Find R, if r=11.5, ’°=6.5 
r+r 
if r=13, r=15 . 
72 
22. p=. Find E, if M=12, V=5 
if M=11, V=9 
Find M, if E= 8, V=4 
if E=50, V=5 
ae, Bed Pd Pao vai§ h=i 
a P 2er in P =20, T= ,h4= 
ee Vide W anki hn8 
» h=7(2r—h) ind Tr, s=425, h= 


yy dr a a] rs Pa = 
25. 1f=aciR° Find W, if R=20, 1=10, r=9, P=75, d=} 


470. Expressing one of the letters of a formula in terms 


of the others. 


Solve the following equations: 


A; a="t? -h, for h; for b; or b’ (area of a trapezoid) 


j te 
2. i=l for p; for r; for t; for pr; for rt (interest 


formula) 
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V =4bh for b; for h (volume of a pyramid) 
= 5(F—32) for F (centigrade in terms of Fahrenheit) 
pd=PD, for p; for d; for P; for D (law of levers) 


C= fie for E; for R; for r (current in a circuit includ- 
ing external and internal 


resistance) 
i =7+7 for Ftor j.; tor oF = penned eee 
ts tance of lens, f; and 
f2=conjugate focal 
distances) 


t i ; 
aes +573) for poto; for ¢ (expansion of gases) 


ne a+ for 1 (R=radius of curvature from spherom- 
eter readings) 
C=5+6, for €;; for C, 


twi="8 for W; for S; for? = 


ax —bx=6a—6b, for x 
cx--ax=a?+c?+ 2ac, for x 


z—a 
ee, for x 


_ @(x—3) _3a?_a—c 


- ; > , for x 
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Summary 

471. The chapter has taught the following: 

1. The formula expresses in algebraic symbols the ideas 
of a mathematical statement with gain in clearness and 
conciseness. 

2. The formula may be used to solve any particular 
problem of a type by assigning definite values to the 
letters. 

3. The laws of arithmetic may be expressed con- 
veniently by formulae. 

4. Any letter of a formula may be expressed in terms 
of the others, by solving the equation for that letter. 


CHAPTER XIX 


REVIEW AND SUPPLEMENTARY QUESTIONS 
AND PROBLEMS 


CHAPTER I 


472. Measurement of line-segments. 


1. Give the meaning of the following terms: straight line, 
geometric line, geometric point, line-segment, and unit,of length. 

2. Draw a line-segment and measure the length approxi- 
mately to two decimal places. 


3. Draw a triangle and measure the sides approximately 
to two decimal places. 


4. A train travels at the rate of 24 mi. an hour. Represent 
graphically the distances passed over in each of the first 12 hours. 


5. In 1913 and 1914 a certain magazine contained approxi- 
mately as many lines of advertisements as given in the table 
below. Make the graph and tell what it shows. 


rE a Py . | Feb. | Mar. | Apr. | May | June 


1913 |12,000 |11,700 |13,600 |15,900 |18,400 |16,600 


Number of ine 
1914 |13,600 |16,000 |19,000 |20,200 |21,400 |20,100 
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6. _The following table gives the temperature readings for a 


[2:00 +] | ho:o013:00 | «:00 | 


erat :00 6:00 8:00 10: 00 12:00 Paw. 


Draw the temperature curve and tell what the graph shows. 


CHAPTER II 


473. Graphical addition and subtraction. 

1. Give the reasons for the following conclusions and illustrate 
them graphically: 

(1) If a=3, b=5, then a+d=8. 

(2) If m=8, n=2, then m—n=6. 

(3) If a=z, b=y, then a+b=2x+y. 

(4) If a=s, b=t, then a—b=s-t. 


2. Construct 3a+4b—2c. 
3. If m=2.4, construct 3m+4m. 


474. Perimeters. 


1. Find the perimeter of a triangle whose sides are 21, 61, 
and 5l, respectively. What is the length of the perimeter if 
§=1.27 

2. Give the meaning of the following terms: triangle, perim- 
eter, polygon, quadrilateral, pentagon, hexagon, n-gon. 

3. Give the meaning of the following: coefficient, term, 
monomial, binomial, trinomial, polynomial. 

4. Show by a sketch figures whose perimeters, p, are given 
by the equation: p=4z; p=6r+18y; p=3r+42+5c. 

5. Find the value of p in problem 4 for r=4, y=2; r=1.3, 
y=2.7. 
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475. Algebraic addition and subtraction. 

1. State how to add similar monomials. 

2. Add as indicated: ¢ 
4a+7a+10a; 2a+5b+6a+3b; 12.42+3.82r 

3. State how to find the difference of similar monomials. 


4, Reduce to the simplest form: 12z—82; 5.7y—2.8y; 
(8a—a) —(5a—2a). : 
5. Illustrate by an example the commutative law of addition. 
6. Illustrate the associative law of addition. 
7. Simplify: 
a+{10a+(Sa—6a)+(4a—a)} 
10b—b+[{ 16b—2b—(3b+6)+5b} —B] 


CHAPTER III 


476. Use of axioms in solving equations. 


1. Give the meaning of the following terms: equation, solving 
an equation, checking, root of an equation, satisfying an equa- 
tion. 


2. Show how the value of p in the equation 4p+9=17 may 
be found with the balance. 


3. State the axioms used in solving equations. 


4. Solve the following equations, giving in each step the 
axiom used, and check: 


10x—9=65; a4; atga=12; 2 =20; 2+5.372—8.73=61.34 


Solve the following problems: 


5. Three times a certain number exceeds 40 by as much as 
40 exceeds the number. What is the number ? 


6. Six times a number less 5 is the same as 4 times the number 
increased by 1. Find the number. 


LJ 
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7. A line 20 in. long is to be divided into 2 parts, one of which 
increased by 14 in. shall be equal to the other increased by 
10 inches. Find the length of each part. 


8. Find two consecutive numbers whose sum is equal to 247. 


9. The length of a rectangular field is 3 times the width, and 
the length of a fence surrounding the field is 744 feet. How 
wide is the field ? 


CHAPTER IV 


477. Classification of angles. 


1. How many degrees are there contained in the angle 
formed by the hands of a clock at 2:00 o’clock? at 6:00 
o'clock? at 8:00 o'clock ? 


2. Draw a right angle, a straight angle, a perigon. 

3. Draw an acute angle, an obtuse angle, an oblique angle. 

478. Measurement of angles. 

1. Using only ruler and pencil, draw angles containing 40°, 
75°, 135°, 270°. Check the accuracy of your angles by measuring 
them with a protractor. 

2. What part of a right angle is 1 degree ? 

3. How many minutes are there in a degree? How many 
seconds in a minute? 

479. The use of the protractor. 


1. Give the meaning of the following: circle, arc, radius, 
semicircle, quadrant. Illustrate each by means of a figure. 


2. Draw an obtuse triangle. Measure each angle and find 
the sum of the three angles. 
480. The sum of the angles of a triangle. 


1. If x, y, and z denote the number of degrees in the angles 
of a triangle, what equation expresses a relation between z, 
y, and z? 
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2. Show that the sum of the interior angles of a triangle- 
is 180°. 

3. The first angle of a triangle is 30° greater than the second. 
The third angle is 10° greater than twice the first. How large . 
is each angle? 

4, Show that the sum of the exterior angles of-a triangle 
is 360°. y 

5. Find the exterior angles of a triangle if the first is 30° 


greater than the second, and the third is 3 of the first, 
plus 15°. 


-6. Give the meaning of the following: obtuse triangle, 
acute triangle, right triangle, equiangular triangle, equilateral 
triangle. Illustrate each by means of a figure. 


7. Show that in the same, or equal, circles equal central 
angles intercept equal arcs and equal chords. 


8 Show that in the same, or equal, circles equal arcs or 
equal chords are intercepted by equal central angles. ; 


481. Problems of construction. 
1. Draw an angle equal to a given angle, using the protractor. 


2. Using ruler and compass only, construct at a given point on 
a given line an angle equal to a given angle. 


3. Draw a right angle, using the protractor. 
4. Construct a right angle, using ruler and compass. 


5. Construct an angle equal to the sum of two given angles, 
using ruler and compass. 


6. Construct an angle equal to the difference of two given 
angles, using ruler and compass. 


7. Bisect a given angle. 


8. At a given point in a line construct a perpendicular to the 
line. 


NHARD EULER 


LEO 


LEONHARD EULER 


EONHARD EULER was born at Basle on April 15, 
1707, and died at St. Petersburg on September 7, 
1783. He was educated under the direction of the 
great mathematical teacher, John Bernouilli, at Basle in 
Switzerland. In 1725 he went to St. Petersburg as pro- 
fessor of mathematics, taught there until 1741, when he 
moved to Berlin, Germany, at the request of Frederick the 
Great. He lived in Berlin until 1766, when he returned 
to St. Petersburg. Within two or three years of his return 
to Russia he became totally blind, but in spite of this he 
worked on until his death. 

He wrote an immense number of papers dealing with 
all sorts of mathematical subjects. He reformed almost 
all the branches of pure mathematics that were known, 
added numerous details and proofs, created much of what 
is now called analysis, and arranged the entire material of 
mathematics in the consistent form that we have today. 
He was probably the most prolific mathematical writer 
the world has known, and most of his work was of a very 
high order of merit, though his style was diffuse and prolix. 

In 1748 he wrote his Introductio in analysin infinitorum, 
the first part of which contains about what our modern 
texts-contain on algebra, theory of equations, and trigo- 
nometry. He separated trigonometry from astronomy 
and made it a branch of mathematics. He here introduced 
the use of e for the Napierian base and = for the ratio of a 
circumference to the diameter of a circle. The second 
part was on analytic geometry. 

He wrote a book on differential calculus, one on integral 
calculus, and much too many other books and memoirs to 
permit of even mention here. See an account of Euler 
in any good encyclopedia, or in Ball’s or Cajori’s History 
of mathematics, and note what is said about his ways of 
working in mathematics; for he is one of the very best 
mathematical authors to read and study to learn how to 
become a really independent worker in mathematics. 
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CHAPTER V 
482. Area of a square. 


1. Draw figures representing the following quadrilaterals: 
parallelogram, rectangle, square, ftapezoid, rhombus. 


2. State the formula for the area of a square. ~0) 
3. Find the area of squares of sides 2.4em.; 53em.; 13cm. <7 
4. The perimeter of a square is 16a. Find the area. 
483. Area of a rectangle. 

1, State the formula for the area of a rectangle. 


2. The frame of a picture of rectangular form of dimensions _ Po 
18 in. by 12 in. is 2} in. wide. Find the area of the frame. 


484. Cube and parallelopiped. 
1. State the formula for the volume of a cube. 


2. State the formula for the volume of a rectangular paral) 
lelopiped. 

3. The edge of a cube is 12 inches. Find the area of the 
total surface. : 
_ 4, The length of a parallelopiped is 6 in., the width is 8 in., 
and the height is 10 inches. Find the area of the total surface. — 


5. The length of an edge of a cube is/. Find the surface and 
volume. 


6. The three dimensions of a rectangular parallelopiped are 
a,b, and c. Find the area of the surface and the volume. 


485. Graphing equations. 
1, Graph the equation y=10r—2. 
2. Graph the equation y=2z?+1. — 


486. Multiplication of monomials. “ 


1. Give the meaning of the following: exponent, base, power. 
Illustrate each by giving an example. ~~ 
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2. at the values of the following for r=2: 42, x‘, 42°, 


(22), = , @+2?+2—7, z?-2*, r- 2 


3. Illustrate by an example the commutative law of 
multiplication. 


4, Simplify the following products: 3a*be- 2ab*c- 4abc*; 
10a? + 5a*- 2a; (3ab)(2ab)(10a*b*); (6a*vry*)* 
487. Addition of monomials. 
1. In 2a%bz, what is the coefficient of abr? Of x? Of a*r? 
2. What is meant by the coefficient of a factor in a term? 
3- Reduce the following polynomials to the simplest form: 
4a +7a+15a 
ma+42-+nz +32 
A(zt+y)+2(c+y)+(z+y) 
2.5(a?+6°)+3.4(a2+5*) +02+ 6? 


488. Multiplication of a polynomial by a monomial. 
1. Find by means of a rectangle the product of x+4 by a. 


2. Multiply as indicated: x(a+5b); «+y+m; ’ 
a‘+-3a?-2b?+b!; 2b(a+b—8c); 5+2(22+3); 2m(3m?-+-2m+7) 


3. Factor the following: ab+ac; 2*—zxy; 5xry—152°; 
ab’c+arbe?; 6x*y+12ry?+1827y?; 38a*yt+57aty®— 19a? 


4, Solve the following equations: 


489. Multiplication of polynomials by polynomials. 
1. By means of figures express as polynomials the following 
products: (a+b)(a+b); (m-+n)(2v+3y) 


2. Draw rectangles whose areas are expressed by the following . 
_trinomials: ab+ac; 2ry+42? } 
= 


-one side of a straight line ? 
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3. Draw squares whose areas are expressed by m?+2mn-+n?; 
a+6a+9. 
» 4. Multiply as indicated: i 
(@4+2r-41)(e41); (a-+2ab+5%) (a? +2ab-+0) 


490. Area of parallelogram and triangle. ; 


1. Show that the area of a parallelogram is equal to the product \ 
of the base and altitude. 


2. Show that the area of a triangle is equal to one-half of the 

product of the base by the altitude. J 
3. Show that the area of a trapezoid is equal to one-half of 

the product of the altitude by the sum of the bases. 


CHAPTER VI 


491. Adjacent angles. 

1. What are adjacent angles? Make a drawing of two ad- 
jacent angles. 

2. What are perpendicular lines? 


3. Show that at a given point in a given line only one per- 
pendicular can be drawn to the line. 


4. What is the sum of the adjacent angles abo 


a point, on 


5. The angular space about a point, on one side of a retell 
line, is divided into angles denoted by 3z, 2(z+9), z, and 42—x. 
Find z and each angle in degrees. Draw the figure. 

6. What is the sum of the angles at a point just cove i 
angular space about the point ? 

7. All the angular space about a point is divided inte" 1 
represented by z, 36+5z, and 3r—9. Find z and each angle 
in degrees. Draw the figures. 


492. Supplementary angles. 
1. What are supplementary angles? Illustrate your answer 
with a drawing. 


J] 
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2. The difference of two supplementary angles is 110. Find 
them. 


3. If an angle is increased by 12°, andthe supplement is 
divided by 5, the sum of the angles obtained is 80°. Find the 
supplementary angles. 


493. Complementary angles. 


1. What are complementary angles? Illustrate your answer 
with a drawing. 


2. The difference between an angle and its complement is 
27°. Find the angle. 


3. If an angle is increased by 15° and the complement is 
divided by 3 the sum of the angles obtained is 75°. Find the 
complementary angles. 


494. Opposite angles. 


1. What are opposite angles? Make a drawing of opposite 
angles. 


2. Show that if two lines intersect, the opposite angles are 
equal. 


3. Two opposite angles are denoted by 5-32 and aa 130. 


Find z and the angles. Draw a figure representing these angles. 


495. The acute angles of a right triangle. 


1, Show that the acute angles of a right triangle are com- 
plementary. 


2. The acute angles of a right triangle are denoted by tee 


87 5 
and a . Find x and the angles. 


3. If in a right triangle the acute angles are 30° and 60° 
respectively, how does the hypotenuse compare with the shortest 
side? 


—— 
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496. Equations. 
1% 
2 14 


30z 
2. Solve > +30—7G=57 


3a—2 
1. Solve ia 


3. Solve 2(a—2) + "T3544 


1. If the corresponding angles are equal prove tha 
the alternate interior angles are equal. 

2. If the corresponding angles are equal prove that? 
interior angles on the same side are supplementary. 


3. If the alternate interior angles are equal show that 
the corresponding angles are equal. 
CHAPTER VII 


498. Parallel lines. 

1. When are two lines said to be parallel? 

2. If two parallel lines are cut by a transversal how do the 
corresponding angles compare? If two given lines are cut by a 
transversal making the corresponding angles equal, what is 
known about the given lines? ; 

3. Show that two lines perpendicular to the same line are : 
parallel. 

4. Show that two lines are parallel if two alternate int 
angles formed with a transversal are equal. (Use problem 3, 
§ 497.) 

5. Show that two lines are parallel if the interior angles formed 
with a transversal are supplementary. 

6. Show that two lines parallel to the same line are parallel 
to each other. 
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; 7. Show that if two parallels are cut by a transversal the alter- 

nate interior angles are equal and the interior angles on the same 
side are supplementary. How may this be used to draw a line 
parallel to a given line? 

8. Prove that if two angles have their sides parallels they 
are either equal or supplementary. 

9. The corresponding angles formed by two parallels and 
a transversal are denoted by 2(4r—3)° and (79+3z)°. Find z 
and the angles. 

10. Show that the sum of the interior angles of a triangle is 180°. 

11. Show that an exterior angle of a triangle is equal to the 
sum of the two remote interior angles. 

12. What is meant by a parallelogram ? 

13. Prove that the opposite angles of a parallelogram are equal. 

14. Prove that the consecutive angles of a parallelogram are 
supplementary. 

15. The consecutive angles of a parallelogram are so related 
that 3 times one angle diminished by the other is equal to 30°. 
Find the number of degrees in each angle. 

16. Make drawings representing the following: cube, 
parallelopiped, prism, pyramid, cylinder, cone, sphere. 

17. Name on the figures of problem 16 the following: parallel 
lines, parallel planes, lines parallel to planes, parallel lines cut 
by a transversal, non-parallel lines cut by a transversal, lines 
perpendicular to each other, lines perpendicular to a plane. . 


CHAPTER VIII 


499. Drawing to scale. 

1. What is meant by indirect measurement ? 

2. To measure the width, AC, of a stream an engineer lays 
off a line, BC, on one side of the river, and measures the angles 


ACB and ABC. If BC=45rd., Z ACB=110°, and Z ABC =40°, 
find AC by means of a scale drawing. 


Sa 
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3. The angle of elevation of the top of a pole is 
server standing 20 yd. from the pole. How high is 
4. From the top of a cliff 150 ft. high the angle of epression 
of a boat is 25°. How far is the boat from the top of 


5. The view from a battery at B to the enemy’s fort at 
is obstructed. A point P is located from which F is observed to 
bear 4 mi. northeast. P is 6.24 mi. northwest of B. Find the 
distance and bearing of F from B. 


1. What is meant by the ratio of two numbers? Illustrate. 
2. What is the ratio of two line-segments ? : { 
3. What number added to 12 and subtracted from 30 gives . 


results that are in the ratio or 


4. Divide 81 into three parts that are in the ratio 2:3:4. 


501. Similar figures. 

1. What are similar figures ? 

2. State the relation existing between the sides of similar 
triangles. How do the angles compare? 

3. The sides of a triangle are 8, 10, and 13. The shortest 
side of a similar triangle is 11. Find the other sides. 

4. A tree casts a shadow 90’ long. At the same time a verti- 
cal stick 4’ long casts a shadow 50’ long. How high is the tree? 


5. In the adjoining figure CD represents EB 
the distance across a swamp. AB is par- A 
allel to CD. If AB=100', AE=30', and 


CE=150, find CD. : of 
CHAPTER IX 
502. Trigonometric ratios. 
The angle of elevation of the top of a tower is 27° and the . 


distance from the foot of the tower is 259 ft. Find the height ; 
of the tower: first, by a scale drawing; second, by trigonometry. { 
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503. Ratio. 


1. In the adjoining figure, DE is parallel to AB. Find EB, 
if DC=4, AD=.27, and CE=1}3DC. 
4 State the principle used in obtaining 


the equation. 
D ~ . 
A B 2. In the adjoining figure CD bisects 


angle C. If AC=3", BC=6", and 
AD is 2” less than DB, find AD. State 
principle used in obtaining the equation. o 


3. Bisect a line-segment. 
4, Divide a line-segment into parts 


re D B 
having the ratio t 


5. Using ruler and compass only, find the ratio of two given 
line-segments. 


6. Find the greatest common divisor of 3,542 and 5,016. 
: 63a%b8x4 

7. Reduce to simplest form Tabs 

8. How is a ratio reduced to the simplest form ? 


504. Variation. 


1. Give the meaning of the following terms: variable, con- 
stant, function. Illustrate by an example the meaning of each 
of these terms. 


2. What is meant by the statement: x varies directly as y? 


3. The simple interest on an investment varies directly as 
the time. If the interest for 6 years on a sum of money is $200, 
what will be the interest for 8 years? 


4, The distance, d, through which a body falls from rest 
varies directly as the square of the time, é, in which it falls. 
State the equation for d and ¢ for a body observed to fall 400 ft. 
in 5 seconds. Graph the equation. 


5. What is the meaning of the statement: « varies inversely 
as y? 
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‘ 6. The apparent size, s, of an object varies inversely as the 
distance, d. Express the statement by means of an equation. 


505. Proportion. 
1. What is a proportion? Illustrate your statement by 
giving several examples. 


2. Prove that in a proportion the en of the means equals 
the product of the extremes. mh > 
3. Divide $2,400 into two parts having the “in >. \ 
z+2_ 2+3 _" 
z+3 z+1 
& IF BD I. of seawater contain Saisetank. how mal Saf 
fresh water must be added to make a new solution=ofwhich. 
45 Ib. contain } Ib. of salt? S=} 
6. If oe find d, if d.=27 ft., w.=36 Ib., and-w:=2¢poutds. XK : | 
7. What per cent of evaporation must take place from a 90 
” per cent solution to produce a 95 per cent solution? 
8. Prove that the areas of two rectangles are to each other 
as the products of the dimensions. 
9. Prove that if two rectangles have equal bases they are to 
each other as the altitudes. . 
10. Prove that the areas of two triangles are to each other as ‘a 
the product of the bases and altitudes. 


11. Prove that if two triangles have equal bases they are to 
each other as the altitudes. 


CHAPTER X 


4. Solve the equation —; 


506. Congruence. 
1. What are congruent figures ? 
2. Prove that two triangles are congruent if two sides and the 


included angle of one are equal respectively to two sides and the 
included angle of the other. 
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3. How may the theorem in problem 2 be used to find inac- 
cessible distances ? 

4. Prove that two triangles are congruent if two angles and the 
side included between their vertices in one triangle are equal respec- 
tively to the corresponding parts in the other. 

5. Prove that the base angles of an isosceles triangle are equal. 

6. Prove that an equilateral triangle is equiangular. 

7. Prove that the bisector of the vertex angle of an isosceles 
triangle bisects the base and is perpendicular to it. 

8. Prove that all points on the perpendicular bisector of a 
line-segment are equidistant from the end-points of the segment. 

9. Prove that if a line bisects an angle of a triangle and is 
perpendicular to the opposite side the triangle is isosceles. 

10. Prove that if two angles of a triangle are equal the triangle 
is isosceles. 

11. Prove that an equiangular triangle is equilateral. 


12. Prove that if the perpendicular bisector of one side of a - 


triangle passes through the opposite vertex the triangle is 
isosceles. 


13. Prove that if two sides of a triangle are unequal the angles 
opposite them are unequal. 


14. Prove that if two angles of a triangle are unequal the sides 
opposite them are unequal. 


15. Prove that if three sides of one triangle are equal respec- 
tively to three sides of another the triangles are congruent. 


16. Prove that if each of two points of one line is equally distant 
from two points of another line the line joining the first two points 
ts the perpendicular bisector of the segment joining the other two. 

17, What is the locus of all points equidistant from the end- 
points of a line-segment ? 


18, Prove that two right triangles are congruent if the hypot- 
enuse and a side of one are equal su siciapl to the hypotenuse 
and a side of the other, 


‘ 


' 
— a ae 
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19. Prove that the shortest distance from a point to a line is the 
perpendicular from the point to the line. 


20. Prove that oblique lines drawn from a point on the per- 
pendicular to a line and making equal angles with the perpen- 


dicular are equal. 
: 
CHAPTER XI LA 


507. Fundamental constructions. rs 


A A 


this construction? Make the construction and give the proof. 

2. Ata point on a given line to construct a perpendicular. 
line. Make the construction. State the principal 
upon which the proof of = construction is based. Give the 


proof. ; 
3. To bisect a given line-segment. Make the construction, wer 
What is the principal theorem used to prove the construction? 
Give proof. 
4. To construct the perpendicular bisector of a line-segment. 
Make the construction and give the proof. Compare this 
construction with that in problem 3. Compare the proofs of 
problems 3 and 4. \ 
5. From a point outside of a line to construct a perpendicular 
to the line. Make the construction. Upon what principal 
proposition is the proof based? Give proof. iw 


6. As gion pink om © gr net die 3 ins slat om [| 
angle with the given line equal to the given angle. Make the con- 
struction. What method of proof is used? Give the proof. 


508. Application of the fundamental constructions. 


1. Construct a triangle having given the following parts: 
two sides and the included angle; two angles and the side 
between their vertices; three sides; two sides and the angle 
opposite one of them. 


ee 
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2. Construct a right triangle having given the following parts: 


the hypotenuse and one of the other sides; the hypotenuse 


and one of the acute angles. 


3. Construct an isosceles triangle having given one of the 
base angles and the altitude. 


4. Construct an equilateral triangle having given the alti- 
tude. : 


5. Construct a right triangle whose acute angles are 30° 
and 60°. 

6. To trisect a right angle. 

7. Construct angles of 60°, 30°, 15°, 120°, 90°, 45°, 22°30’, 
135°, 75°, 165°. 


8. Through a point outside of a given line to draw a line 
parallel to the given line. 


509. Theorems. 


1. Only one perpendicular can be drawn to a line at a given 
_point on the line. Give reason. 


- 2. Only one perpendicular can be drawn from a point to a line. 
Give reason. 


510. Symmetry. 
1. Give several illustrations of symmetric bodies. 


2. Name several single bodies symmetric with respect to a 
plane. 


3. Draw several figures symmetric with respect to a line. 
4. What is an axis of symmetry? 


5. Establish the following theorems by means of the sym- 
metry of figures: ‘ 

a) A point on the perpendicular bisector of a line-segment is 
equidistant from the end-points. 

b) A point not on the perpendicular bisector of a line-segment 
is not equidistant from the end-points. 
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c) A point on the bisector of an angle is equidistant from the 
sides of the angle. 

d) A point not on the bisector of an angle is not equidistant from 
the sides. 

6. Show that the locus of points, within an angle, equidistant 
from the sides is the bisector of the angle. 


511. The circle. ES 


1. Give the meaning of the following and draw a figure for 
each to illustrate your statement: tangent, point ‘of contact, 
regular polygon, inscribed polygon, circumscribed polygon. 

2. Prove the following theorems: 


3. Make the following constructions: 

a) At a point on a circle construct the tangent. 

6) Find the center of a given circle. 

c) Draw a circle passing through two given points. 

d) Circumscribe a circle about a triangle. 

e) Inscribe a circle in a triangle. 

f) Inscribe a square in a circle. 

g) Circumscribe a square about a circle. 

h) Inscribe a regular hexagon in a circle. 

i) Prove that perpendicular bisectors of the sides of a triangle 
pass through the center of the circumscribed circle. 

k) Prove that the bisectors of the angles of a triangle pass 
through the center of the inscribed circle. 


CHAPTER XII 


512. Uses of positive and negative numbers. 
1. What are positive numbers? Negative numbers? 
2. Give the meaning of absolute, or numerical, value. 
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3. State some of the uses of positive and negative numbers. 
Illustrate each case. 


4. Graph the following hourly temperature readings: 


8:00! 
A.M. 


Bes Yard fee 
9:00 |10:00}11:00)12:00) Fan, 2200 3:00 | 4:00 | 5:00 /6:00 


—4° | —2° +2 | +42) 43° +3") 42°) 40° | -2° | —3 ; 
513. Addition of positive and negative numbers. . 


1. Find the following sums graphically: 
(+5)+(+3); (4+5)+(—3); (—5)+(+8); (—5)+(-—3) ) 
2. State a rule for adding positive and negative numbers. | 
E 3. Find the sums in problem 1 algebraically. 


wee, 4. What is the most advantageous way of adding three or 
more algebraic numbers ? 
5. Find the sums of the following: +49, +35, —45, +75, 
—236; 252, —382r, —20z, 307, —6c. 
6. Add the following: 
+250 +332 —3.14k —24a% —2.32%y2? 
— 7a —232 +4.26k +18a% —6.5x%yz? 


514. Subtraction of positive and negative numbers. 
1. State the rule for subtracting algebraic numbers. 


2. In the following subtract the lower number from the upper: 
—-¢ +t £+18 —6.3a? —4.2(a+b) 
+3 +75 —12 —7 2a? * +2.7(a+b) 


515. Multiplication of positive and negative numbers. 
1. State the law of signs in multiplication. 


2. Find the value of the following products: 
(+2)(+8); (—3)(+3); (+3)(—2); (—7a)(—340) 


—— 
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3. Express the turning-tendency, or leverage, in terms of the 3 ( 
force and arm. a 
4. In the following the first factor is the force, the second is 
the arm. Find the leverage. 
(+2)(—3); (—2)(—3); (—2)(+3); (+2)(+3) 


5. Give the value of the following products: 


0Xb; 6X0; (+3)(0)(+4); (1.4)(—3.2)(0) 
6. Find the values of 3z*—2z*+-72—4 for x=0, 3, 1, —2, —4. 
516. Division of positive and negative numbers. / 
1. State the law of signs for division. | 
+e -—¢ +2 
saree et ta ty : 
3. Find the quotients of the following: tiene 
(—d)+(—8); (—2z)+(+62); (+40b)+(+5); . yh 


(—3.62*)+(+4zy) . 


CHAPTER XIII \ 
517. The laws of addition. 
1. Illustrate the commutative law of addition. / 
2. Illustrate the associative law of addition. 


518. Addition of monomials. ; 


1. Add the following monomials: 
+12z, —3z, +14z (—5ak), (+2bk), (+ck) 7 
2(m+n), —6(m+n), (m+n) a(zt+y),b(z+y),—c(zt+y) | 
14(a*b—c), —8(a*b—c) 30%, —Szy, +7a*b, +2cry 


519. Addition of polynomials. 1 


1. State how to add polynomials. 
2. Arrange according to ascending powers of z; according 


to descending powers of x: 
B+aty—22*y? —7y5— 30+ 8zry4 
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3. Add the following polynomials: “4 
—4h.a°+16ab?—7b*+a*; —4a*+S8ab?—2b*—230° een 

4, Add 7(a—y)—4(z+y)+4 +7; O(2+y)+3(a—y)—-9+ 7; 
6(a—y)+2-7—3(z+y). Verify the results by ser = 2, 
y=1. (Chicago)* — 


520. Subtraction of monornials. _ ~ 


1. State how to find the diffe wo monomials. — 


2. Subtract the lower from th 
—12a —7.5z 
“re 3a —2.32 


3. Subtract as indicated: «& —8. sab?) — (-—6. 
{—4.5(a*—y*)} —{—7.6(°—y’)} " 
521. Subtraction of polynomials. 
1. State how to find the differences of polynomials. | 
2. Subtract as indicated: 
(2.4a?—7 .32y+16y?) —(—3.72?+2.4ry—10y*) 


3. From 16 — 15-30+ 14(2 — 5yz) — 13 (5y—z) subtract . 
32—16-30+8(5y—z) without performing any of the indicated = 
multiplications. (Chicago) — 


522. Removal of parentheses. 

Add and subtract as indicated and_ simplify: 

1. 82—[4y—(8y+72)] ; “* 
2. 5p*— {3p*— (2p*-+-7p') — (3p*+4p)}—(p'+10p?) 


3. Remove the parentheses: a eee 
(Chicago) a, 


4 
* (Chicago) means: taken from an entrance examination given — 
by the University of Chicago. a 
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; * CHAPTER XIV 
-. 523. Multiplication of monomials. 
a 1. State how to multiply monomials, 
2. Find the following products and test the result by sub- 


._ *stituting values for the letters: 
. = i (+22)(-— 14)(—3); (—2¥a2%y)(—a2a2zy) 5 (—32")*( —2x)9(a*)4 
‘a’ for r=2; for r= —3. 


by monomials. 


4—2y)+ (22—3y)z; a Nana ie 

Z 525. Multiplication of polynomials by polynomials. 
1. State how to multiply polynomials by polynomials. 

ay 2. Multiply pa*+gb*—re* by at+b—c. (Chicago) 

*: 3. Multiply 2°+22°y*°+y* by z*—2z*y° ++. 

; 4, Multiply 132—12y—zy+3 by 52—3y+zy+5. 


_ 626. Reduction of quotients. 
1. State how to reduce quotients to the simplest form. 
C 2. Reduce the following to the simplest form: 


| = 25atbe! 60z4y — 452y° +902 
~12a%be? | lbry 
, (aC 2)* 20(a+b)§—15(a+b)*+30(a+b)* 
_ 5(—2)*y"(—-2) —5(a+b)* 
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527. Division of polynomials by polynomials. 
1. Divide 23+22y+2y?+22+y2+Y' by z+y. 
2. Divide 10z*y?— 1424y+12z25—2*y*—82ry*+-4y° 
by 2y°—3zy*?—42*y+ 62%, 
and check the result by substituting z=y=1. (Chicago) 


CHAPTER XV 


528. Special products. 
1. Draw a figure to show that (e+d)?=c?+2cd+d*. 


2. State how to find the square of a binomial without a 
figure, i.e., by inspection. 


3. Find the trinomials equal to the following products: 
(p—r)?; (.4ay—.32z)?; [(m+-n)—é} 
4, Give by inspection the following products as the difference 
of two squares: 


(3b—2c)(3b+2c); (1+$2*)(1—§2*); (et+y)(z—y)(@"*+y) 
5. Give by inspection the following squares of trinomials: 
(2m—4s+4#)?; (a—.3b+2)? 

529. Factoring. 
1. Factor the following trinomials: 
49 —140n?+ 1004; 49m?n?+-42mnaxy+ 9x27? 
2. Find the factors of the following binomials: 
1—25y*?; 196—225d*h*y?; «8—y®; (a2—b)?—c# 
3. Find the factors of 
6x? —29xy+35y?; 2a*+4+1la+12; 102—11m—m? 
530. The theorem of Pythagoras. 
1. State the theorem of Pythagoras. 


2. Express the diagonal of a square in terms of the side. 


. 

<a «4 
- 7 
> 
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531. Square root. ) 
Find the square roots of 6,241; 643,204. « \ 
532. Quadratic equations. 
1. Solve the following equations graphically: ‘ 

2—6r= —12; m3 77 [ 
2. Solve by factoring: 

n?+28=I11n; 3c+c—2=0 , 
3. Solve by completing the square: 

z+10r=24; 4y?+20y=—9 


4. The hypotenuse of a right triangle is 5 ft. and one of the \ 
sides is 1 ft. longer than the other. Find the length of the sides. : 


bis ae 


CHAPTER XVI 
533. Solution of equations. 


1. State how to solve an equation of the first degree in one 
unknown. 

2. Solve the following equations: 

(1) 44+16=9r+11 

(2) 5432+ 2= 1942 

Se+1 2-3 7 
Re See Baa | 
(4) (2x—1)(a—3) = (—5)(2z+4) 


(5) 3(1—z) =} (2-2) +§ (3 +2) 

(6) .8(10z—2.3)= .05(52+ .4)—2.45 
: 5 674+13 
_ 3b? _b(y—3)_b-a 

a 


a a 


22 


| 
z 
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3. Solve the following problems: . 

(1) The difference of the acute angles of a right triangle is 
22°14’. How large is each? 

(2) The perimeter of a rectangle is 24 inches. If the altitude 
is increased by 4 in. and the base decreased by 2 in. the area 
remains unchanged. What are the dimensions of the rectangle? 

(3) The sides of a triangle are in the ratio 5:6:13. Find the 
three sides, if the perimeter is 144 inches. 

(4) The angles of a triangle are denoted by (x+8)°, 2(z+8)°, 
and (2x—4)°. Find z and the angles. 

(5) The interior angles on the same side formed by two parallel 
lines cut by a transversal are ?z and $z—20. Find z and the 
angles. 

(6) Three times a number is increased by 21 and the sum is 
divided by the sum of the number and 3. The result is then 
equal to 4. Find the number. 

(7) A father is 46 years old and his son is 8. In how many 


. years will the father be 3 times as old as the son? 


(8) The difference of the squares of two consecutive even 
numbers is 108. Find the numbers. 

(9) Two men are 25 mi: apart and walk toward each other 
at the rate of 3} and 4 mi. an hour respectively. After how long 
do they meet? (Yale) 

(10) A man travels 50 mi. in an automobile in 3} hours. If 
he runs at the rate of 20 mi. an hour in the country and at the 
rate of 8 mi. an hour when within city limits, find how many 
miles of his-journey are in the country. (Yale) 

(11) The length of a room is 8 ft. greater than its width. If 
each be increased by 2 ft., the area of the room will be increased 
by 60 sq. ft. What is the actual area of the room? (Yale) 

(12) Show how-to divide $2,000 into two investments, one 
at 4% and the other at 3%, so that the former shall a 
twice as much income as the latter. (Chicago) 

(13) Find two consecutive odd numbers such that the differ- 
ence of their squares shall be 152. (Chicago) 
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(14) The tickets of admission to a game are 25 cents each for 
adults and 10 cents each for children. It is found that $18.75 
is taken in and the turnstile shows that 117 persons attend. 
How many children are there at the game? (Yale) 

(15) A sum of $1,050 is divided into two parts and invested; 
- the simple interest on the one part at 4% for 6 years is the same 
as the simple interest on the other at 5% for 12 years; find how 
the money is divided. (Princeton) 

(16) At what time between 8:00 and 9:00 o’clock are the 
hands of the clock together? At right angles? In opposite 
directions ? 

(17) A beam 18 ft. long and weighing 40 1bsis supported at a 
point 3 ft. from the center. What force must be éxerte 
end farthest from the fulcrum for balance ? 

(18) A, standing 5 ft. from the fulcrum, bala 


534. System of two linear equations in two-unk 

1. What is a simultaneous system of equations? 

2. State the graphical method of solving simultaneous equa- 
tions. 

3. Solve the following systems graphically: 


22—3y=4 (42-+7y=—27 
ens @) | 2-2y=12 


4. When is a linear equation in several unknowns said to 
be in normal form ? 


5. State how to solve simultaneous equations by elimination. 
6. Solve the following systems by elimination by adding or 


subtracting: 
zy 37 i. 
513715 3—¥ 
(1) (2) 
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7. With two parallels the interior angles on the same side of 
a transversal are (8y—10)° and (S5r+y+5)°. Two alternate 
interior angles are (r+4y)° and 70°. Find z, y, and the unknown 
angles. 


8. A man has two sons, one six years older than the other; 
after two years the father’s age will be twice the combined ages 
of his sons; and six years ago his age was four times their com- 
bined ages. How old is each? (Princeton) 


9. The rates of two trains differ by 5 mi. an hour. The 
faster requires one hour less time to run 280 miles. Find the 
rate of each. (Yale) 


10. The sum of the two digits of a 2-digit number is 10. If 
54 be subtracted from the number the result will be equal to 
the number obtained by reversing the digits of the original 
number. Find the number. 


11. A man invested two sums, one at 4%, the other at 5%, 
and received annually an income of $500. He then reinvests 
these sums at 5% and 6%, respectively, receiving an income of 
$600 annually. Find the two sums invested. 


12. Two angles of a triangle are equal and the third angle is 
equal to theirsum. How many degrees are in each angle ? 


13. Solve for m and n: 


im+8_ Tn—1_ ie. 
5 4 4 

2m—4 n—1 1 
RE Ser 


Make a graph for the equations and then illustrate and verify 
the solution. (Chicago) 


14. Solve for a, b, and ec: 
3a—2c+ b=-1 
2a— b+3c= 
b+38a— c=2 (Chicago) 


tii 
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15. Solve the following simultaneous equations: 
2r+ 3y+5=0 
6y+ 5z =7 
32+10z2-—1=0 
Indicate your answers clearly, and verify by substituting in 
the given equations. (Harvard) 


CHAPTER XVIII 


535. The formula as a general rule. 


. What is a formula? 


1 

2. A man rides a distance of p mi. and walks back at a rate of 
q mi. an hour. The entire trip took ¢ hours. Find his rate of 
riding. (Yale) ae 

3. An express train whose rate is 45 mi. an hour leaves a™ 
station a hr. after a freight train. The express overtakes the 
freight train in b hours. Find the rate of the freight train. 


536. Evaluation of formulas. 
1. If s=16f+1, find s for t=10, »=5. 


2 40 r=arr and r=S, find v for d=7. 


3. If hms, find v for h=25 and g=32. 


rr’ 


4. lfk= find r for R=50, r’=15. 


537. Express any one of the letters of each o 
following formulas in terms of the others: 


1. Solve C=5(F-32) for F. 


2. Solve s=5(a+)) for a. 
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3. Solve A= F b-+bs) for be. 


4, Solve jn l. 
r—l 


5. Solve 2 tO 4234 for z. 


6. Solve 12ers) _ Sot) for z 


7. Solve a for E; for P; for S. 
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